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Preface

This book brings together experts in the field to explain the ideas involved in
the application of the theory of integrable systems to finding harmonic maps and
related geometric objects.

It had its genesis in a conference with the same title organised by the editors and
held at Leeds in May 1992. However, it is not a conference proceedings, but rather
a sequence of invited expositions by experts in the field which, we hope, together
form a coherent account of the theory. The editors have added cross-references
between articles and have written introductory articles in an effort to make the
book self-contained. There are articles giving the points of view of both geometry
and mathematical physics.



Introduction

A.P. Fordy and J.C. Wood

Harmonic maps are mappings between Riemannian or pseudo-Riemannian man-
ifolds which extremise a certain natural energy integral generalising Dirichlet’s in-
tegral. Examples include geodesics, harmonic functions, complex analytic mappings
between suitable (e.g. Kahler) manifolds, the Gauss maps of constant mean cur-
vature surfaces, and harmonic morphisms, these last being maps which preserve
Laplace’s equation. The Euler-Lagrange equations for a harmonic map (the “har-
monic equations” are a system of semi-linear equations, elliptic if the domain is
Riemannian. If we impose sufficient symmetry or “equivariance”, the harmonic equa-
tions can frequently be reduced to an ordinary or partial differential equation which
can be interpreted as a Hamiltonian system; such reductions to ordinary and partial
differential equations have been exploited to find many harmonic maps and mor-
phisms. However, it is much more recently that the techniques of integrable systems
used in soliton theory have been employed to find large families of harmonic maps,
especially from a surface to a homogeneous space; in some cases these techniques
have given all harmonic maps, for example from 2-tori to spheres or complex pro-
jective spaces. The method is to translate the harmonic equation into a Lax type
differential equation for a map with values in a loop space, and to solve this either by
finding commuting flows using r-matrices, or by using ideas of Kostant, Adler and
Symes where the harmonic map appears as the projection of a complex geodesic.
This book has a two-fold purpose: firstly, to explain the ideas and methods starting
from an elementary level and secondly to bring the reader close to the current state
of research in this area.

The book had its genesis in a conference with the same title organised by the
editors and held at Leeds in May 1992. However, it is not a conference proceed-
ings, but rather a sequence of invited expositions by experts in the field which,
we hope, together form a coherent account of the theory. The editors have added
cross-references between articles and have written introductory articles in an effort
to make the book self-contained. There are articles giving the points of view of both
geometry and mathematical physics. These are organized into five sections: A. In-
troduction and Background Material, B. The geometry of surfaces, C. Sigma and
chiral Models, D. The algebraic approach, and E. The twistor approach.
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The first section consists of this introduction together with two articles by the
editors containing background material.

Firstly A.P. Fordy gives a historical introduction to some of the basic methods
of integrable systems used in soliton theory, generalisations of which are used in
later chapters to find harmonic maps. Specifically, soliton solutions, conservation
laws, Miura maps and inverse scattering are briefly explained, mainly in the context
of the KdV equation. The important idea of a Lax hierarchy is introduced. A short
introduction to Backlund transformations is given, illustrated by the sine-Gordon
and KdV equations. Finally, zero curvature representations of various integrable
systems are given, including that for the 2D Toda lattice.

Secondly J.C. Wood gives an introduction to harmonic map theory and the ba-
sic ideas of applying integrable systems techniques to finding harmonic maps. First
of all, harmonic maps are defined and examples given. Then the use of integrable
systems techniques to find equivariant harmonic maps and morphisms is described.
Next Backlund type transforms for harmonic maps are discussed including the Gauss
(or 9-)transform for harmonic maps from surfaces to complex projective space and
K. Uhlenbeck’s flag transform of “adding a uniton” for harmonic maps from a sur-
face to, for example, the unitary group. Then, the key method of introducing a
spectral parameter and the interpretation of the harmonic equations as zero cur-
vature equations is discussed. It is then shown how solutions to these, and hence
harmonic maps, can be found by integrating commuting flows on a loop space. The
r-matrix formulation of the commuting flows is presented.

We then present a section on the geometry of surfaces.

This starts with a description by J. Bolton and L.M. Woodward of how the
Toda equations arise naturally in the study of certain (“superconformal”) harmonic
maps of surfaces to complex projective spaces and spheres. In the case of the 6-
sphere, the constuctions are related to the natural almost-complex structure on
that manifold. The variables in the Toda system are interpreted as natural geometric
invariants.

A.I. Bobenko continues by discussing the formulation of many important equa-
tions from differential geometry as zero curvature equations with spectral parame-
ter, a key ingredient in applying integrable systems techniques to the harmonic and
related equations; in particular he shows how to do this for minimal surfaces, sur-
faces of constant mean curvature or constant Gauss curvature, Bonnet and Bianchi
surfaces, and surfaces with harmonic inverse mean curvature. The deformations
corresponding to variations of the spectral parameter are described and the spin
structure of these examples is discussed.

M. Melko and I. Sterling continue this theme, showing how to translate har-
monicity of a map from the Euclidean plane R? to the 2-sphere into zero curvature
equations for a lift R2 — $3, and showing how to solve these by the integration of
commuting flows. The resulting family of harmonic maps gives families of surfaces
of constant Gauss or constant mean curvature. They also list some other types of
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surfaces with the corresponding soliton equations including Willmore surfaces and
Hasimoto surfaces. There follow some historical remarks and computer generated
pictures of surfaces of the types mentioned.

In the next section of the book we turn to the interpretation of these equations
in mathematical physics. A harmonic map from R? or the Minkowski plane Rb1! is
called a (two-dimensional) o-model — or a (principal) chiral model if the values of
the map lie in a Lie group.

Firstly, M. Manas discusses the chiral model, mainly in the Minkowski case, giv-
ing the zero curvature formulation and describing the Birkhoff factorisation leading
to the dressing transformation of Zakharov and Shabat. This, in the limit, gives
the flag transform of Uhlenbeck. Conservation laws are discussed as are soliton type
solutions. These are contrasted with the uniton type solutions of Uhlenbeck in the
Euclidean case.

Next M. Bordemann, M. Forger, J. Laartz and U. Schéper give general
conditions under which a map from R!! to a homogeneous space has a zero curva-
ture representation. They then give a historical outline of some of the key papers
in the mathematical physics literature dealing with integrability of two-dimensional
o-models. Finally they show how to introduce a Poisson structure to give a Hamil-
tonian formulation of o-models.

To finish this section, R.S. Ward introduces time-dependent o-models, in par-
ticular discussing the dynamics of soliton-like solutions. The simplest way of intro-
ducing time dependence results in unstable solitons; he shows how to modify the
Lagrangian so that the solitons become stable; then their behaviour under collisions
is discussed.

In the next section we turn to the algebraic approach.

In the article by I. McIntosh we return to the Toda equations arising from
harmonic maps of surfaces to complex projective space. McIntosh shows how a large
class of solutions can be found explicitly in terms of Baker functions. He discusses
the possibility of generalising this method to give explicit formulae for all harmonic
torl in complex projective space.

F.E. Burstall and F. Pedit show how the Adler-Kostant-Symes scheme unifies
the above soliton-theoretic construction of harmonic maps into various homogeneous
spaces. In particular, they construct harmonic maps into Riemannian symmetric
spaces and primitive maps into k-symmetric spaces; the latter include twistor lifts of
the former and (affine or periodic) Toda fields. They use Symes’ method of projecting
geodesics to solve the Toda lattice in this context, thus relating integrable systems
to the “extended solutions” of Uhlenbeck. They discuss the relation between the
Adler-Kostant-Symes scheme and the r-matrix formalism and between finite type
and finite uniton number. Among the results presented is the construction of all
non-isotropic 2-tori in spheres.
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M.A. Guest and Y. Ohnita finish this section with an exposition of finite
and infinite dimensional group actions on the space of harmonic maps of a Riemann
surface to a Lie group. These are then applied to study the deformations of harmonic
maps. Some relations with twistor theory are described.

We turn finally to this twistor theory, a related powerful method of finding har-
monic maps. P.Z. Kobak gives a description of the state of the art in the twistor
theory of harmonic maps, in particular showing how well-known twistor construc-
tions of harmonic maps into the 4-sphere can be generalised to compact quaternion-
Kahler symmetric spaces, in particular giving large classes of harmonic maps from

surfaces into G4(R?) and G2/SO(4).

We would like to thank F.E. Burstall for help in the final stages of producing this
book. We are grateful to the London Mathematical Society and the European Com-
munity contract number SCI-0105-C(AM) for financial support of the conference
which inspired this book.



A Historical Introduction to Solitons and
Backlund Transformations

A.P.Fordy

1 An Introduction to the KdV Equation.

Soliton theory developed after the discovery by Gardner, Greene, Kruskal and Miura
(GGKM)[11] of the Inverse Scattering Transform for the Korteweg de Vries (KdV)
equation (see 1.1 below). They had been led to this by the earlier discovery of
solitons by Kruskal and Zabusky [35], who were studying the Fermi-Pasta-Ulam
problem of 1-dimensional lattices. Thus started the modern development of soliton
theory.

However, with some historical perspective, a better starting point is 131 years
earlier. In 1834 John Scott Russell, a nautical engineer, was riding on horseback by
the side of the Union Canal near Edinburgh. He describes what he saw in [30]:

I believe I shall best introduce this phenomenon by describing the cir-
cumstances of my own first acquaintance with it. I was observing the
motion of a boat which was rapidly drawn along a narrow channel by
a pair of horses, when the boat suddenly stopped - not so the mass of
water in the channel which it had put in motion; it accumulated round
the prow of the vessel in a state of violent agitation, then suddenly leav-
ing it behind, rolled forward with great velocity, assuming the form of
a large solitary elevation, a rounded, smooth and well defined heap of
water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and
overtook it still rolling on at a rate of some eight or nine miles an hour,
preserving its original figure some thirty feet long and a foot to a foot
and a half in height. Its height gradually diminished, and after a chase
of one or two miles I lost it in the windings of the channel. Such, in the
month of August 1834, was my first chance interview with that singular
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and beautiful phenomenon which I have called the Wave of Translation,
a name which it now very generally bears.

He followed this observation with a number of experiments during which he de-
termined the shape of a solitary wave to be that of a sech?() function. He also
determined the relationship of the speed of the wave to its amplitude. At the time
there was no equation describing such water waves and having such a solution. Thus
John Scott Russell discovered the solution to an as yet unknown equation!

The equation describing the (unidirectional) propagation of waves on the surface
of a shallow channel was derived by Korteweg and de Vries in 1895 [18]. After
performing a Galilean and a variety of scaling transformations, the KdV equation
can be written in simplified form:

Up = Ugppy + OUU, . (1.1)
The travelling wave solution (travelling to the left):
u(z,t) =), E=xz+ct, (1.2)

is easily shown to satisfy the first order, nonlinear ODE:

2
(di> =b+ap+ cp® — 20°. (1.3)
dg

We can think of this as the energy equation for a simple Hamiltonian system with
cubic potential:

E:%(QO')z—f-V(go), V:gos—%(cgo2+ago), b=2F, (1.4)
generically having two equilibria. In the neighbourhood of the stable equilibrium,
we have periodic solutions which can be expressed in terms of a Jacobi elliptic
function, which corresponds to a periodic wave train of the KdV equation. Small
amplitude oscillations correspond to the zero limit of the modulus of the elliptic
function. The periodic solutions are bounded in the phase plane by the separatrix,
which corresponds to the limit of infinite period and modulus 1. This is just the
1-soliton solution. We can, in fact, derive this directly, by imposing the boundary
conditions that ¢, ‘2—? , ‘(i;Tf vanish as | £ |- co. We then have a = b = 0 and the
resulting equation has solution:

u=p(&) = %CSéChQ%\/E(:L‘—}-Ct—F(E), (1.5)
where § is the phase. This clearly represents the solitary wave observed by John
Scott Russell and shows that the peak amplitude is exactly half the speed. Thus
larger solitary waves have greater speeds. This suggests a numerical experiment:
start with two solitary wave solutions, with centres well separated and the larger to
the right. Initially, with negligible overlap, they will evolve independently as solitary
wave solutions. However, the larger, faster one will start to overtake the smaller and
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the nonlinearity will play a significant role. For most dispersive evolution equations
these solitary waves would scatter inelastically and lose ‘energy’ to radiation. Not
so for the KdV equation: after a fully nonlinear interaction, the solitary waves re-
emerge, retaining their identities (same speed and form), suffering nothing more
than a phase shift (modified d’s, representing a displacement of their centres). It
was after a similar numerical experiment that Kruskal and Zabusky coined the name
‘soliton’, to reflect the particle-like behaviour of the solitary waves under interaction.

Remark 1.1 There are many equations which have solitary wave solutions, but
these are not usually soliton solutions, in that they undergo inelastic scattering. For
instance, the solitary wave solutions of the ¢* Lagrangian field theory are NOT

solitons, even though physicists often refer to them as such (see the discussion by
Ward in [33]).

1.1 Conservation Laws

It was this numerical evidence which prompted Kruskal and his co-workers in Prince-
ton to analytically investigate the KdV equation. Initially, Miura investigated local
conservation laws:

0T + 8, F =0, (1.6)

where 7 and F are polynomials in u(2,t) and its z—derivatives and where 9; and
0; denote total derivatives. With appropriate boundary conditions this leads to a
conserved quantity (constant of the motion). Integrating (1.6) with respect to z we
get :

B
at/A T+[F)5 =o0. (1.7)

Under periodic (in ) boundary conditions with A — B an integer multiple of the
period or with u(z,t) rapidly decreasing as # — +oo and (A, B) = (—o0, 00), the
square bracket in (1.7) vanishes and we have the constant of motion fA Tdx. The
quantities 7 and F are respectively called conserved density and flux. Each 7 is, in
fact, only determined up to an exact xz—derivative, so defines an equivalence class
of conserved densities:

since this only adds 9;S to F and leaves the value of f’de unchanged. For the
KdV equation the first three are:

To = u, Fo = —Upy — 3u?,
_ 1,2 _ 1,2 3

Ti = su”, Fi = —Ulgy + suy — 2u”, (1.9)
_ .3 1.2 _ 1,2 2, 29 4

To=u® — suz, Fo = Uplpgy — 5Up, — U Uz + Buuy — Su.
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The first of these is just the equation itself. These three conservation laws have
some physical interpretation, so it was no surprise that they exist. However, Miura
discovered several more by direct calculation and was led to the conjecture that
there should be infinitely many. I quote from a footnote in [24]:

The author’s own introduction to this field of research began here with
the tedious work of deriving more explicit conservation laws. Four ad-
ditional ones were discovered in rapid succession leading to the obvious
conjecture that there were infinitely many. However, during the sum-
mer of 1966, there was a rumor that only nine polynomial conservation
laws existed—exactly the number that had been found! Consequently,
the author spent a week’s vacation at a beautiful lake near Peterboro,
Ontario, Canada, working out the tenth conservation law—which exists!
An algorithm had been developed for computing the conserved densities
and Donald Stevens of the Courant Institute of Mathematical Sciences
devised a computer program for the AEC CDC 6600 computer which
successfully computed the eleventh conserved density consisting of 45
terms. This was a significant accomplishment in view of the fact that a
program using the FORMAC symbol manipulating language for an IBM
7094 computer written at the Los Alamos Scientific Laboratory for the
same purpose only successfully computed up through the fifth conserved
density before exceeding the available storage space.

In order to ascertain whether the KdV equation was the only such equation with
so many conservation laws Miura investigated equations of the form:

Ut = Uggr + 6Unum‘: (110)

and found that for n = 1 and n = 2 (and only these values) there existed many
conservation laws. With a slight change in notation the second of these, called the
modified KdV (MKdV) equation, can be written:

Ut = Vgpe — 60705 = (vgo — 20°) . (1.11)
The first few conservation laws correspond to conserved densities and fluxes:
7-_1 =, -7':—1 :_'Uxx:c+2v3)
To = v2, Fo = —2vvgp + v2 + v, (1.12)
T = (v +vt), Fi = —pUpee + 202, — 20305, + 6v702 + 205,
Miura [23] then noticed a remarkable fact: by substituting
U= —vy — v (1.13)

into the conserved densities (19) of the KdV equation, they were transformed into
those of the MKdV equation (7_; is not included this way). For example,
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To=u=—v, — v~ =T,
(1.14)
T = %u2 = %(Uﬁ + vt 4+ 20%0,) ~ 71,

where ‘~’ refers to the equivalence relation (1.8). The substitution (1.13) is now

referred to as the Miura transformation (more properly, Miura map). Such maps play
a very important role in the Hamiltonian theory of soliton equations. Furthermore,
(1.13) gives a direct relation between equations (1.1) and (1.11) since

uy = —(0420) vy = —(0 + 20) (vage — 6v%0,) (1.15)
= (=g — ) per + 6(—vp — v?)(—vpp — 2005) = Ugge + Buug,

where 9 = §,. Thus if v satisfies the MKdV equation (1.11), then u satisfies the
KdV equation (1.1). The remarkable occurrence in this calculation is that the mess
of terms in v and its z—derivatives, resulting from the right-hand side of (1.15),
should collect together to give an expression entirely in terms of the combination
(—vy — v?) and thus u.

Remark 1.2 This is a one-way passage since we cannot deduce that if u satisfies
the KdV equation then v satisfies the MKdV equation.

We next come to the proof that there exist an infinite number of polynomial
conservation laws for the KdV equation. In [24] Miura explains, “Two ezistence
proofs were found simultaneously by Gardner and by Kruskal and the author”, with
a foot note :

We use the word “simultaneously” in the strict sense. While working
late one afternoon, Martin Kruskal and the author found a proof for
the existence of an infinite number of conservation laws using the WKB
formalism. As we examined our result, Clifford Gardner called from his
home and told us he had just obtained an existence proof—a different
one!

Gardner’s proof became one of the standard constructions and starts by adding
a parameter to the Miura map [10], by exploiting the Galilean symmetry of the
KdV equation (and the lack of such for the MKdV equation). Specifically, we add
a constant onto the function u , so that

u=—vy — v+ \ (1.16)
Whilst u still satisfies the KdV equation (1.1), v now satisfies:

v = (vpo — 20° = 6A0) . (1.17)
We introduce the asymptotic expansion:

I o=
v=k—Suk Y wkT A=, (1.18)

i=2
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which starts as:

Vg = %ux, vz = —% (uz + 'um) ,
(1.19)
Vg = % (2u2 + um)x . Us = —11—6(u3 — %ui) — 31—2 (Uzow + Buuy), ,
and satisfies (for i > 1):
1 : .
Vig1 = _i(vix -I-Z'Uj’vi_j). (1.20)
j=0
Thus, at each level, v;11 can be solved in terms of a local functional of vy, - -, ;.

Since v satisfies the MKdV equation (1.17), it is itself conserved. Thus each term
v; of our series is individually conserved. However, it is easy to prove that the
even elements of the expansion are exact derivatives and thus trivial as conserved
densities. The odd elements give us our infinite number of (nontrivial) conserved
densities.

1.2 The Inverse Spectral Transform

The Miura map (1.16) can be viewed as a Riccati equation for v and thus linearised
by the substitution v = ¥, /¢, giving

L) = gp + uth = AU (1.21)

This is the time-independent Schrédinger equation (well known from quantum the-
ory) with u(z,t) playing the role of potential and X the energy. Tt is important to
realise that ¢ is not the time of the time-dependent Schrodinger equation. We think
of z as the spatial variable and ¢ as a parameter. Considered as a Sturm-Liouville
eigenvalue problem it is natural to ask how A and ¢ change with ¢ as u(z,t) evolves
from some initial state according to the KdV equation. Gardner, Greene, Kruskal
and Miura [11, 12] discovered the remarkable fact that the (discrete part of the)
spectrum necessarily remains constant in ‘time’ while the corresponding wave func-
tions ¢ evolve according to a very simple linear differential equation.

Today (following Lax [19]) we usually take the opposite route. We postulate that
¢ evolves through a linear differential equation:

Ve = Py, (1.22)

Equations (1.21) and (1.22) form an overdetermined system, whose integrability
conditions can be written :

L.=[P,I]=PL—LP. (1.23)

A consequence of (1.23) is that all eigenvalues corresponding to the function u(z,t)
remain constant. When P is given by :

= 40% 4 6ud + 3u, 24
P=49%+6ud+3 1.24
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direct transform

u(z,0) S(0)

time evolution
of spectral data

inverse transform

u(z,t) S(t)

Figure 1 Inverse Scattering Transform

(1.23) reduces to the KdV equation (1.1). Since, under these conditions, the spec-
trum of L remains constant, the KdV equation is referred to as an isospectral flow.
Equation (1.23) is called the Laz representation of the KdV equation.

The identification of the KdV equation as an isospectral flow of the Schrodinger
operator enabled GGKM to devise a method of solving the KdV equation (with
‘rapidly decreasing’ boundary conditions), called the inverse scattering or inverse
spectral transform (IST). This is a direct generalisation of the Fourier transform
used to solve linear equations and can be represented by essentially the same scheme
(Figure 1).

For these boundary conditions, the solutions of (1.21) are characterised by their
asymptotic properties as # — +00. For a given potential function, the continuous
and discrete spectrum are treated separately. Corresponding to the continuous spec-

trum (A = —k?) the solutions are asymptotically oscillatory, characterised by two
coefficients:

T (k) e~k r—= —00 :

4 { e—zkx+R(k)ezkx r — +oo (125)

subject to the condition | R |* + | T |*= 1. The constants R(k) and T(k) are
respectively called the reflection and transmission coefficients, from their quantum
mechanical interpretation. Under mild conditions on the potential function, the
Schrodinger operator L has only a finite number of discrete eigenvalues {x2}. The
corresponding eigenfunctions are square integrable and are the ‘bound states’ of
quantum mechanics with asymptotic properties (for &, > 0):

Y ~ { cpetn r — —00 (1.26)

cpe T = 40

The direct scattering transform constructs the quantities {T'(k), R(k), £n, ¢} from a
given potential function. The important inversion formulae were derived by Gel’fand
and Levitan in 1955 [14]. These enable the potential u to be constructed out of the
spectral or scattering data S = {R(k), kn, cn}. This is considerably more compli-
cated than the Inverse Fourier Transform, involving the solution of a nontrivial
integral equation, whose kernel is built out of the scattering data (see [1, 7, 26, 28]
for descriptions of this).
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To solve the KdV equation we first construct the scattering data S(0) from the
initial condition u(z,0). As a consequence of (1.22) (with an additional constant)
with the given boundary conditions, the scattering data evolves in a very simple
way. Indeed, we can give explicit formulae:

R(k,t) = R(k,0)e¥*° ¢, (t) = cp(0)e™*nt. (1.27)

Using the inverse scattering transform on the scattering date S(¢), we obtain the
potential u(z,?) and thus the solution to the initial value problem for the KdV
equation.

Remark 1.3 Although T(k) plays no role in the IST it is responsible for the con-
stants of motion, since T'(k) is independent of t.

This process cannot be carried out explicitly for arbitrary initial data, although,
in this case, it gives a great deal of information about the solution u(z, ). However,
whenever the reflection coefficient is zero, the kernel of Gel’fand-Levitan integral
equation becomes separable and explicit solutions can be found. It is in this way
that the N —soliton solution is constructed by IST from the initial condition:

u(z,0) = N(N + 1)sech’z. (1.28)
The general formula for the multi-soliton solution is given by:
82
u(z,t) ZlendetM, (1.29)

where M is a matrix built out of the discrete scattering data. This determinant is
in the form of a sum of exponentials.

1.3 The r—Function.

The simple form of this solution inspired Hirota [15] to directly introduce the ansatz:
82
u:?wlnr (1.30)
into the KdV equation, giving:
TTyt — TeTt = TTezee — 4Te Toer + 37}?33 (131)

Some apparently magical cancellations take place in order for this expression to
be purely quadratic in 7. The 1— and 2—soliton solutions of the KdV equation
correspond respectively to 7—functions:

1

14 €, (1.32)

ky — ko \?
- 1 61 02 — 01402 1.33
T +et te +<k1+k2> e : (1.33)
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where 0; = k;xz — k?t—l—ai. The coefficient of /1?2 in 7, has been chosen so that the
coefficient of €?1+2 in (1.31) vanishes. Miraculously the coefficients of e2¢1+%2 etc.
in (1.31) also vanish. Analogous expansions correspond to the N-soliton solution for
each N for which all necessary cancellations occur!

Hirota developed his ‘direct method’ with which he was able to build the multi-
soliton solutions of many equations. The first step is to discover the correct substi-
tution ((1.30) in the case of the KdV equation), such that the 7—function satisfies
a quadratically nonlinear equation such as (1.31). As in (1.31) these formulae take
the form of the ‘Leibnitz formula’ for the differentiation of a product, except that
the signs alternate. For such cases, Hirota developed a calculus of ‘bilinear deriva-
tives’ and wrote equations such as (1.31) in a compact notation, called ‘Hirota’s
bilinear form’(see the review [27]). He proved that all such equations possess 1—
and 2—soliton solutions. However, only for very special equations can the N-soliton
solution, for N > 3, be constructed in this way. Requiring all the cancellations to
take place puts very strong restrictions on the equation, thus selecting integrable
equations.

Remark 1.4 Periodic or finite gap solutions correspond to T— functions which are
the product of a simple exponential and a Riemann ©—function. These are the
solutions which are tmportant for this book and their T—function representations
are discussed in other chapters [34, 20].

As originally introduced, this method was rather ad-hoc (but very effective). How-
ever, it was later shown by the Kyoto group that the 7—function and Hirota’s bilin-
ear form naturally arise in the context of the representations of infinite dimensional
Lie algebras (see the review [25] and the discussion in [26]).

1.4 The Lax Hierarchy

In [19] Lax reformulated GGKM’s discovery [11, 12] of the isospectral nature of the
KdV equation in algebraic form:

Ly = (82 4 u)yp = Ay
be = Py = (40° + 6ud + 3ug)y » = Ly = [P,L]= PL— LP. (1.34)

At = O
This led Lax to an interesting generalisation:

Ly = (82 + u)yp = M
Yt = Poyp = 07"+ £ S0 0,90 8 = Ly, = [Pimy, L. (1.35)

AtIO
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The integrability condition L, = [Py, L] is explicity written as:

up,, = ((2m + 1) ug — 2byy_14) 07" + -+ -+ (Ppyy u — Lbg). (1.36)
Equating coefficients of 8,1 =0, - - -, 2m, gives us 2m + 1 equations, from which we
deduce the 2m coefficients bg, - - -, bam—1:

1 1
bom—1 = 5(2m + Du, bypm_a = Z(?m +1)(2m = Dug, - (1.37)

together with the isospectral flow:

Uy

Py u— Lb. (1.38)

m

Nontrivial flows only exist for odd-order equations, since the adjoint of the inte-
grability condition implies P! = —P. There exists an infinite hierarchy of such
isospectral flows, the first three of which are:

Uty = Ug (1.39)
1
Uy, = Z (uxxx + 6““10) (1.40)
1 2
w, = ¢ (Upzzee + 10Ulzpy + 20Uptz, + 30uuy) | (1.41)
corresponding respectively to operators:
Py = 90, (1.42)
3
Pay = 0747 (ud+du), (1.43)
5 5 .
Ppy = 9+ 1 (ud® + 0%u) + 6 ((3u® — ups) O+ 8 (3u” —ugy)) . (1.44)

Remark 1.5 It was later shown by Gel’fand and Dikii [13] that these Py could
be interpreted as fractional powers of L:

Py = (L7/?)4, (1.45)

where ()4 means the differential part of the operator. When m is even, (L™/?), =
L™/ which commutes with L, thus giving trivial equations. This is a general theory
which also applies to higher order operators L.

Remark 1.6 Zakharov and Shabat [38] gave a general scheme which enabled them
to integrate by IST a number of equations of physical interest, including the Boussi-
nesq equation (associated with a third order Laz operator) and the Kadomtsev-
Petviashvili equation, which is an equation in (2 4+ 1) dimensions (2 space and 1
time dimension). Taking soliton theory out of the purely (1 + 1) regime was a very
important step.
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1.5 Factorisation of the Schrédinger Operator

We have already seen that the KdV and MKdV equations are related through the
Miura map (1.13) and that the spectral problem (1.21) arose through the linearisa-
tion of (1.16). We can, of course, reconstruct the Miura map through reversing the
process and ‘nonlinearising’ equation (1.21).

However, there is an interesting alternative way which was, in a different context,
introduced by Schrédinger [31] and more generally arises in the context of recurrence
relations for special functions [32]. If we factorise the Schrédinger operator and write
it as the produce of two first order operators we immediately obtain the Miura map:

L=0"4u=(04+v)(0 —v) =0% — v, —v° (1.46)

We thus have an alternative way of writing (1.21) as a first order system:

<Z;>£:<Z —i)(ﬁl) A= R, (1.47)

where 9, = . This is a spectral problem for the MKdV hierarchy. A generalisation
of this construction to the case of higher order scalar Lax operators was introduced

in [8, 9].

2 Backlund Transformations

In 1875 A.V. Backlund discovered a transformation which enabled him to build new
surfaces of constant negative curvature from old. In asymptotic co-ordinates the first
fundamental form of such a surface (with Gaussian curvature K = —1) is given by:

ds* = du® + 2cosl du dv + dv?, (2.1)

where 6(u, v) is the angle between the co-ordinate lines, and satisfies the sine-Gordon
equation:

By = sind. (2.2)

A discussion of these classical surfaces can be found in [4, 22]. The Backlund trans-
formation is actually a differential relation between two solutions ¢ and 6 of (2.2):

(0 — 0), = 2asin (%) ,
0+0), = 2 sin (LT€> .

o

(2.3)

Using the integrability conditions 6., = Oyu, Ouy = 0yu We can eliminate either 6 or
6 to obtain equations (2.2) for respectively @ and . The important feature is that
the second order equation (2.2) arises as the integrability conditions of a pair of first
order equations. Starting with a known solution 6(u,v) (known surface) we solve

(2.3) to obtain a new solution (surface) 6(u,v). Starting with the trivial solution

6 = 0, we can explicitly solve (2.3) for 6:
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01
Qq X
00 63
02

Figure 2 A commutative Bianchi diagram

0= s, = 4tan™' (exp (au+ v/a + 3)), (2.4)

which is the 1-soliton (kink) solution of the sine-Gordon equation.

An important feature is that the Backlund transformation (2.3) possesses a pa-
rameter « (the Backlund parameter), which then enters the solution s;, which we
therefore label s1(a). We supress the dependence upon 3 since this is not so impor-
tant for the following argument. We could substitute § = s; (1) into the (2.3) (with
« = ay) and attempt to solve for the new 0. Fortunately, it is possible to avoid
this and use a purely algebraic construction. Consider Figure 2, which represents a
commutative Bianchi diagram. Starting with solution 6y we use the Backlund trans-
formation to obtain f; and s (with the same functional form, but depending upon
different Backlund parameters). To each of the solutions we apply the Backlund
transformation again (with parameters as shown) and ask for the resulting solu-
tions to be identical. We thus have:

01+ 0o

: 03+ 6
(01— 0o)u = 2a1sin< 3; 0>,

) . (02— 01)u = 202 sin (
(2.5)

02 + 0o
2

(62 — Ho)u = 2052 sin (

03+ 0
), (93—92)u:2a13in<3; 2),

and similarly for the second part of (2.3). We can thus eliminate the derivatives to
obtain:

1 1
aq sin 1(90 — 93 + 61 - 62) = (o sin 1(60 - 93 - 91 + 62), (26)
which can be written:
1 s+« 1
tan (6o — bs) = az - ai tan (01 — 02). (2.7)

This is Bianchi’s “Theorem of permutability” and is an example of a “nonlinear
superposition formula”.

Thus, starting with solution g, we need to solve the differential equation (2.3)
once to obtain #; and 65, after which 3 is given by a purely algebraic operation.
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Figure 3 Bianchi diagram for constructing the 3-soliton solution

Knowing 62 and 63, we can continue the process to obtain #4 and so on, thus building
an infinite sequence of solutions related through a chain of Backlund transforma-
tions. In particular, if we take 8 = 0,61 = s1(a1), 02 = s1(a2) then:

a1 + as
Q] — Q3

03 = sy, as) = 4tan~! tan %(91 —0s)|, (2.8)
which is the 2-soliton solution of the sine-Gordon equation. To obtain the 3-soliton
solution we glue together 3 copies of Figure 2 (see Figure 3). The appearance of
a1 — g in the denominator shows that we must have a different Backlund parameter
at each step.

The sine-Gordon equation (2.2) is given here as the compatibility condition of a
pair of nonlinear differential equations (2.3) whereas the KdV equation was previ-
ously given as the compatibility condition of a pair of linear differential equations.
In fact it is an easy matter to produce the Backlund transformation for most equa-
tions with a linear spectral problem (see [29] for a review). For the KdV equation
this 1s just:

we +wy, = a-—i(w—w)?

Wt wy = (00— w)(Wey — Wey) + 2(w§ + wewg + wg),

pol—

(2.9)

where u = w,; and u = w;.

Remark 2.1 This can easily be derived from the Miura map (1.16). We note that
the MKdV equation (1.17) is invariant under v — —v whilst the Miura map changes
to:

U =vy — v+ A\ (2.10)

For a given solution v of the MKdV equation we get two different solutions of the
KdV equation, hence the u. By considering the difference & — u = 2v,, we find
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v=—(w— w). (2.11)

Substitution of this into either of the Miura maps gives the x—part of the Backlund
transformation (2.9). We use the MKdV equation (1.17), together with the potential
KdV equation:

Wy = Wepe + 3W2, (2.12)
and its hatted version, to obtain the second part of (2.9).

The sine-Gordon equation can also be written as the compatibility condition of a
pair of linear differential equations which is the subject of the next section.

3 Zero Curvature

The linear equations for 9, involving the higher order operators L and P of the Lax
formulation, can always be replaced by a system of first order differential equations.
This gives us a pair of linear equations for vector ¥, whose number of components
equals the order of the operator L. We can obviously consider a general system of
this type, and the integrability condition Wy = W,,:

U, = U0,

T -V }:Ut—vx—k[U,V]:O. (3.1)

This is equivalent to the zero curvature condition described in [21, Section 3] with
connection form:

w = 2Udx + 2V dt. (3.2)

An important ingredient is the dependence of U and V' upon the spectral parameter
A. This is a crucial step employed by Zakharov and Mikhailov (Uhlenbeck) in order
to represent the chiral field (harmonic map) equations in this way. It is then possible
to employ the Zakharov-Shabat dressing and Riemann-Hilbert problem techniques
to solve these equations. This is described in detail in [21], where full references can
be found.

In this chapter we just explain some simple principles which underlie the typical
construction of integrable equations associated with such zero curvature problems.

Consider a matrix U which is linear in A:

U=M+0, (3.3)

where A is a constant diagonalisable matrix and @ is the matrix of potential func-
tions. Tt is easily shown that @ € Im ad A, where (adA4) B = [A, B].

Remark 3.1 A will not generally be regular (distinct eigenvalues) and not neces-
sarily diagonalised.
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Remark 3.2 Case (3.3) is the simplest case to work with but is not essential. Za-
kharov and Mikhailov [36] use a pole expansion: U = > U;(q)(A—X;) ™!, while others

[16, 17] favour polynomial expansions.

Substitute (3.3) into (3.1), so that:

Q: =V —[Q,V]—\AV]. (3.4)
We first seek solutions V' which are polynomial in A:
m .
VO =3 VN (3.5)
i=0
The coefficients of A\* constitute m + 1 equations, the solutions of which give a
recursive definition of Vy, - -, V,y,, together with the equations of motion as the
coefficient of \°:
Qt,, = Vimz — [Q, Vin]. (3.6)

To achieve this for all m > 0 we seek an asymptotic solution:
[ee]
V=> vt (3.7)
i=0

of the equation:

Ve = [Q, V] = A4, V]. (3.8)
This corresponds to the infinite recursion:

Vie = [Q, V] = [A, Vipa], k> -1 (3.9)
The solution (3.5) is then given by:

yim — (Am7)

N (3.10)

where ()4 is the truncation containing only non-negative powers of A. Using (3.7)
with k& = m, the equations of motion (3.6) can be written:

Qt,, = Vine = [Q, Vin] = [A, Vint1], (3.11)

thus confirming that @ does indeed lie in Im ad A.

This is a recursive procedure for construction the polynomial flows. It 1s also
possible to seek V', for the given U, which are rational. The sine-Gordon and 2D
Toda lattices are such examples. Since these flows mutually commute they are often
referred to as symmetries of each other.
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3.1 Examples

The case of 2 x 2 matrices was considered in [37, 2]. This includes such familiar
examples as the KdV and MKdV equations, the NLS equation and the sine-Gordon
equation. Larger systems of integrable equations can be obtained by taking larger
matrices (see the reviews [1, 6]) or by considering matrices with a higher degree
dependence upon the spectral parameter [3].

Example 3.1 (Zakharov-Shabat/AKNS) The matrices:

U:<;\ _qA>, V:(é _BA> (3.12)

give rise to three scalar equations :

gt = By —2)\B+2¢A, (3.13)
ry = Cp+2MC —2rA, (3.14)
Ay, = qC—rC. (3.15)
The hierarchy of polynomial flows is obtained by the substitution :
V=) VoAl (3.16)
i=0
We can recursively solve the resulting equations for Vp, V1, ... to obtain the isospec-
tral flow:
., = B + 2¢Anm, (317)
re,, = Cmp—2rApy,. (3.18)
The second-order expansion is
5 1 1 1
A=ag | A - g4 , B=ag /\q—f—iqx , C =aq /\r—ir,; ; (3.19)
1 2 1 2
qt, = §a0 (sz - 2q 7“) y Tty = 5(10 (_rzz + 2(]7“ ) . (320)

With ag = —2¢ and r = —¢* we get the NLS equation, which corresponds to the
Hasimoto surface of [22, Table 2].
The third-order expansion is

1 1 .
A = aqg <)\3 — 5/\q7” + Z (qm - 7"%6)) )

B

1 1

ag </\2q + oA + 7 (o0 — 2q2r)> : (3.21)
2 1 1 2

C = ap )\T’—i)\rz‘i‘z(rxz_qu) 3
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giving the nonlinear evolution equation:

dt; = %ao (qu - 6qr‘h‘) )
(3.22)

Tty = %ao (rows — Bqrry) .

When r = ¢ (and ag = 4) we get the MKdV equation (1.11), while with » = —1
(and ag = 4) we get the KdV equation (1.1). This spectral problem for the MKdV
hierarchy is related to (1.47) through a similarity transformation.

There are also isospectral flows for which V is not polynomial. If we choose

1 1
—r=q=20, A= 5)\_10050, B=C= —5)\_152'710, (3.23)
then we obtain the sine-Gordon equation:
Oyt = sind. (3.24)

Example 3.2 (The 2D Toda Lattice) We can generalise the sinh-Gordon equa-
tion by considering the following spectral problem:

1/)1 v A e 0 ’l/)l
= : = (A +v).  (3.25)
: 0 ' A 1
UN+1 A0 ung YN41

T

This spectral problem was first introduced in [9] and results from factorising the
(N +1)—order scalar Lax operator in an analogous way to (1.46). Clearly (1.47) is a
special case of (3.25). This factorisation gives rise to a generalised Miura map which
relates the isospectral flows of (3.25) to those of the (N + 1)—order Lax operator.
Choosing V to be polynomial in A leads to the infinite hierarchy of commuting
polynomial flows.

To obtain a generalised sinh-Gordon flow we choose V to be proportional to A~1:

Y1 0o - ax a1 N+1 Y1
. 1 : . )
=3 2 . . : : : (3.26)
Unt1 /, 0 - antin 0 UN+1

where a,,—1 and a1 y41 are the only non-zero elements.
The integrability conditions of (3.25) and (3.26) are:

An4+ine = Qn4ln ('Un+1 - 'Un)
(3.27)
Unt = Apn-1— Ant1ln,
where n = 1,---, N + 1 and indices are considered modulo N + 1. To solve (3.27),
define 6; by v; = 0;, so that:
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Ap41n = An+1n €ETp (6n+1 - Hn) ) (328)
where A, 41, are constants of integration. The equations of motion then take the
form of a 2D Toda lattice:

ant = Ann—l €rp (gn - en—l) - An+1n €rp (6n+1 - gn) . (329)

The polynomial flows are symmetries of these 2D Toda lattice equations.

In [8] a Backlund transformation is presented for the 2D Toda system (3.29) with
A, = 1. This itself is an integrable system, which is a 2D generalisation of the
Kac-van Moerbeke system:

ax (6n+1 - én) = —« (633]9 (én+1 - 6n+1) — €xp (én - 6n)) )
(3.30)
_ 1 _ _
O (Hn — Hn) = < (erp (5n+1 — Hn) —exp (Hn — Hn_l)) .
There is also a nonlinear superposition law, given by:
~ Gedntt — qefnt o
exp (6n+1 + Hn) =| —— | exp (Gn + 6n> . (3.31)
aefn — aqefn
The two simplest examples (taking A, 41, = 1, for all n) are:
1. N=1:
—0y =01 =10, 0y = 2sinh20, (3.32)
which is just the sinh-Gordon equation.
2. N=2:
b = 0+ P 02 = _QQO) 03 = —0 + #,
0.0 = €2 —c %cosh 3o, ot = e~ ?sinh 3. (3.33)

This corresponds to the Willmore surface listed in [22, Table 2] . A reduction
of this system is:

=0, Oy =e* —e ", (3.34)

which is the Dodd-Bullough equation and corresponds to the affine surface of
[22, Table 2]. For N = 2 (3.30) is an auto-Béacklund transformation for (3.33).
However, the restriction ¢ = 0 is not invariant under this transformation,
which transforms a solution of (3.34) onto a solution of (3.33).

More examples can be found in [6, 9]. This class of equation is also discussed in
this book [5, 20]. The 2D Toda lattice (3.27) and its spectral problem (3.25) are
associated with the root space Ay. This construction is easily generalised to other
root spaces (see the review [6]).
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3.2 Gauge Transformations

Equation (3.1) is invariant under gauge transformations :

U U=gUg™" + gog™"

Vs V=gVg 499"~ (3.35)

Vs W =gV = {
Without any constraint on g, this merely gives a different zero-curvature represen-
tation for the same nonlinear PDE. For instance :

v 1 10 0 1
U_<)\ —v)’ g_<v l):>U_<)\-|-vx-|-v2 O) (3.36)

just gives two different representations of the MKdV hierarchy. The former is just
the MKdV reduction of the hierarchy generated by (3.12) (see the remark following
(3.22)). The U representation is less suitable for applying IST to the MKdV equa-
tion, since we would still need to solve a Riccati equation for v. However, we see
that by defining u by (1.13), U corresponds to the Schrodinger equation written as
a first order system. Thus, the Miura map naturally arises in the context of gauge
transformations (see the appendix to [3]).

By choosing ¢ to depend upon A, and two sets of potential functions, we can
construct Backlund transformations. For instance, if we choose

s A = Oy A _

we can construct the (z—part of the) Backlund transformation for the sinh-Gordon
equation (3.32). It is convenient to multiply the U equation of (3.35) by g on the
right, so that it is polynomial in A :

(90 +Ag1) AA+ Q) + gor + 912 = (AA+ Q) (90 + Ag1) (3.38)

where we assume that U and U have the same form. It is easy to show that there are
two possible choices for g1 (namely a='T or a1 4), each leading to a possible form
of matrix ¢ and each giving the usual Backlund transformation for the sinh-Gordon
equation. For the first choice we have:

a~ly  efte
9= ( im0 -1y, > = 0y — 0, = 2asinh (0 +0) (3.39)
e «

which just corresponds to the first part of (2.3). This type of gauge transformation
is usually referred to as a Darbouz transformation.

4 Conclusions

Most of the key ideas in soliton theory were formulated in the 3 years or so following
the discovery of Kruskal and Zabusky [35]. Since then there have been an enormous
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number of examples of soliton equations found, verifying that the KdV is not just a
freak equation. Many of these equations have important applications in the physical
sciences and engineering. In particular, the NLS equation (3.20) models an optical
pulse travelling down a fibre, which is currently being developed for Telecommuni-
cations. The sine-Gordon equation arises in the theory of Josephson junctions which
arise in the theory of fast switching circuits, which are likely to be used in ‘super
computers’ of the future. The ‘Davidov soliton’ describes the transmission of energy
along protein chains.

Much of the development since the mid-seventies has been putting flesh on the
early bones. Nevertheless, there have been some major advances in our fundamental
understanding, such as the connection with Kac-Moody algebras (see [25]) and the
more recent progress in the integration of equations in higher space-time dimensions
(see [1]). This means that we now have quite a deep mathematical understanding
of soliton equations. It should be noted that this has not merely been absorbing
known mathematical ideas into soliton theory. Soliton theory has had a tremendous
impact on mathematics and given rise to whole new branches (such as quantum
groups) and stimulated others (such as Kac-Moody algebras). Indeed, the current
volume is evidence of this, with geometers using soliton theory to solve important
geometrical problems.

There are now many text books, monographs and conference proceedings on soli-
ton theory. For general background I cite [1, 7]. Most of the important papers and
books on soliton theory can be found in the references of these two books. The book
by Newell [26] is very readable and has a good introduction to the r—function.
The book by Novikov et al [28] includes a review of the Zakharov-Shabat dressing
method and of Zakharov and Mikhailov’s work on chiral models.
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Harmonic maps into symmetric spaces
and integrable systems

J.C. Wood

1 Introduction

Let M = (M™,g), N = (N", h) be C*® Riemannian manifolds of dimensions m,n
respectively and let ¢ : M™ — N™ be a ' mapping between them. We define
the energy (integral) of ¢ over a compact domain D of M™ to be the non-negative
number:

£(6.0) =} [ etéyou (L.1)

where vy is the volume element of M and e(¢), the energy density, is defined by
e(8) = 1|do|* where |dg| is the Hilbert—Schmidt norm of the differential d¢ : T, M —
Typ)N of ¢ at a point p of D. If M is compact we may take D = M and write
E(¢) = E(¢, D). In local coordinates (z',...,2™) on M, (u',... u") on N writing
the metrics as ¢ = gijdmid:uj, h = ha,gduaduﬁ the energy integral (1.1) reads
O 86” 8af
E(¢,D) = %/I)gljhaﬁ a(ii % gdzt ... dz" (1.2)

where g = det(g;;). Here, and throughout the paper, we employ the double sum-
mation convention. A harmonic map is a C'® mapping which is a critical point of
E(#, D) with respect to variations of ¢ supported in D i.e.

d

E(¢t) =0

t=0

for all smooth variations ¢; of ¢ with d¢;/dt supported in D. The Euler-Lagrange
equations for this variational problem are written

m(¢) =0 (1.3)
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where 7(¢) is a section of the pull-back bundle ¢~'T'N called the tension field of ¢;
7(¢) is the (generalized) divergence of the differential d¢, see [33]; at a point 2 of
M, the components of 7(¢)(x) € Ty()N in local coordinates are given by

. 92" O e doP
e = o <3$ 657~ L0 gar T Las gy 8;::7)
0™ 3¢ﬁ
— v Z] vy —
= A¢" + L(wa Ba7 (y=1,...,n)

where I‘fj (resp. Llﬁ) are the Christoffel symbols of M (resp. N) and A is the
Laplace-Beltrami operator on M. Thus a harmonic map is a (C'*°) solution of
(1.3). Equivalently, 7(¢) is the trace of the second fundamental form 8y = Vd¢ of
¢ — this is the section of T*M @ T*M ® ¢~ TN defined by

Bs(X,Y)= DY "Nds(v) - ds(DYY), (XY € C®(TM)) (14)

where D¢~ TN (resp. DM) is the pull-back connection on the bundle ¢~'T'N (resp.
the Levi—Civita connection on TM). Thus (1.3) can be written

{D "IN 46 (e;) — d¢(D£fei)}:0 (1.5)

where {ei} is an orthonormal frame on M. If, further, the frame {e;} comes from
normal coordinates centred at a point p, then at that point (and, unless M is flat,
at that point only), the second term on the left-hand side vanishes.

The system (1.3) is a system of n semi-linear (but not, in general, linear) elliptic
partial differential equations. If ¢ is a pseudo-Riemannian metric, the system is no
longer elliptic. In this case, harmonic maps are sometimes called pseudoharmonic.
See, for example [46, 64, 13] for some results in this case. Harmonic maps from R? or
R are called (two-dimensional non-linear) o-models in particle physics (see [13]).
It is possible to consider weak solutions to (1.3) and ask whether such solutions are
regular, i.e. C'°; [34] and, for a recent result, [49]. However, throughout this article
we shall suppose that all manifolds, structures on them and maps between them are
smooth, i.e. C*.

Harmonic maps include many well-known examples, some of which we list:

1. A map from R (resp. S') to N is harmonic if and only if it is a geodesic
(resp. closed geodesic) linearly parametrised. In this case the energy (1.1) is
the usual energy or action integral of the curve.

2. More generally, a totally geodesic map is a map ¢ : M — N with vanishing
second fundamental form. Equivalently, by (1.4), ¢ maps linearly parametrised
geodesics to linearly parametrised geodesics. Such a map is harmonic; however,
totally geodesic maps are rather rare.

3. A map ¢ : M — R is a harmonic map if and only if it is a harmonic function
in the usual sense. In this case the energy is just the Dirichlet integral and
(1.3) is the linear partial differential equation (Laplace’s equation):



Harmonic maps into symmetric spaces and integrable systems 31

Ag = 0.

4. Holomorphic,i.e. complex analytic, and antiholomorphic maps between Kahler
manifolds are harmonic, see [36], and [60, 68, 87] for generalizations.

5. Harmonic maps from surfaces have many nice properties, for example the
equations (1.3) are invariant under conformal changes of the domain metric so
that methods of complex analysis may be applied; indeed if M? is a Riemann
surface, then ¢ : M? — N is harmonic (with respect to any Hermitian metric)
if and only if, in a local complex coordinate z it satisfies the equation

D¢_1TN 8¢ B
0z 8z

0. (1.6)
or, equivalently, the conjugate equation

D¢>—1TN 8¢
0z 0z

=0. (1.7)

Here

76y (2-i28) wa ZEoy(24i)
z 2\ 0z Oy 8z  2\ox Oy/’

(1.6) can be interpreted as saying that %C—f is holomorphic with respect to the
Koszul-Malgrange holomorphic structure on ¢~'T'N — M (see, for example
([33], §9.22) and this is responsible for many nice properties. For example, for
any map ¢ : M? — N from a Riemann surface to a Riemannian manifold we
define its quadratic differential by

_ [0 0\,
’7—<az’az> dz2. (1.8)

Here (, ) denotes the complex bilinear extension of the inner product on
TN to T°N = TN ® C. Note that n is well-defined, and is zero if and only
if ¢ is weakly conformal. Further, if ¢ is harmonic, (1.6) implies that 7 is
holomorphic. Since any holomorphic differential on the 2-sphere is zero, we
conclude that any harmonic map from the 2-sphere is weakly conformal; this
and related “vanishing theorems” account for the special place of the 2-sphere
in the theory of harmonic maps — see §3. On the other hand, any holomorphic
differential on the 2-torus is of the form constant.dz?, see §4 for the application
of this remark. The holomorphicity of 7 is an example of a conservation law for
harmonic maps: as for any system of equations which are the Euler-Lagrange
equations for the critical points of a functional
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there is a stress-energy tensor Sy which is conservative, i.e. has zero divergence,
at the critical point ¢, see [50, 39]. If X is a Killing vector field on the domain,
then div(i(X)S,) = 0, this giving conservation of momentum and energy when
the domain is a Lorentzian manifold. For the functional (1.1), whose critical
points are harmonic maps, the stress-energy tensor reads

So = c(8)g — 6" h. (1.9)

If ¢ is harmonic then divSy = 0, the converse is true if ¢ is submersive
almost everywhere; furthermore, if the domain M is two-dimensional, this last
condition is equivalent to the holomorphicity of 5. See [4, 69] for an exposition
of the applications of this tensor.

. Amap ¢: M — N is called weakly conformal if, for each point p € M, d¢, is

either zero or maps T, M conformally into T,y N. In the first case, p is called
a branch point. Given a weakly conformal map ¢ : M? — N7 from a surface,
¢ is harmonic if and only if its image is minimal away from branch points.
Such a map is a minimal branched immersion in the sense of [48], that is, its
branch points are isolated and in suitable normal charts have the form

¢'(z) = cRe(") +o(|2]")
¢°(z) = eIm(z") +o(|2])
¢°(2) = o(lz[*), (B<a<n),

for some ¢ # 0, see [41]. Given a weakly conformal map ¢ : M? — R of
a Riemann surface, its Gauss map v5 : M? — G9(R") to the Grassman-
nian of oriented 2-planes in R” is defined away from the branch points by
Yo(2) = Ty(zyM? C R™. When the Grassmannian G5(R") is identified with
the complex hyperquadric Qn—2 = {[z1,...,2,] € CP"7! : 2?2 +...22 = 0}
the Gauss map v4(z) is given by the span of 366—; =1 (% + i%) and S.S.
Chern’s result [26] that the Gauss map extends over the branch points and is
antiholomorphic if and only if ¢ is minimal (equivalently harmonic) ) quickly
follows from (1.6). This and its generalizations are the starting point for many
twistorial constructions of harmonic maps , see [83, 15, 56].

. The above Gauss map is harmonic if and only if ¢ has parallel mean curva-

ture, see [72] for a generalization to higher dimensions and codimensions. In
particular, if M? is simply-connected, every harmonic map M? — S? arises
as the Gauss map of a constant mean curvature surface M’? in R3 composed
with a weakly conformal map M? — M'? see [55] and [52, Theorem 3.9].
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8. A harmonic morphism is a map ¢ : M™ — N" which preserves Laplace’s
equation in the sense that if f: V' — R is a harmonic function where VC N
is an open set, then so is fo ¢ : ¢7'(V) — R provided ¢~'(V) is non-
empty. Harmonic morphisms can be characterized as harmonic maps ¢ which
satisfy a quadratic constraint on their first derivatives called horizontal weak
conformality:

104 04°

3iaj:)‘haﬁ for some A : M™ — [0, 00)
zt Oz

which expresses the fact that, away from points where d¢ is zero, ¢ is a sub-
mersion and d¢ is conformal on the horizontal spaces (ker d¢)* with confor-
mality factor A. Harmonic morphisms to surfaces behave in many ways dual to
(weakly conformal) harmonic maps of surfaces; for example the equations for
the former are conformally invariant on the codomain. Examples of harmonic
morphisms include Riemannian submersions with minimal fibres, for example
Hopf maps, and there are some relations with twistors in 4 dimensions, see
[3,6,7, 8,9, 88, 87].

9. The tension field of the composition of two maps ¢ : M™ — N” and ¢ :
N"™ — PP is given [36] by

(Yo ¢) = dpo 7(¢) + trVdy(de, dg) (1.10)

where the last term means the sum Y ;- , Vdi(dé(e;), dd(e;)) over an ortho-
mormal frame {¢; } on M. From this we see that

(a) If ¢ : M™ — N™ is harmonic and ¢ : N — PP is totally geodesic, then
Yog : M™ — PP is harmonic. Note that the composition of two harmonic
maps is not, in general, a harmonic map; however the composition of
two harmonic morphisms is a harmonic morphism, as is clear from the
definition.

(b) If ¢ : M? — N? is a weakly conformal map between surfaces and ¢ :
N? — PP is harmonic, then 1 0¢ is harmonic; this confirms the conformal
invariance noted in item 5 above. More generally, if ¢ : M — N” is a
harmonic morphism and v : N* — PP is a harmonic map, then ¢ o ¢ is
a harmonic map.

(c) If4 : N® — PP is the inclusion map of a submanifold (or, more generally,
an isometric immersion) then

7(¢) = the component of 7(¢ o ¢) tangential to N™. (1.11)
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The fundamental question in the theory of harmonic maps is the existence prob-
lem: given two Riemannian manifolds (M™, g), (N™,h) and a continuous map
¢ : M™ — N7, when can we deform ¢ to a harmonic map, i.e. when is there
a harmonic map in the homotopy class of ¢¢? If M™ and N"™ are compact and
(N™,h) has non-positive sectional curvatures, it was established by J. Eells and
J.H. Sampson [36] that any homotopy class contains a harmonic map; their method
was to deform the map ¢ under the negative gradient flow of the energy integral
(1.1) by solving the associated non-linear heat equation and showing that a smooth
limiting map exists and is harmonic; in fact it is of absolute minimum energy in
its homotopy class. If (N™, h) does not have non-positive sectional curvatures, this
flow may blow up in finite time or may fail to have a smooth limit, see for example
[25, 28, 45]. In this case there may be no solution to the existence problem. For
example consider the case of maps to a sphere. Let i : S* — R”?*! be the standard
inclusion map, then from (1.10) or by Lagrange multipliers we can show that a map
¢ (M™,g) — S™ is harmonic if and only if ® = 7o ¢ satisfies

Ad = )\O (1.12)
for some function A : M™ — R. Further, A = —|d¢|?. For example, a map ¢ : R™ —
S™ is harmonic if and only if ® satisfies the equation

m_ 92
[0}

> 0 — = \®; (1.13)

— Jua?

i=1
further A = Y7, |g§ |2 where now | | denotes the standard Euclidean norm on

R™. A map of a torus 7™ = R™/T may be regarded as a suitably periodic solution
of this equation. Then [37] there is no harmonic map from a 2-torus T? to the 2-
sphere 5% of (Brouwer) degree &1. On the other hand we shall see in §3 that there are
many interesting harmonic maps from S?, T2, other surfaces and higher dimensional
manifolds to S, CP" and other symmetric spaces. In the rest of this article we shall
discuss some methods from the theory of integrable systems that have been applied
to find harmonic maps in these cases; we shall start with a discussion of equivariant
harmonic maps where the reduction to an integrable system is most transparent.

The author thanks F.E. Burstall and J. Eells for useful comments on a draft of
this article.

2 Equivariant harmonic maps and integrable systems

One way of finding harmonic maps is to impose enough symmetry to reduce the
harmonic map equation (1.3) to an ordinary differential equation and show that the
latter has suitably behaved solutions. This was done first by R.T. Smith [73] who
looked for harmonic maps from a rectangular 2-torus S x S* to the 2-sphere S? as
follows: Regard the torus as S' x R/Za where @ > 0 and look for maps ¢ from the
tube S x R ={(,s) : 0 <0 <2m, s €R}to S? of the S'-equivariant form:
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6(0,s) = (cos f sin a(s), sin @ sin «(s), cos a(s)) (2.1)
for some function @ : R — R. The equation for harmonicity (1.12) reduces to
a'(s) = % sin2a(s). (2.2)

This is the equation for a simple pendulum (or 1-dimensional sine-Gordon equa-
tion), a well-known Hamiltonian system. It has periodic solutions which can be ex-
pressed in terms of elliptic functions. The resulting maps (2.1) give harmonic maps
of degree zero from a rectangular torus S* x R /Za for some a > 0 which are either
surjective — corresponding to circular motions of the pendulum, or have image a
narrow band about the equator — corresponding to oscillatory motion. As pointed
out by E. Calabi (see [31] for the full tale), these harmonic maps ¢ : T? — S? are
all Gauss maps of Delaunay surfaces. More generally, K. Uhlenbeck [76] looked for
harmonic maps ¢ : ST x R — S" of the form ¢(f, s) = eB%z(s) where B € so(n + 1)
and z : R — R"*t! has image in S™. Such maps are equivariant with respect to the
representation p : S' — SO(n + 1) given by p(f) = eP?. Then ¢ is harmonic if and
only if

2" (s) + B*z(s) + (|Bz(s)|* + |2/ (s)|*)z(s) = 0. (2.3)

This equation is the Neumann equation describing the motion of a particle moving
on a sphere under the influence of a quadratic potential V' = %(Ar, z) where A = B?,
see [65]. The conservation law for harmonic maps (see §1) gives conservation of
energy and angular momentum for the Neumann equation, see [5].

Writing A = B? and diagonalizing B, P. Baird and A. Ratto [5] note that = :
R — R™*! satisfies (2.3) if and only if its components are eigenfunctions of the
Hill’s operator

d2
ds?

Exploiting this and a higher-dimensional analogue for maps z : R”™ — R” where
(2.4) is replaced by the Schrédinger operator

—A + u(s) (2.5)

+ u(s). (2.4)

and using knowledge of the eigenfunctions of (2.5) for some special choices of u(s)
together with the remarkable identity [62], they find many harmonic maps from tori
to spheres including linearly full ones 7" — S™ for n = 1,2,...,5 (all of degree 0).
Related methods give harmonic morphisms from S* to S? where S* is given a metric
conformally equivalent to the standard one, the harmonic morphism representing
the non-trivial element of 74(S?) = Z».

For reduction theorems and their applications to finding harmonic maps, mor-
phisms and minimal immersions see also [3, 77, 54, 35, 53].
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3 The Backlund transform and adding a uniton

A feature of many integrable systems is the existence of Backlund transforms which
give new solutions to a system of partial differential equations from old ones by
solving ordinary differential equations. The best known is the Backlund transform
for the sine-Gordon equation

Upy = SINU , (3.1)
namely, if u(z,t) is a solution to (3.1), then @(z,t) is another solution if and only if

N u+u

Uy Uy — 23 sin

2 . u—1u
—U; + — sin

154 2

There is a similar version for the sinh—Gordon equation

Ut

Ugg + Uyy = sinh u (3.2)

see [43, 74].

Now let F : U — R?3 be a conformal map from an open set U of R? = C. The
induced metric on U can be written as ds?> = 4e%dzdz for some function u : U —
R. Then the orthogonal frame o = (F,, Fz, N)? satisfies the Gauss—Weingarten
equations

o, =Uo, oc:=Vo (3.3)
with
U, 0 A 0 0 B
U= 0 0 B, v= 0 ws A
—eUB/2 —emvA)2 0 _eMAJ2 —eB/2 0

where A = (F,,,N) and B = (F,z, N). Note that the mean curvature of F(U) is
H = %e‘“B. The compatibility condition for existence of a solution to (3.3) is

Us— V. +[U,V] = 0. (3.4)

The components of this give the Gauss and Codazzi-Mainardi equations of the
surface. In the case of a surface of constant mean curvature H these reduce to

Uz +2H?e" — L AAe™ = 0 (3.5)
A; = 0. (3.6)

In particular A is a holomorphic function and so, if ' covers a map from a 2-torus
T? = R%/T, A must be constant. Furthermore, by scaling the coordinates on the
domain and range we can assume that A4 = 1 and H = %, then (3.5) reduces to
the sinh—Gordon equation
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Uz +sinhu = 0. (3.7)

Thus a constant mean curvature torus gives rise to a solution to the sinh—Gordon
equation (3.7) and conversely, given a solution to (3.7) and a choice of A, we may in-
tegrate (3.3) to find a constant mean curvature torus. Thus the Bicklund transform
for the sinh—Gordon equation transforms constant mean curvature tori to constant
mean curvature tori and this induces a transformation of their harmonic Gauss maps
T? — §2.

Remarks

1. From (3.3) we see that the Gauss map N : U — S? satisfies
N,=-HF, — %e““AFg;
Differentiating this shows that
N,; = H:F, + normal component

showing that N is harmonic if and only if the surface F'(U') has constant mean
curvature, see Examples 1 item 7.

2. If the surface has constant mean curvature H the differential n = 2H Adz? is
holomorphic; it is simply the holomorphic differential (see Examples 1 item 5)
of the Gauss map N.

3.1 A Backlund-type transform for harmonic maps to complex projec-
tive spaces.

Let ¢ : M2 — CP"™ be a harmonic map from a Riemann surface. Assume that ¢
is not antiholomorphic. Let ® : U — C*+! \ {0} be a lift of ¢ over a coordinate
neighbourhood (U, z), i.e a representation of ¢ in homogeneous coordinates. Define
@, : U — C**! by & = 74(0®/9z) where my denotes the orthogonal projection
onto the line defined by ¢, explicitly

. 0P 0P 9
a,(:) = 57 — (22 ®)0/|0]
where {, ) denotes the standard Hermitian inner product on C**!. Then ®; may
vanish at isolated points, but because of (1.6), it can be shown that it defines a holo-
morphic section of the subbundle of C*+! defined by ¢+ equipped with its Koszul-
Malgrange holomorphic structure (see Examples 1 item 5 and [22, Proposition 2.2]),
in particular its zeros are all of holomorphic type and so ®; gives a well-defined map
G'(¢) : M? — CP" called the & -Gauss map (or §'-Gauss transform) [22] or 0-
transform [27] of ¢. Assuming instead that ¢ is not holomorphic and replacing z
by z gives the §"-Gauss map (or transform) or d-transform G"(¢) : M — CP"
of ¢. These two transforms are inverses to each other, viz. G”(G’((ﬁ)) =¢if ¢ is
not antiholomorphic and G’(G”(é)) = ¢ if ¢ is not holomorphic. We then have the
following
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Proposition 1 Let ¢ : M? — CP" be harmonic. Then so are G'(¢) and G" ().

This can be established by (i) direct computation in local frames (see [27]), (ii) the
diagram method of F. Burstall, S. Salamon and the author, see [22, Propostion 2.3],
[21, Proposition 3], (iii) an easy direct computation for weakly conformal harmonic
maps (recall all harmonic maps are weakly conformal if M? = 5?%), see [47], (iv)
as a special case of a general result of K. Uhlenbeck [78], see below. There is a
similar construction for harmonic maps from surfaces into complex Grassmannians,
see [82, 40, 85], and various related transforms for other symmetric spaces, see
[1, 2, 81], which give all harmonic maps in these cases; all these transforms are
particular cases of the transform of Uhlenbeck discussed in §3.3.

The sequence of harmonic maps

- GU(G(9) — G(6) — 6 — G'(9) — GG (8) — -

(together with natural maps between them, see [27, 22, 82]) is called the harmonic
sequence of ¢. A harmonic map is called complex isotropic (or pseudo-holomorphic
or superminimal) if the members of its harmonic sequence are mutually orthogonal.
In this case, for dimension reasons, the harmonic sequence must terminate in each
direction and its first (resp. last) element is holomorphic (resp. antiholomorphic).
Hence any complex isotropic harmonic map ¢ : M? — CP" can be obtained from a
holomorphic map by successive applications of the 8’—~Gauss transform. If ¢ is not
complex isotropic, defining G{)(¢) inductively by G(V)(¢) = G'(¢) and G (¢) =
G'(GU=1)(¢), the largest r € {1,2,...} such that ¢ L GW(¢) foralli, 1 <i<r
is called the isotropy order of ¢. The isotropy order is measured by the vanishing
of a sequence of differentials 7 with 1 = 7, each one holomorphic if the previous
ones vanish (see [84, 22]. Since any holomorphic differential on S? is a holomorphic
section of a line bundle of negative degree, it vanishes, hence any harmonic map
¢:S% - CP" is complex isotropic; we thus obtain

Theorem 1 ([38], Theorem 6.9) Any harmonic map from the 2-sphere to CP"
can be obtained from a holomorphic one by repeated application of the &'-Gauss
transform.

For the history of this result, see [38]. We have a similar result for harmonic
maps to the n-sphere: A harmonic map ¢ : M? — S™ is called (real) isotropic (or
pseudo-holomorphic or superminimal) if the harmonic map

& M2 4 5 S ppropr

is (complex) isotropic. (Here m is the standard double cover and i is the totally
geodesic inclusion.) Equivalently, ¢ is real isotropic if the infinite order §' osculat-
ing space 0 (z) = span {6’°‘¢(z) a=1,2,.. } is isotropic for each z € M? in the
usual sense that (v,¥) = 0 for all v € 0, (z). Without loss of generality we can
assume ¢ is full, then n must be even, say n = 2r. Any harmonic map ¢ : S — S?"
is isotropic. The corresponding maps ® are precisely those obtained as the r’th 9’
Gauss transform of a full holomorphic map satisfying the additional condition of
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total isotropy [38, Definition 3.13] which can be stated as the requirement that the
(r — 1)-st "augmented” osculating space of any representation F' of f in homoge-
neous coordinates: span{d’*F(z) : @ = 0,...,r — 1} is isotropic for all z (no higher
osculating space can be), see [23], [38, Corollary 6.11], [12]. The isotropy order of a
non-isotropic harmonic map ¢ : S — S” is defined to be the isotropy order of the
corresponding map ® : M? — CP™.

3.2 Harmonic maps to Lie groups

We first recall some Lie group theory. Let G be a Lie group equipped with a biin-
variant Riemannian metric. Let g be its Lie algebra identified in the standard way
with the tangent space at the identity T.G. The (left) Maurer—-Cartan form is a
g-valued 1-form w on G which gives an isomorphism w. : T,G — g for each v € G|,
in fact w, is simply the differential of left translation by v~!. Note that w gives a
trivialisation (or gauge) for the tangent bundle

w:TG=2Gxg. (3.8)
There is a connection DT on G called the +-connection in which the left translations
are parallel; in the gauge (3.8) this has the formula Dt = d + w, i.e. Df(s) =
ds + [w,s] for X € TM, s: M — g. The Maurer—Cartan equation

dw+ $wAw] =0 (3.9)
expresses the fact that this connection is flat. (Here [w A w] denotes the g-valued
2-form on G defined by [w Aw](X,Y) = 2[w(X),w(Y)] for X, Y € T,G,y € G.) On
the other hand, the Levi-Civita connection is given by D = d + %w and is not flat
(unless G is Abelian).

Now let ¢ : M™ — G be a smooth map from a Riemannian manifold to the Lie
group. Let a be a 1-form on M with values in g given by

a=¢*(w). (3.10)
(note that Uhlenbeck [78] and the author in [86] sets A = fa; we prefer to follow
the notations of [18]). If G is a matrix group we have

a=¢"1ds. (3.11)
Note that « represents the differential d¢ € C°(T* M ® ¢~1TG) in the gauge

6'TG=M x g (3.12)
given by pulling back the gauge (3.8). Then pulling back (3.9) shows that « satisfies

da+ Llana]=0 (3.13)

which expresses the fact that the pull-back d+ o of the connection Dt to ¢~'TG —
M is flat. It is an integrability condition: if M™ is simply connected and « is a
given g-valued 1-form on M, then we can solve (3.10) (or (3.11)) for ¢ if and only if
« satisfies (3.13). Further, such a solution is unique up to left translation by some
element of G. The map ¢ can be interpreted as a gauge transformation which gauges
the flat connection d + « to the trivial connection.
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Now, in the gauge (3.12), the pull-back of the Levi-Civita connection on G to the
bundle ¢='TG — M is

DYIG =4y Lo
that is,
DY TG (s) = X(s) + Sons] (X EM, s: M —g).

To calculate the tension field at a point p € M, let {e;} be a frame coming from
normal coordinates at p, then by (1.5),

ZD TG (dg(e))

Z{e + glae), e(es)]}
= d*a.
Hence ¢ is harmonic if and only if

d*a = 0. (3.14)

Remarks

We can generalise this to any Riemannian homogeneous space N = G/ H equipped
with a left-invariant metric h as follows: For & € g let ébe the corresponding Killing
field (“fundamental field”) defined at each point y € N by &, = 4 (exp tE).y|t:0

where . denotes the action of G on N. Then & — é defines a surjective bundle
endomorphism a from the trivial bundle N x g to T'N. This has kernel the bundle
[h] = G x g b where H acts on h by Ad. Assume that N is naturally reductive so that
g = hdm with [h, m] C m and the metric A corresponds to an Ad(H)-invariant inner
product B on m such that B(X,[Y, Z]wm) + B([Z, X]n,Y) = 0 for all X|Y,7 € m,
see [57], then [h] has a complement [m] = G x y m. Note that the fibre of this bundle
at y=gH € N is y x Adg(g)(m) C N x g. The map a above restricts to a bundle
isomorphism [m] — T'N. Tts inverse followed by the inclusion of [m] in N x g and the
natural projection N x g — g defines a g-valued one-form w on N again called the
Maurer—Cartan form. Given a map M — N we can pull this back to M to define a
g-valued 1-form e = ¢*(w) on M which again represents the differential d¢. Similar
considerations to those above show that this form satisfies (3.14) if and only if ¢ is
harmonic.

If N is not naturally reductive, then we must instead consider the moment or
momentum map p @ TN — g* defined on each fibre as the composition of the
isomorphism b : TyN — T,y N defined by the metric and the dual Ty N — g* of
the map g — T, N, £ — éy defined above. Then again pulling this back to a 1-
form a = ¢*p on M, but this time with values in g*, a calculation shows that ¢ is
harmonic if and only if d*a = 0, cf. [13],see [69] for an alternative treatment using
Noether’s Theorem, and see [64] and [19, §3.2] for an alternative approach based on
lifting to maps into G.
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Returning to the case of a Lie group we established that if ¢ is harmonic, «
satisfies (3.13) and (3.14). Conversely, if M is simply-connected, then given a g-
valued 1-form on M satisfying (3.13), we can solve (3.10) for ¢; then, if (3.14) is
also satisfied, this map is harmonic. Thus we have translated the harmonic equation
(1.3) into the pair of equations (3.13, 3.14).

Now suppose that M = M? is a Riemann surface with complex coordinate chart
(U, z). Write & = a,dz + azdz where «, and az are maps from U with values in
g° = g ® C, the complexified Lie algebra, then the pair of equations (3.13, 3.14) is
equivalent to

aaz aa{i B
0z dz
60{3 6055 . .
32 - 32 +[a2:az] - 0:
this pair of equations can be written more symmetrically as
Jar,
0z + %[afﬂ a] =0 (3.15)
(9&;
5 + a0 = 0. (3.16)

Note that, if ¢ is a harmonic map satisfying (3.10), these equations reduce to the
equations (1.6) and (1.7).

3.3 Flag transforms

We now show how a harmonic map from a Riemann surface to U(n) can be trans-
formed to another by multiplying by a suitable map into a Grassmannian. A point
of the Grassmannian Gg(C") represents a k-plane and may be identified with the
orthogonal projection 7 : C* — C” onto that k-plane. We then have the Cartan em-
bedding [24] of Gx(C") in U (n) given by 7 + m—mL. Since this is totally geodesic, it
follows from the composition law (1.10) for the tension field that a map is harmonic
into G(C™) if and only if its composition with the Cartan embedding is harmonic

into U(n). We have the following result of Uhlenbeck [78]:

Proposition 1 Let ¢ : M? — U(n) be a harmonic map from a Riemann surface.
Write o = ¢~1d¢ = a,dz + azdz. Suppose that m : M? — Gr(C") is a map such
that the following two equations hold:

ata,m = 0 (3.17)

rt <(% + %az> m = 0. (3.18)
Then the product

d=d(r—7'): M> = U(n) (3.19)

1s harmonic.
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Following [20] we shall call the transform ¢ — q/; a flag transform. The Proposition
can be established by direct calculation using equations (3.15, 3.16) but an easier
way is possible after introduction of a spectral parameter, see [78]. The equations
can be interpreted as a degenerate Backlund transform, in fact a degenerate version
of the dressing transform of Zakharov et al. [89, 90], see [78, 61], and the conditions
can be interpreted geometrically, see [86]. The §'—Gauss transform of §3.1 above is
the case where ¢ has image in CP"~! = G{(C") C U(n) and 7 is defined by setting
7t = ¢ & G'(4) in the notation of §3.1.

Notes. Uhlenbeck shows that any harmonic map ¢ : S — U(n) can be obtained
by means of a finite number of flag transforms from a constant map ¢¢ giving a
factorisation: ¢ = ¢o(my — 7))+ (ms — mL) of the harmonic map (here the 7; are
maps of S? to Grassmannians Gy, (C")); for simple proofs of this (giving different
factorisations to that of Uhlenbeck) see [80, 86]. This is generalized to any compact
simple Lie group which admits a Hermitian symmetric space as quotient (all compact
simple Lie groups except Fg, Fy and G2), or any symmetric space of such a group,
by F.E. Burstall and J.H. Rawnsley in [20]. For various symmetric spaces explicit
methods of obtaining all harmonic maps based on using suitable flag transforms (cf.
§3.1) are given in [1, 2].

4 Introduction of a spectral parameter

4.1 Two elementary examples

We start by giving two elementary examples of the introduction of a parameter
before discussing how it is introduced into the theory of harmonic maps into a Lie
group. For more examples, see [19].

(A) Loops of constant mean curvature surfaces in R3. Let U be an open
subset of R? = C. Recall the integrability conditions (3.4) for a surface of constant
mean curvature F' : U — R3 . If A is replaced by A4, and so A by (1/A\)A where
A € S the equations are still satisfied so that we may integrate (3.3) to get a 1-
parameter family or loop of isometric constant mean curvature surfaces: F : U —
R3; note that we require A € S to ensure that these surfaces are real, i.e. lie in R3,
Taking Gauss maps, this procedure gives a loop of harmonic maps ¢, : U — S2.
Note that if F' is actually (conformal and) minimal (H = 0), then all the maps
F, are conformal and minimal and form the well-known loop of associate minimal
surfaces.

(B) Harmonic conjugates Again let U be an open subset of R% If ¢ : U —
R” &+ iy = z — ¢(z) is harmonic then o = d¢ satisfies

da=0, dxa=0. (4.1)

Explicitly, writing o = azdz + aydy, (4.1) reads
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oy Doz _ o das Doy

Oz oy Oz Ay
These two equations can be combined into a single equation as follows: Write a =
a.dz + azdz. Then equations (4.2) can be written:

Jar, Oasz

=0 =0. 4.3
Oz " Oz (4.3)

=0. (4.2)

Now introduce a parameter A € S1 and write Ay = Aa,dz + %a;dé so that dA, =
Ao, + %3045. Then

dAy =0forall A € S! (4.4)

if and only if (4.3) holds, i.e. the two equations of (4.1) have been encoded into a
single equation (4.4). Note further that the transformation o, — Ae,, az — %Oﬁg
preserves the equations (4.3) so that we obtain a loop of harmonic maps ¢, : U —

R3, (X e Sh).

Remark. If ¢ is conformal, so are all the maps ¢, in the loop, and if n = 3 we
obtain the loop of isometric minimal surfaces of Example (A). In this case, all the
Gauss maps are antiholomorphic and don’t change with A.

4.2 Harmonic maps into a Lie group

Now we return to the case of a harmonic map from a simply-connected domain U
of R? to a Lie group (. Recall the pair of equations (3.13, 3.14) for a = ¢*w (=
¢~1d¢ for a matrix group) is equivalent to harmonicity of ¢. Now we introduce a
loop of g°-valued 1-forms

Ay =31 = Nazdz + 3(1 — A" azdz (4.5)

1
2
Note that A_; = A and A; = 0 and that A, agrees with Uhlenbeck [78] except

that, following [18], our A is the reciprocal of hers. Then a short calculation shows

[78] that A satisfies (3.13,3.14) if and only if
dAy + 1[A\AA) =0 forall xeS'. (4.6)

So we have encoded the equations (3.13,3.14) into the single equation (4.6). This
equation can be interpreted as saying that for each A € S*, d+ A} is a flat connection
and is an example of a zero curvature equation. We get a loop of maps ¢, : M —
G, (X € S?) defined by ¢3 (w) = Aj. Indeed, for each X, ¢, is the map which gauges
d + A, to the trivial connection. However, unless GG is Abelian, the maps ¢, are
not harmonic but rather extremise certain functionals of Novikov, see [75]. In the
case G = U(n) amap ® : M — QG with ®(p)(A) = ¢x(p) is called an extended
solution corresponding to ¢ [78]. It is holomorphic with respect to a suitable complex
structure on QG and we have a diagram common in twistor theory, see [20, §8F]:
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QG

evaluate at — 1

where ® is holomorphic and ”pseudo-horizontal”.
Remarks

1. The idea of introducing a spectral parameter to get a zero curvature equation

of the form (4.6) is credited to Pohlmeyer [67], see [13].

2. There is way of defining a loop of maps q;u, (u € S') which are harmonic,
namely, set ¢, = qb_uq/);l. This defines an S*-action on the space of harmonic

maps U — G due to C.-L. Terng, see [78, §7] and [64].

3. The flag transforms of §3 can be explained in terms of the extended solution.
Indeed the transform (3.19) corresponds to multiplying the extended solution
by m 4+ Amt, see [78], and see [20] for other Lie groups.

Now let Qg be the space of based loops in g, viz.
Qg={¢:5" = g:£(1) =0}
we also need its complexification
Qg° ={¢: 5" = g°:¢(1) = 0}.
We write any loop & € Qg° as a Fourier series, which, since £(1) = 0, takes the form
EN) =) &a(l-2")
n#£0

where £, € g°. Note that £ is real, i.e. lies in Qg, if and only if the following reality
condition is satisfied:

ben =8 Vn. (4.7)

Now Qg has a filtration Q1 C Q2 C --- C Qg by finite dimensional subspaces
Qa={£ €Qg:& =0for |n| > d}. Qg° contains two subalgebras consisting of the
positive and negative frequencies:
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Qt ={¢:¢, =0forn <0}, Q ={¢:&, =0 forn>0}.

We have a conjugation on Qg given by & — & = me &, (1 — 1/A") under which
QF corresponds to Q7, and Qg¢ = Qt @ Q~. Then a family of 1-forms A, of the
type (4.5) is the same as an Qg-valued 1-form A such that

(i) A1 takes values in QF N Q¢
(ii) the connection d 4+ A is flat, i.e. (4.6) is satisfied.

Given any harmonic map ¢ : R? — G we define such an A by (4.5). Conversely,
given such an A, there is a harmonic map ¢ : R? — G given by integrating the
equation (3.10) (or (3.11)). Thus to find harmonic maps we must find Qg-valued
1-forms A which satisfy (i) and (ii).

Now let ¢ : R? — Qg be a smooth mapping. If we do the ansatz:
Ay = 2i(1 = Néadz — 2i(1 — A~ He_adz, (4.8)

then condition (i) above is satisfied and, by equating coefficients we see that condi-
tion (ii) is equivalent to

ag;d = Qi[g—da gd]a
%i = i)

Alternatively, simply note that these are equations (3.15, 3.16) with the ansatz

a, = 4i&,, az; = —4i&_ 4. However, the key observation is that these equations are
simply the 1 — A~? coefficient of

¢ .

= = 2i(1 — A 4.

5, = 16,2i(1 = A)éd] (4.9)
and the 1 — A% coefficient of the conjugate equation

o ) 1 .

5= —[€,2i(1 = A71)ely). (4.10)
To interpret these, writing

(X1 = 1X) = [£, 2i(1 = A)éd] (4.11)
defines vector fields X1, Xo on Qg; we are trying to find ¢ : R? — Qg such that

23 3

— =X d = = X,.

Oz Lan Oy 2

The integrability condition for this is that the Lie bracket [ X1, X2] = 0, equivalently,
writing Z = $(X1 — iX2), [Z, Z] = 0. A direct calculation of [Z,7] = dz7Z —dz 7
shows it is zero (see [18]). Furthermore, it can be shown that the flows evolve on
spheres in Q4 and so are complete. Thus we can solve (4.9,4.10) for ¢ : R? — Qq,
define an Qg-valued 1-form A by (4.8) and find a harmonic map ¢ : R — g by
integrating (4.6).
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To interpret all this, recall that a Poisson structure on a manifold M is a skew
bilinear map C®° (M) xC*® (M) — C* (M), f,g— {f, g} satisfying the derivation
property

{f.ghy ={f g}h +g{f. h} (4.12)
and the Jacobi identity
£ g k3 + {9 {h, f1+{h,{f.9}} = 0. (4.13)

In particular, (C°° (M), {, }) is a Lie algebra. Given such a structure we can associate
to any f € C°(M) a vector field Xy on M defined as a derivation by X;h =
{f,h}, (h € C=(M)). (That this is a derivation follows from (4.12).) Now let [, ]
be the standard Lie bracket of vector fields on M| then from (4.13) it quickly follows
that

(Coo(iw)a{a })%(COO(TIM%[’])’ fHXf
is a Lie algebra homomorphism, i.e.

(X5, Xl = Xipgy, (9 € C%(M)).
Indeed, we have, for f,g,h € C*°(M),

[X;, X, Jh = X;X,h—X,X;h
= {f{g,ht}t —A{g,{f h}}
= {{f.9} h}
= Xisgrh.

Xy is called the Hamaltonian vector field of f. The classic example of a Poisson

structure due to Lie is the following: Let G be a Lie group with Lie algebra (g, [, ]0)
Then its dual M = g* has a canonical Poisson structure given by

{£,93°(6) = (&, [dfe, dgel®),  (f,9€C™(g"), £ €g%).

Here (, ) denotes the canonical pairing of g* and g and dfe lies in T*g* which we
can identify with g. The co-adjoint action of g on g* is defined by

(AdZ(8),Y) =({,AdY), (z€G, Yeg £€gT)

where Ad,Y is the adjoint action of G on g given for matrix groups by Ad,;Y =
Yz~ Tts differential is the co-adjoint action of g on g* given by

(adx(6),Y) = (€. adxY) = (£ [X,Y]"), (X,Y €g, £€g7).

Call a function f € C*(g*) invariant if it is invariant under the action Ad*. Equiv-
alently, in terms of the action ad®,

(adk&,dfe) =0forallé eg*, X €eg (4.14)
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since {ad% & : X € g} gives the tangent space to the orbit of Ad* through &. Equation
(4.14) can be written as (£,adx (df¢)) = 0; this is equivalent to (£,adg, X) = 0,
which in turn is equivalent to <ad2fe£,X> =0forallé € g*, X € g, and so f is
invariant if and only if

adzféf =0forall £ €g”. (4.15)

The basic problem in Hamiltonian theory is the following: Given a function H €
C*® (M) on a Poisson manifold (M, {, }) find functions f; in involution with them-
selves and with H, i.ewith {f;, H} = {fi,f;} = 0for all i. Such functions are
integrals of the flow of Xy, i.e. constant along the solution curves ¢ — o(t) of the
ordinary differential equation ?TZ = Xpy;indeed Xy (f;) = {H, f;} = 0. Now in the
case M = g* any invariant function f is in involution with an arbitrary H € C*°(g*)

for

(€, [dfe, dHE]")
= ({ adg, dH)
(adiy, €, dHe)
= 0 by (4.15).

{f.H}Y°(€)

Thus, although invariant functions provide integrals in involution they cannot dis-
tinguish one flow from another. So we refine this method by introducing r-matrices:
An r-matrir on g is a linear map R : g — g such that themap [, [#:gxg—g

defined by

[X,Y]" = [RX,Y]"+ [X,RY]’, (X,Y €g)
is a Lie bracket. This new Lie bracket defines a new Poisson bracket {, }* on C*°(g*)
by

{f,9Y7(€) = (&, [dfe, dge]™), (€ €g”, frge C™(g"))

and a new Lie algebra homomorphism C*°(g*) — (C*(Tg*),[, ), f— Xf where

the vector field XJI,DL is defined as the derivation X;{(h) ={f,h}%, (he C>(g").
Here [, ] is unchanged, it is the standard Lie bracket of vector fields on M = g*. This
time the invariant functions (no change of meaning) give interesting Hamiltonian
vector fields; indeed, let f, g € C'°°(g*) with f invariant, then we calculate at ¢ € g*,

(XDe(h) = {f,n}7(¢)

= (& [dfe, dhe)™)
(&, [Rdfe, dhe]®) + (€, [dfe, Rdhe]®)
= <adej€£ dh6> + (a Zfég;Rth
(adef;, J(R)+0

by (4.15), so that
(Xf')& = ad;tdféf- (4.16)
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This is all clearer if g has an ad-invariant inner product allowing us to identify g*
with g. Then the ad* action just becomes the adjoint action of g on itself, df is
identified with the gradient Vf, and, for an invariant function f, (4.16) reads

(Xf)e =[2,RVf:, (x€g). (4.17)
Thus the flow of X{* is the curve o(t) in g which satisfies

do

4o _ Al 4.1

o = [0 RV ] (4.18)

an equation in Lax form. Furthermore, the invariant functions are in involution with
respect to {, }¥ for, if f h are invariant functions on g* (or on g if this has an
ad-invariant inner product),

{£,0Y%E) = (& [dfe, dh)™)

(€, [Rdfe, dhe]®) + (€, [dfe, Rdhe]°)
= —(ady, & Rdfe) + (adgy, &, Rdhe)
= 0.

by (4.15). In particular, invariant functions give integrals for (4.18) and provide a
powerful tool for finding such integrals. More relevant for our purposes is the fact
that a set of invariant functions {fi,..., fi} together with an r-matrix gives a set
of commuting vector fields {Xﬁ} defined by (4.17) on g.

To return to the problem at hand, note that if we set g = Qg, where g is the Lie
algebra of a compact group, we can define an r-matrix on g by

i onQf
R_{ —1 on Q~

Now g has an inner product

661 = [ (€)= [ (606010

where (, )y is an ad-invariant inner product on g. This is invariant under the
pointwise adjoint action of Qg on itself. Define fi,fs by

(h+i© = [ X, (4.19)

Then f1 and f; are clearly invariant functions and so the corresponding vector fields
X, = Xﬁ and X5 = XfP; given by (4.17) commute. We claim that these vector fields
restricted to Q4 are just the X; and X, respectively of (4.11). To see this, note that
the flow £(z + iy) of these vector fields is the mapping & : R? — Qg satisfying the
equations

o |
9 [£, RV dfi] (4.20)
%~ g rYd) (4.21)

dy
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and, clearly from (4.19), (Vf1 + Vfa)e = A1=%¢. Thus (4.20, 4.21) can be combined

into the single equation

oc _
a_z - [6) RAl dg]
= [&(R+i)AT9]

since [£,£] =0
= [§2i(1-A)&d] ,
since R+ i annihilates Q= which is just (4.9).

Remarks

1. Equations of type for £ : R — g:

g
o =1 BO)

have many nice properties. For example, if P : g — R is any (ad-)invariant
function on g then P (&) is a constant of the motion. Thus, if g is a matrix
group, tr&, det{ and the other coefficients of the characteristic polynomial
of ¢ are all constant. In particular, the eigenvalues n of £ are constant. If g
is infinite dimensional the same applies to the discrete eigenvalues and is of
great use, for example, in the study of the KdV equation see for example [43].
Now let g = Qg and let £ € Q4, then evaluating the equation (4.9) at A gives

9¢(N)
0z

= [£(A), 2i(1 = A)&al. (4.22)

For each A, £(A\) € u(n) has eigenvalues  which do not change with z so we
get an affine curve

{(\,n) € C* : det (£(N) —n1d) = 0}

which does not vary with z. The normalization of the compactification of this
is called the spectral curve C, cf. [51]. Now suppose that the initial condition
£(0) is chosen such that the eigenvalues 5 are simple for generic A. Then the
eigenspaces of 7 are subspaces of C" which vary with 7 and thus form a line
bundle over C. This line bundle does vary with z: its evolution is determined
by (4.22). Thus (4.22) corresponds to a dynamical system on the Jacobian
variety of all line bundles over the complex curve C. Following ideas of [70, 44],
Burstall [16] shows that this dynamical system is linear.

2. By finding more commuting integrals, one can construct a large class of pluri-
harmonic maps from a higher dimensional Euclidean space or torus to a Lie
group, see [18].
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. In the case of constant mean curvature tori in R3 (also S3 and HP) (cf. §1), all

the solutions can be expressed in terms of # functions [10], see [30] for a general
exposition and [63] for such constructions for the case of certain harmonic tori
in CP™. This programme should be possible in the present case but has not
yet been carried out.

. Let G/H be a symmetric space and let o be the involutive isometry of G/H

with fixed point the identity coset. Then 7 : ¢ — ¢ = ogo defines an in-
volution of G and the map i : G/H — G defined by gH ~ g7 = g"g~ ! is
well-defined and is a totally geodesic immersion (cf. [24]) called the Cartan
immersion. By the composition law (1.10) a map ¢ : M — G/H is harmonic
if and only if i 0o ¢ : M — G is harmonic; thus a harmonic map into G/H
is just a harmonic map into G with image in G/H. In [18, Theorem 1.12], it
is shown that if we choose a suitable initial condition &; the solution to (4.9)
will give a harmonic map R? — G/H.

. We have constructed a large class of harmonic maps ¢ : R2 — G by solving

(4.9); such maps are said to be of finite type. Some of these maps descend
to maps of a 2-torus, Conversely, ([18, Corollary 3.3]), any non-conformal
harmonic map of a 2-torus to the 4-sphere S* is of finite type and is therefore
constructed by the methods above. As for the conformal harmonic maps, these
are either superminimal ( = real-isotropic = pseudo-holomorphic) in which
case they can all be constructed from holomorphic maps [23, 56, 14, 59] as
described in §3.1 or they are not superminimal, in which case they are all
constructed in [42] by a forerunner of the integrable systems methods of [18]
discussed above. Thus all harmonic maps from the 2-torus to the 4-sphere
have been constructed.

. A harmonic map M — CP" is said to be superconformal if its harmonic se-

quence is periodic, or, equivalently, its isotropy order is the maximum possible
finite value, i.e. 2m 4+ 1 (cf. §3.1). The Gauss—Codazzi-Mainardi-Ricci equa-
tions lead to 2-dimensional periodic Toda systems of SU(n+1) type, and thus
such harmonic maps can be found by solving this system, see [29, 11, 12]. In-
deed the sequence of osculating curves of a harmonic map M? — CP" provides
a lift to a holomorphic map into the full flag manifold SU(n + 1)/S(U(1) X

. -U(l)); this is an (n+ 1)-symmetric space (see [58]), and it is this lift which
can be constructed from the Toda equations. All such harmonic maps are then
expressible in terms of 7 functions. The story is similar for maps into S??, the
flag manifold being replaced by SO(2n + 1)/50(2) x --- x SO(2).

. Burstall takes this further [17] to construct all non-isotropic harmonic tori

in spheres and complex projective spaces (for isotropic ones see §3.1); indeed
given a harmonic map of a torus to CP" of isotropy order k < n — 1, the
flag of &’-osculating spaces gives a lift of ¢ into a (k + 2)-symmetric space
Un+1)/U(1) x ---U(1) x U(n — k) which is of finite type, i.e. can be con-
structed by the above methods. Similarly, all non-isotropic harmonic tori in
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S?7 are constructed replacing the symmetric space by SO(2n + 1)/S0(2) x
< x SO(2) x SO(2n — 2k).

8. For an alternative powerful method of constructing harmonic maps from sur-
faces, see [19].

The author would like to thank F.E. Burstall and J. Eells for useful comments on
a draft version of this article.
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The affine Toda equations and minimal
surfaces

J. Bolton and L.M. Woodward

1 Introduction

In this article we consider geometrical interpretations of the two-dimensional affine
Toda equations for a compact simple Lie group G. These equations originated from
the work of Toda [33],[34] over 25 years ago on vibrations of lattices, and they
have received considerable attention from both pure and applied mathematicians
particularly over the last 15 years. (For the original context of the ideas the reader
is referred to [35], [27] and [1] and for a survey of recent work to [29] and [21]).

Our purpose is to explain how solutions of these equations correspond to cer-
tain types of harmonic maps of surfaces into certain homogeneous spaces of G. We
elucidate this relationship in the cases where G is SU(n + 1), SO(2m + 1) or the
exceptional Lie group G5 and, in particular, explain how the unknowns in the Toda
equations correspond to natural geometric invariants for minimal immersions into
CP™, S?™ and S® respectively. For each such G there are several possible geometri-
cal situations which can arise, corresponding to different homogeneous spaces of G.
These other geometrical models, together with the cases of other simple Lie groups,
will be considered elsewhere.

We do not deal here with the question of how explicit solutions to the Toda equa-
tions may be found, although the formulation of the ideas we give leads naturally
to the use of loop algebra calculations along the lines of [20] and [13] for the case of
solutions of finite type. These methods, in principle, give a description of all doubly
periodic solutions of the affine Toda equations on C, which enables us to make some
brief remarks concerning minimal tori. The exposition given here is derived in large
measure from that of [6] to which the reader is referred for further details.

The affine Toda equations for a compact simple Lie group G of rank £ may be
written (c.f. [21]) as
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£

*Q 20,(0) , #
QerZmpe o =0, (1.1)
p=0

where €(z,Zz) is a function defined on an open subset of the complex numbers
taking values in it, (t being the Cartan subalgebra of G), ay, ..., a, € it* are a set

of positive simple roots of G, mg = 1, —ag = Ef;:1 mpay, is the highest root and
for each p = 0,...,¢, a# € it denotes the dual of e, under the Killing form ( , )
defined by

(af,v):ap(v), vEt.

In the case where G = SU(n + 1) and we write Q = diag(wo,...,wy), with
wo, .. .,wp € R, (1.1) can be written as

2

22;(;2 + 62(""?_‘-"11—1) _ 62(‘-"11+1_‘-"p) — 0’ (12)
where

Wntptl = Wp, wo+ ...+ wy, =0. (1.3)

The equations (1.2) may be more naturally written as

2
gzgg _ 6204,,_1 + 26204,, _ 6204,,4-1 — 0’ (14)
where a,(Q) = w, — wp_1. In the case where (1.3) are satisfied aq,..., @, are the

positive simple roots of SU(n+ 1), —ag = @1+ ...+ @, is the highest root, and the
coefficients of the exponentials in (1.4) are the non-zero entries in the Cartan matrix
for SU(n+ 1). As we shall see in Section 2, this formulation also arises naturally in
a geometrical context.

In particular, in the case n = 1, if (1.3) holds then writing w = wi —wq, Equation
(1.4) reduces to the sinh-Gordon equation

8w
020z
As is well-known (see [37],[4], [32], and [31] for a brief history with references) this
equation arises geometrically in the study of surfaces of constant mean curvature 2

in R3 where, in terms of a local isothermal coordinate system (z, y) whose coordinate
curves are lines of curvature, the metric on the surface is given by

+ 2sinh 2w = 0. (1.5)

ds® = 4e*|dz|?, z=2z+1y. (1.6)

The relationship with harmonic maps comes from the fact that the Gauss map of
an oriented surface in R3 is harmonic (but not holomorphic or antiholomorphic) if
and only if the surface has constant mean curvature (but is neither part of a sphere
nor a minimal surface). Equation (1.5) is then the condition for the Gauss map to
be harmonic so that, at least locally, solutions correspond to surfaces of constant
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mean curvature with metric given by (1.6). The crucial observation in the above is
that there is a 1-1 correspondence between solutions of the affine Toda equations for
SU(2) (or equivalently SO(3) and harmonic maps into S?, with the local complex
coordinate z and the unknown w in (1.5) having geometrical significance. Using this
and soliton theoretic methods for solving (1.5), Pinkall-Sterling [32] were able to
describe all CMC-tori in R3.

These ideas were extended in [20] to the case of conformal minimal (but not
pseudo-holomorphic) surfaces in S*. In this case the choice of complex coordinate
is dictated by conformality and a condition on the second fundamental form, and
it turns out that there is a correspondence between the local theory of such immer-
sions and the affine Toda equations for SO(5). We note that SO(5) is of rank 2 and
the Toda equations in this case involve two functions, namely w which corresponds
to the induced metric and 1 which measures the eccentricity of the ellipse of curva-
ture. Again, using soliton theoretic methods it is possible to describe all conformal
minimal (but not pseudo-holomorphic) tori in S%.

The strategy we adopt for arriving at a geometrical context in which the affine
Toda equations for an arbitrary compact simple Lie group G arise has two steps:

Step(A) Show that solutions of (1.1) on a simply connected domain in C corre-
spond to T-primitive maps (defined in Section 3) of a suitable open subset of
a Riemann surface into G/T, where T is the maximal torus of G. These are
maps which are harmonic with respect to any G-invariant metric on G/T and
are discussed in detail in [2], where it is shown that 7-primitive maps into G/T
project to harmonic maps into G/ K, where K is a subgroup of G of maximal
rank.

Step(B) Identify geometrically the type of harmonic map into G/K arising in
Step(A) and relate the unknowns in (1.1) to geometric invariants.

We indicate how to achieve Step(A) for general G, and Step(B) for G = SU(n+1),
SO(2m + 1) and G, where solutions of the affine G-Toda equations correspond re-
spectively to superconformal harmonic maps into CP” and S?™ and almost complex
curves in the nearly Kahler S® which are not pseudo-holomorphic.

We begin our discussion in Section 2 with the case of G = SU(n+ 1) which is par-
ticularly simple and illuminating. In this case, using harmonic sequences, one can see
clearly the ways in which the Toda equations, T-primitive maps into SU(n + 1)/T™
and orthogonally periodic harmonic sequences (whose elements are, by definition,
superconformal harmonic maps into CP™) are interrelated.

Then in Section 3 we describe Step(A) in the general case.

In Section 4 we adapt the ideas of Section 2 to deal with Step(B) for the case of
G = SO(2m+1) and also explain how the m unknowns in the affine Toda equations
are directly related to invariants of the higher order fundamental forms for the
corresponding minimal immersion in S?™.

Finally in Section 5 we make some brief remarks on how the ideas of Section 4
may be further adapted to relate the solutions of the affine Toda equations for G»
to almost complex curves in S°.
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2 The SU(n + 1)-case

After some introductory remarks, we discuss the relation between solutions of the
affine Toda equations for SU(n + 1) and certain harmonic maps, called superconfor-
mal harmonic maps, of a connected Riemann surface S into CP”. This relationship
is summarised in Theorems 2.2 and 2.3.

We then discuss superconformal harmonic maps from a twistorial point of view
and, in Theorem 2.5, show how they correspond to maps of a certain type, called 7-
primitive, into the flag manifold SU(n 4+ 1)/T™. Finally, we complete the picture by
producing in Theorem 2.6 a correspondence between 7-primitive maps into SU(n +
1)/T™ and solutions of the affine Toda equations for SU(n + 1). Tt is this latter
correspondence which we discuss in a more general setting in Section 3. We wish
to emphasize in the present section the way in which a superconformal harmonic
map into CP" (and hence a r-primitive map into SU(n+1)/T") determines special
complex coordinate systems on the Riemann surface S. This enables us to obtain
a natural correspondence between solutions of the affine SU(n + 1)-Toda equations
on an open subset of C and certain harmonic maps on open subsets of S.

The simple group SU(n + 1) has rank n and, as maximal torus, we take

T" = {diag(e™®, ..., ") |wo,...,wn €E R, wo+ ...+ w, =0}.
The Lie algebra " of T™ is then given by
t" = {diag(iwo, ..., lwn) |wo, .. .,wn E R, wo+ ...+ w, =0},

and the affine Toda equations (1.1) may be written in terms of wq,...,w, as (1.2)
subject to (1.3).

We will discuss the relationship between solutions of these equations and certain
harmonic maps into CP™. This is achieved using the harmonic sequence, which we
now describe very briefly, see also [37]. For simplicity we will give a local description,
and we will ignore problems arising from singularities. However, a more detailed
account of harmonic sequences and their properties may be found in [9].

Let ¢: S — CP” be a harmonic map. Then the harmonic sequence {¢,} associated
to ¢ consists of harmonic maps ¢,: S — CP” with ¢ = ¢, where ¢, = [f,] with f,
a locally defined C**!-valued function, satisfying

< fp+11fp > = Oa
of, 0
8—zp Jo+1 + 510g|fp|2fp: (2.1)
% - _ |fp|2 f 1.
0z | fo-1]? 77

In fact for a given local coordinate z on S the sequence {f,} is characterized up to
multiplication by a meromorphic function by (2.1) and ¢ = [fo]. For later use we
note that each map ¢, determines a complex line subbundle L, of the trivial bundle
S x 1 where



The affine Toda equations and minimal surfaces 63

L, ={(z,v) € S x Tt | v € ¢p(2)}.

Then each L, inherits the structure of a holomorphic vector bundle from its inclusion
in S x C**! and f, is a local meromorphic section of L,.
It is easy to check [9] that the integrability conditions

3f 0%,
820z~ 020z

correspond to

0° |fpril>  1fol?
] 2 Mptll el 2.2
5207 Bl = T T (22
Writing
| fp| = €“7, (2.3)

we see that (2.2) and (1.2) are equivalent.

Since [5] the forms (|f,|?/|fp-1]?)|dz|? are globally defined, it is more natural to
rewrite (2.2) in terms of the quotients |f,|*/|f,—1|%, in which case using (2.3) we
obtain (1.4).

The simplest case is that in which the harmonic sequence has finite length and
thus reduces to the Frenet frame of a holomorphic curve. The harmonic map is then
said to be pseudo-holomorphic [16],[9], superminimal [36] or complex isotropic [19].
Such maps may be studied using holomorphic data, and they are relatively well-
understood (see for example [19],[5]). Tt is well known [17],[19] that all harmonic
maps from S? to CP” are pseudo-holomorphic.

Assuming ¢ is not pseudo-holomorphic, the harmonic sequence is infinite, with
¢p being defined for all p € Z. In this case the corresponding equations (1.2) are
precisely the Toda equations associated to the infinite dimensional Lie algebra A .
Even in the special case where the sequence of functions {w,} satisfies (1.3), it turns
out that the harmonic map ¢ may not be recovered by just solving (1.2) subject to
the constraint (1.3) since [9] other invariants are needed. However, corresponding
to solutions of the pair of equations (1.2) and (1.3), it turns out that there is a
natural choice of harmonic sequence, namely that for which any n + 1 consecutive
elements are mutually orthogonal. Here two maps from S into CP? will be called
orthogonal if the lines they determine in C**! are everywhere orthogonal. In order
to describe this situation we recall an orthogonality property of harmonic sequences,
whose proof may be found in [15] or [9].

Lemma 2.1. If some k consecutive maps in a harmonic sequence are mutually
orthogonal then every k consecutive maps of this sequence are mutually orthogonal.
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We will say that a harmonic map ¢: S — CP” is k-orthogonal (or of isotropy order
> k — 1 in the terminology of [15]) if £ (or more) consecutive maps in the harmonic
sequence of ¢ are mutually orthogonal. In particular [9], ¢ is conformal if and only
if ¢ is 3-orthogonal and, in all cases, ¢ is at most (n 4 1)-orthogonal. There are two
possible ways in which this latter case can arise. If ¢ is pseudo-holomorphic and
linearly full then ¢ is (n + 1)-orthogonal since the harmonic sequence is just the
Frenet frame of a linearly full holomorphic curve. If ¢ is (n + 1)-orthogonal but not
pseudo-holomorphic then it follows from Lemma 2.1 that the harmonic sequence
of ¢ is orthogonally periodic with period n + 1, that is to say that ¢q,..., ¢, are
mutually orthogonal and ¢,4,41 = ¢, for all p € Z. In this case we say that ¢ is
superconformal.

We note that every harmonic map ¢: S — CP' and every conformal harmonic
map ¢: S — CP? is either pseudo-holomorphic or superconformal.

We now show how a superconformal harmonic map ¢: S — CP™ determines, in a
natural way, local coordinate systems and sequences of functions {f,} such that the
corresponding functions {wy} given by (2.3) are solutions of the A.,-Toda equations
(1.2) which also satisfy (1.3). Tt then follows that wo,...,w, give solutions of the
affine SU(n+1)-Toda equations. To do this we first pick any local complex coordinate
z on a simply connected open subset U of S and let {f,} be a sequence of functions
on U satisfying (2.1) with ¢ = [fo]. Then fo and f,,+1 are both meromorphic sections
over U of the subbundle Ly of S x C**! determined by ¢ = ¢o. Thus

fn+1 = Otfo

for some meromorphic function «, which is easily seen to be independent of the
choice of local meromorphic section fy of Lg. The non-removable singularities of a
occur exactly at the higher order singularities [9] of ¢, and away from these isolated
points we may change coordinates so that o = 1. In this case, the sequence {f,} is
itself orthogonally periodic in the sense that fo, ..., f, are mutually orthogonal and
fo4nt+1 = fp for all p € Z. Further, assuming that the domain of our new complex
coordinate is also simply connected, it follows from (2.1) that det(fo,..., fs) is a
holomorphic function which we may take to be identically 1 by multiplying fo by a
suitable holomorphic function. This gives the following theorem.

Theorem 2.2. Let ¢: S — CP™ be a superconformal harmonic map. Then the
higher order singularities of ¢ occur at isolated points. If ¢ has no higher order
singularities at x € S then there exists a local complex coordinate z around x such
that for any meromorphic local section fy of Lo,

fp+n+1:fp: pEZ

Moreover, this coordinate system is unique up to arbitrary translations and rota-
tion by an (n 4 1)st root of unity. Further, fo may be chosen so that if |f,| = e“»
then wo, ... ,wn give a solution to the affine SU(n + 1)-Toda equations (1.2) and

(1.3).
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A local complex coordinate z on a simply connected open subset U of S with
the above property will be said to be special. We note, in particular, that special
coordinates are essentially unique. For such a coordinate system z, if we pick a
holomorphic nowhere vanishing section fy of Lo over U then each f, is a holomorphic
nowhere vanishing section of L, over U. Hence, if we write I, = e™“7f,, where
|fp| = €¥r, then (2.1) gives

or, Owp

3—2 eWrt1—Wp Fpp1 4+ 8_2ij (2.4)
OF, _ Ow .
G2 =~ Fy - B2, 29
Fript1 = Fp. (2.6)

We observe that, if Fy,..., F, satisfy (2.4), (2.5) and (2.6) then, writing F' =
(Fo, ..., Fy), we have

FTF = constant. (2.7)

Indeed, given (2.6), we see that any two of (2.4), (2.5) and (2.7) imply the third. If
we choose fo so that det(fg, ..., fn) = 1, we then have a map

F = (Fo,...,Fo):U — SU(n+1), (2.8)
. . . oF
and (2.4) may be written in terms of the su(n + 1)C-valued function F_la— as
z
dwg Wo—Wn
oz 5 €
8F eW1—wo le
P = . (29)
Own—1
oz 5
Wy —Wp—1 Wn
€ 9z

Alternatively, we may write

oF 09 .

-1 _ Qp -Q
F 3 Ep + e**Be™™, (2.10)
where Q = diag(wo, ...,wy) and B is the permutation matrix corresponding to the

(n+1)-cycle (0...n),so that B has entry 1in the (i+1,i)th place fori = 0,...,n—1,
entry 1 in the (0,n)th place, and zeros elsewhere.
The integrability condition
9*F _ 0*F
020z 020z
for the system (2.4), (2.5) to have a solution (or equivalently for (2.9) to have a
solution arising from an SU(n + 1)-valued map F') is easily seen to be the condition
that wg, ..., wy should be the set of solutions of the affine SU(n + 1)-Toda system
(1.2), (1.3).
Hence we have the following converse to Theorem 2.2. The last statement is a
consequence of the congruence result of [9].
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Theorem 2.3. Let z be a complex coordinate on a simply connected open subset
U of a Riemann surface S and let wq,..., w, be a set of solutions of the affine
Toda equations (1.2) and (1.3) for SU(n + 1). Then there exists a superconformal
harmonic map ¢:U — CP™ for which z s a special coordinate and wq,...,w, are
the solutions determined by ¢ and z as in Theorem 2.2. Moreover, any two such
harmonic maps ¢ are PSU(n + 1)-congruent.

We now consider superconformal harmonic maps from a twistorial point of view.
Recall that the full flag manifold consisting of (n + 1)-tuples (X, ..., X,) of mutu-
ally orthogonal complex lines through the origin in C"*! is a homogeneous Kahler
manifold which may be identified with SU(n 4+ 1)/T", and that each of the projec-
tions mg: SU(n + 1)/T™ — CP™ given by mx(Xo,..., Xy) = Xg, bk = 0,...n,is a
Riemannian submersion. If ¢:S — CP" is a harmonic map which is linearly full
and pseudo-holomorphic then there is a lift ¢: S — SU(n + 1)/T™ given by the cor-
responding Frenet frame, such that if ¢ = ¢y, is the (k + 1)-st element of the Frenet
frame then ¢ = 7rk¢~>. Moreover, 5 is holomorphic (but not horizontal).

Similarly, if ¢: S — CP" is a superconformal harmonic map then there is again a
lift ¢ = (Lo,...,Ln):S = SU(n + 1)/T™ given by the corresponding orthogonally
periodic harmonic sequence, so that if ¢ = ¢y then ¢ = 7r$, where from now on we
write m in place of mg. In this case, however, ¢ is neither holomorphic nor horizontal,
but does have nice properties of a twistorial nature as we now show.

In order to discuss these properties we first define an SU(n+ 1)-invariant subbun-
dle of the complexified tangent bundle T'(SU(n + 1)/7™) . The complexification of
su(n + 1) is equal to sl(n + 1,C) and we let My be the subspace of sl(n + 1,C)
given by

agn

aio \
Ml = . a10y..+5 Ann-1, Qon € c;. (2].]_)

Appn—1

Then M, is Ad T™-invariant and determines, in a natural way, an SU(n+1)-invariant
subbundle [M;] of T(SU(n 4+ 1)/T™)® . An element (a;;) of M is said to be cyclic
if @a10,...,a0, are all non-zero. Observe that the cyclic elements form an Ad7T"-
invariant subset of M. An element of [M] is thus said to be cyclic if it is obtained
from a cyclic element of M, via the action of SU(n + 1).

A map ¢: S — SU(n + 1)/T™ is said to be T-primitive (or just primitive [14]) if

(a) d¥(0/9z) € [IMu];

(b) dy(9/02z) is cyclic except at an isolated set of points (referred to henceforth as
the set of singular points of ).

The notation is chosen to accord with that of the general theory discussed in
Section 3. These maps are also discussed in [12],[30].
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Lemma 2.4. Let 7#:SUn + 1) = SU(n + 1)/T" be the projection map and let
F = (Fy,...,Fp):S = SUn+1). If v = 7F then di(0/0z) € [M] if and only
if F19F )9z € t° & My, in which case di(0/0z) is cyclic if and only if, for each
p=0,...,n, 0F,/0z is not a scalar multiple of F,.

The following theorem describes the correspondence between superconformal har-
monic maps and T-primitive maps.

Theorem 2.5. Suppose that ¢:S — CP" is a superconformal harmonic map. Then
the lift $: S — SU(n + 1)/T" given by

¢:(L0,...,Ln)

is T-primitive. Conversely, if : S — SU(n+1)/T" is T-primitive then ¢ = wp: S —
CP™ 1is a superconformal harmonic map with corresponding lift ¢ equal to .

Let ¢: S — CP™ be a superconformal harmonic map and let F: U — SU(n + 1) be
the map given by (2.8) which is defined by ¢ and a special coordinate z on U. Then
;5 = 7F, so the fact that qrg is T-primitive follows from (2.9) and Lemma 2.4.
Conversely, if : S — SU(n+ 1)/T" is T-primitive, it follows from general results
of [2] that ¢ = m¢ is harmonic (although this may also be proved in an elementary
manner in this special case [6]). The final statement of the theorem now follows
from the method of construction of the harmonic sequence of ¢. |

_ We note that, in the correspondence of Theorem 2.5, zo € S is a singular point of
¢ (in the sense that d¢,,(9/0z) is not a cyclic element) if and only if 2 is a higher
order singularity of the superconformal harmonic map ¢.

We now explicitly write down the relation between 7-primitive maps into SU(n +
1)/T™ and solutions of the affine Toda equations for SU(n+1). Tt is this relationship
which we generalize in the next section to the case of an arbitrary simple Lie group
G, but in the special case of SU(n+ 1) the result follows immediately from Theorem
2.5 and the discussion following Theorem 2.2.

Theorem 2.6. Let ¢:S — SU(n+ 1)/T" be r-primitive and assume that zo € S
1s not a singular point of . Then there is a local complex coordinate z about xq, a
local lift F = (Fo, ..., Fy) of ¢ into SU(n+1) and smooth functions wq, ... ,w, such
that wo + ... 4wy, = 0 and F satisfies (2.10). Moreover, the integrability conditions
for the ezistence of SU(n+1)-valued solutions of (2.10) are precisely the affine Toda
equations (1.2) and (1.3) for SU(n +1).

We end this section by making some remarks concerning tori. Let T" be a 2-torus
with universal cover 7 : C — T. It may be shown [36] that if ¢:T — CP™ is a
superconformal harmonic map then ¢ has no higher order singularities. Moreover
[6], there is a linear complex coordinate on C and a globally defined lift F : C —
SU(n + 1) of ¢7 satisfying (2.10) for some solution wy, ..., wn of the affine Toda
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equations for SU(n + 1) defined on C. In fact, F' factors through a finite cover T
of T while the corresponding solution of the affine Toda equations factors through
T. Tt is known [6] that all such solutions are of finite type, that is to say that they
may be obtained by integrating a particular pair of commuting Hamiltonian vector
fields on a finite dimensional subspace of a twisted loop algebra of the Lie algebra
of G (where G = SU(n + 1) in this case). (See [32], [20],[6],[13] for further details).
This leads to the following generalization of a result of [32].

Corollary 2.7. Every superconformal harmonic torus in CP" 1is of finite type. In
particular, every harmonic torus in CP' and every conformal harmonic torus in
CP? is either pseudo-holomorphic or superconformal of finite type.

We remark that the functions wo, . ..,w, arising from a solution of the affine Toda
equations for SU(n+1) have a natural interpretation in terms of geometric invariants
of the harmonic sequence {¢,} of the corresponding superconformal harmonic map
¢ = ¢o into CP™. Indeed, as shown in [9], the metric dsz induced on S by ¢, is
given by

dsz = (@2(‘”;’_‘”?—1) + 62(Wp+1_wp))|dz|2’
while the Kahler angle , of ¢, is given by
tan? (0, /2) = e~ e HAwp=2wppr

Finally, we remark (cf. [25],[10]) that the superconformal harmonic maps of C
into CP™ corresponding to the zero solution of (1.2) and (1.3), which are given (up
to holomorphic isometries of CP™) by

o(z) = [ez‘f,...,eCnZ_CTz], C:e"+i, (2.12)

are flat and have constant Kahler angle m/2. Furthermore, it is not hard to show
that ¢ factors through a torus if and only if n = 1, 2, 3, or 5. In the cases n = 2, 3,
and 5 these are isometric embeddings of tori whose corresponding lattice in C is
generated by 27r/\/?_) and 2mi when n = 2, 5, and by 7 and mi when n = 3. (The
metric on C here is given by ds? = 2|dz|?). Apart from the CP! case, these are the
only examples of superconformal harmonic tori in CP™ known to us.

3 Toda equations and 7-primitive maps

In this section we discuss the generalization of Theorem 2.6 from the case of SU(n+1)
to that of an arbitrary compact simple Lie group G with maximal torus T'. The
approach is more Lie algebraic in flavour since we do not have the geometry of CP”
to help us in the general case.

We first discuss the general notion of a 7-primitive map from a Riemann surface
S to G/T and indicate how such a map determines locally an essentially unique
complex coordinate on S. We then discuss the correspondence between the local
theory of such maps and solutions of the affine Toda equations for G.
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We begin by recalling some basic notions about Lie algebras and the structure of
G/T.If g denotes the Lie algebra of G with ¢ the Cartan subalgebra corresponding
toT, welet g =t¢a EBQEA g% be the root space decomposition. We fix (once and
for all) a Cartan-Weyl basis £, € g%, a € A, of the root spaces. In particular, we
have the following relations:

504 :g—aa .
[faag—oz] =a# s (31)
(gaagﬁ) = 60(,—ﬁ5

where #:*C — € is the isomorphism induced by the Killing form (,)ongand
defined by

a(v) = (a#, v), @ € t*c, v e tC.

We also fix a set of simple roots aq, ..., a,, { =rank G.If § = Zf):l mpay,, my, € Z%,
denotes the highest root we define ag by ag = —8. Then we define

£
My =Pg™ (3.2)
p=0

as the sum of the simple root spaces and the root space corresponding to ag.
There is an interesting alternative description of M; using the canonical m-
symmetric space structure [24] on G/T which we give in brief. The simple roots
and the height of the highest root # determine, up to conjugation, an inner auto-
morphism 7: G — G of order m = Zf;:o m, [22], where by definition mg = 1. The
differential of 7 at the identity of GG, which we also denote by 7, is an automor-
phism of g which acts on M via multiplication by ¢ = em Explicitly we have
T = Adexp(27miZ), with Z = %Zﬁzl np where each 7, € it and ay(n,) = dgp.
Note that the fixed point set G” of 7 is the maximal torus T" of G. In fact, 7 is the
automorphism of smallest order m which exhibits G/T as an m-symmetric space

[24]. This gives us the Z,,-grading
9°= P My, (3.3)

K€L m

where My = M_j, is the (*-eigenspace of T on g©. Each My is Ad T-invariant
and determines, in a natural way, a G-invariant subbundle [M}] of the complexified
tangent bundle T(G/T)® of G/T. Thus we have the identification

T(G/T) = P Mi]CGx,g° (3.4)
k€Z,,\{0}

of T(G/T)C as a direct sum of G-invariant subbundles of G x7 g€, where T acts on
G by right multiplication and on g© via the adjoint representation.
Following [26], we say that an element £ € M is cyclic if
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£
€= aya, (3.5)
p=0

with each a, € C\{0}. Observe that the cyclic elements form an AdT-invariant
subset of M;. An element of [M;] will be said to be cyclic if it is obtained from a
cyclic element of M1 via the action of G.

A map ¢¥: S — G/T is said to be r-primitive if dy)(9/0z) € [Mi] and is cyclic
at some point of S. A standard holomorphicity argument shows that, in this case,
di(0/0z) is cyclic everywhere except on an isolated set of points.

It is shown in [2] that 7-primitive maps are equiharmonic, that is to say harmonic
with respect to any G-invariant metric on G/T. Moreover, they project to equihar-
monic maps under every homogeneous projection 7:G/T — G/K, where K is a
subgroup of maximal rank.

Example. The group SU(n + 1) has rank n and a maximal torus 7™ consists
of the diagonal elements of SU(n + 1), so that t is the space of purely imaginary
diagonal matrices with zero trace. The complexification of su(n+1) is sl(n+1,C),
and the roots are

{Jl_ajlséja Z,JIO,,TL}

where
oi(diag(yo, .., yn)) =i, 1=0,...,n.
We take
{os—0; | i>34;4,j=0,...,n}
to be the positive roots, and o, = 0p — 0p_1, p = 1,...,n, as the positive simple
roots. Then 0 = ¢, — 0g = anl ap is the highest root, so we take ag = —0. For

each pair (7,7),4,j € {0,...,n},i# j, let E;; be the element of sl(n + 1,C) whose
only non-zero entry is a 1 in the (7, j)-th place. Then E;; spans the root space
corresponding to o; — ¢; and

is a Cartan-Weyl basis. Hence, in the notation above, M is the vector subspace
of sl(n + 1,C) spanned by Eiq,...,Enn_1, Eon. Thus the elements of M, are of
the form ZieZn+1 a;i—1E;;-1, where a19,...,ann-1,a0n € C. Moreover, the cyclic
elements are those in My for which each of a1q,...,a,n-1, a0, 1s non-zero. This
agrees with the situation described in Section 2, so that the superconformal maps
into CP™ = SU(n+ 1)/S(U(1) x U(n)) are the harmonic maps corresponding to -
primitive maps into SU(n + 1). In Sections 4 and 5 we discuss those harmonic maps
into S?™ = SO(2m + 1)/S0(2m) and S = G5/SU(3) which arise from r-primitive
maps into SO(2m + 1)/T and G5 /T respectively.
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Next we indicate how a 7-primitive map determines locally an essentially unique
complex coordinate on S. The ring of Ad GC-invariant polynomials on g€ has homo-
geneous generators Py, ..., P, with degP; < ... < degF,. Moreover, by a result of
[26], the cyclic elements in M are characterized as those on which Py does not van-
ish. The polynomials Py, ..., P; extend to functions on 7(G/T)® and if ¢: S — G/T
is T-primitive then P, (di(0/9z)) may be shown to be holomorphic, and hence by
a change of coordinate (away from those points where di(8/9z) is not cyclic) may
be assumed to be any prescribed non-zero constant. Taking this to be P;(B), where
B = Zﬁ:o \/mpfap, this determines the coordinate z up to arbitrary translations
and rotations by degP,-th roots of unity. Such a coordinate will be called a special
complex coordinate. In the case where G = SU(n+1) the homogeneous polynomials
Py, ..., P, are the elementary symmetric functions of degree > 2 of the eigenvalues
and B is the permutation matrix of order n 4 1 referred to in Section 2.

By a (local) frame of a map ¢: S — G/T we mean a map F: U — G from an open
subset U C S, with #F = ¢ where m: G — G/T is the homogeneous projection.
Note that (cf. Lemma 2.4) ¢ is r-primitive if and only if

F_l(g—f:Ao—i—AlEMo@Mh (3.6)

where Ag € Mg, A1 € My and A; is cyclic at some point.
A local frame F' will be called a Toda frame if there is a complex coordinate
z:U — C and a smooth map Q: U — it such that
oF 09 .
Flem = — 4+ e Be % €, y 3.7
97 = 8, T B EMud My, (3.7)
where B = Zﬁ:o VMpéa, € M.

The following theorem is proved in [6].

Theorem 3.1. Let ¢: S — G/T be r-primitive and let o € S be a point such that
diy,(0/02z) is cyclic. Then there is a local Toda frame F' of ¢ around zq. Moreover,
the complexr coordinate z for the Toda frame is a special complexr coordinate as
described above, while the Toda frame F 1s unique up to multiplication by an element

of the centre Z(G) of G.

Note that the corresponding result for G = SU(n + 1) (the first part of Theorem
2.6) in Section 2 was proved by using the harmonic sequence to explicitly produce
the required special complex coordinate z. This is also done in the next section when
the case of SO(2n + 1) is discussed.

We now consider the generalization of the final part of Theorem 2.6.

Theorem 3.2. Let z be a complex coordinate on a simply connected open subset U
of S and let Q: U — it be smooth. Then (3.7) has a G-valued solution F if and only
if Q satisfies the affine Toda equations (1.1) for G. In this case, Y = nF:U — G/T

1s T-primitive and F is a Toda framing of ¢ .
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From (3.7), since F' is G-valued, we have

F_lg—Z:A0+A1, (3.8)

so that the integrability conditions for the existence of a G-valued solution of (3.7)
are the Maurer-Cartan equations

94, 0A .

7 ae = A (3.9
9A . ,
8—; = [Ay, Ag]. (3.10)

It now follows from (3.1) that the Toda equations (1.1) are the integrability con-
ditions for the existence of a G-valued solution of (3.7). The final statement of the
theorem is clear from (3.7). O

As in the SU(n + 1) case, the above may be used to establish a global result for
r-primitive maps from a 2-torus. In fact, let 72 be a 2-torus with universal cover
7:C — T? If . T? — G/T is a T-primitive map then there is a linear complex
coordinate z on C and a Toda frame F':C — G which covers ¢ for which (3.7)
holds. Moreover, F factors through a finite cover T2 of T? while the corresponding
solution Q of the affine Toda field equations (1.1) factors through 72. This leads to
the following result [6].

Theorem 3.3. Every T-primitive map : T? — G /T is of finite type.

4 The SO(2m + 1)-case

In the previous section we discussed the relation between 7-primitive maps into G/T
and solutions of the corresponding affine Toda equations for an arbitrary compact
simple Lie group G. In this section we consider the case G = SO(2m + 1) and
show that 7-primitive maps in this case correspond to a certain class, again called
superconformal, of harmonic maps into S?™. As in the SU(n + 1) case, the special
complex coordinate systems arising from a 7-primitive map may be derived by using
harmonic sequences. However, more care is needed in this case since the harmonic
maps into S2™ are not necessarily linearly full, and the harmonic sequences involved
are not orthogonally periodic in the linearly full case.
A maximal torus of SO(2m + 1) is given by

T™ = {diag (1, R(01),...,R(0,)) |01, ...,0m € R}

where
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- cosf —sind
R(0) = <sin9 cos f ) ‘
The Lie algebra t is thus given by

t = {diag (0,0(w1), .. ., Own)) | w1,

where

0 —w
Ow) = <w 0 ) .
Writing Q: U — ot as

Q = —idiag (0,0(w1),...,O(wm-1),0(n)),

(the reason for using 7 here rather than wy, will become clear later), the Toda
equations (1.1) become

e w,m €ERY

(4.2)
a2wm_2 2((.0 —_2—W _3) 2((.0 —_1—W _2)
020z ‘ o =0

a2wm—1 2(Wme1=Wm—2) 1 2(N=Wm—1) 1 —2(n+wm—1)
020z te T a9° T

=0
2
1
5 071

5295 + 562(77—Wm—1) _ %6—2(ﬂ+wm—1) =0.
z0z

We first describe the subspace M of so(2m+ 1)(C which is needed to characterize
T-primitive maps into SO(2m + 1)/T™. For each p = 1,...,m, let op:t — iR be
defined by o, (diag(0, ©(w1),...,0(wm))) = iw,. Then as positive simple roots we
take 01,09 — 01, ..

, Om — 0m—1. The highest root is then given by

Om + Om-1

=2(c14(c2—01)+ (63— 02)+ -+ (Omo1 — Om=2)) + Om — Om—1.

(4.1)
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In order to describe the subspace M of so(2m + 1)(C we first define uq, ..., um
to be the unit vectors in C2m+! = R2m+1l g C given by
1

up = €g, up = —=(eap—1 — tegp), p=1,...,m.
V2

Then ug, U1, ..., U, U1, - . ., Uy is a basis of C*™+! . Let Vo, ..., Vi, € so(2m + 1)C
be defined as follows:

‘/pup—l = Up, ‘/pul = 0: E;ép_la p:1:~":m:
‘/pﬂp = _ﬂp—la ‘/paﬁ = 01 f;ép’ p= 15"')m)
Voue = 0, £=0,...,m—2,

Voueg = 0, £=1,...,m,

Wtum-1 = Um, Voum = —lUm_1.

Then V) spans the eigenspace A; corresponding to o1, V), spans the eigenspace

A, corresponding to o, — 0,1 for p = 2,...,m, and V, spans the eigenspace A
corresponding to —(oy, + 0m—1). Then from (3.2)
Ml == @AP-
p=0

We now describe a class of harmonic maps from S to S?™ which, (see Theorem 4.3
below), correspond to T-primitive maps into SO(2m+1)/T™. Suppose f: S — S™ is
a smooth map from a connected Riemann surface S, and let 7: S® — R P™ denote the
standard Riemannian double covering and ¢:RP"™ — CP" the standard isometric
totally geodesic inclusion. Then ¢ = ¢wf: S — CP" is harmonic if and only if f is
harmonic. (Also ¢ is linearly full if and only if f is linearly full). As in Section 2,
we may construct the harmonic sequence of ¢ but now refer to this as the harmonic
sequence of f. In this case, fo = f is a global holomorphic section of Ly and
L_, = L, (see [9]). A harmonic map f:S — S" will be called k-orthogonal if
¢ =mf:S — CP" is k-orthogonal in the sense of Section 2. The following lemma
is proved in ([9]).

Lemma 4.1. If, for some positive integer k < %n +1, f:S = S is (2k—1)-
orthogonal then f is 2k-orthogonal. If n is even and if f is (n + 1)-orthogonal then
f 1s pseudo-holomorphic.

Suppose then that f:S — S?™ is a harmonic map. If f is (2m + 1)-orthogonal
then by Lemma 4.1 f is pseudo-holomorphic. We define f to be superconformal if
it is 2m-orthogonal but not pseudo-holomorphic.

There are two types of superconformal harmonic maps into S?®, namely those
which are
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(a) linearly full in S?™;
(b) linearly full in a totally geodesic S?™~1 in §?m.

In case (b) the harmonic sequence is orthogonally periodic since Lpyom = L, for
all p, and any 2m consecutive line bundles Ly, ..., Lp42m—1 are mutually orthogonal.
Moreover, L,, = L,, and, for m = 2, the corresponding map fA: S — S§?m-1 s called
the polar of f in [28]. (We remark that this usage of “polar” is different from that
used in Definition 3.6 of [19]).

Notice that any conformal harmonic (i.e. minimal) map of a connected Riemann
surface into S? or S* is superconformal or pseudo-holomorphic.

Lemma 4.2. If f: S — S?™ is a superconformal harmonic map then Ly, ... L,_1
are mutually orthogonal lines whose span is an isotropic subspace of C?™+1 orthog-
onal to Lo. Moreover, L, is not an tsotropic line.

The first part follows from the fact that L_(,_1), ..., Lm—1 are mutually orthogonal
and L_, = f,, for all p. For the second part, we note that if L,, were isotropic then
L_m,..., Ly would be mutually orthogonal, so that f would be (2m+1)-orthogonal
which would contradict Lemma 4.1. a

Now let B,, denote the flag manifold whose elements are ordered sequences
X =(Xo,..., Xm)

of mutually orthogonal complex lines in C2™+! where Xj is the complexification of
a real line in R?™*! and X1, ..., X,, span a maximal isotropic subspace of C?™+!,
Note that each element X = (Xo,..., X)) € By, determines a unique unit vector
ug = p(X) € R?™+! which spans Xg. For if %5(?%—1 —iugp) is a unit basis vector for
Xp,p=1,...,m, then ug is the unique unit vector in R?™*! for which ug, . .., ugn is
a positively oriented orthonormal basis of R?™%!, This defines a projection p: B,,, —
S?m . We also note that, similarly, X € B,, is uniquely determined by p(X) and
Xy, o0, Xmots

The group SO(2m + 1) acts transitively on B, and the stabilizer of each point
is a maximal torus. Indeed, for p = 0,...,2m, let e, be the (p + 1)-st standard
basis vector of C>™*! (having a 1 in the (p + 1)-st place and zeros elsewhere) and
let Cy = Ceq,Cp = C(egp_1 — iegp) for p = 1,...,m. Then T™ is the stabiliser of
C = (Cy,...,Cp). Thus we may identify B,, with SO(2m + 1)/T™ and p with the
projection of SO(2m+1)/T™ onto S?™ induced by sending an element of SO(2m+1)
to its first column.

Let f: S — S5?™ be a superconformal harmonic map. Then, by Lemma 4.2, there
is a lift f: S — SO(2m + 1)/T™ defined by

f=(Xo,..., Xm), (4.3)



76 J. Bolton and L.M. Woodward

where X, = L,,p = 0,...,m — 1 and X,, is determined by the condition that
pf = f. Note that L,, is contained in the orthogonal complement X,, ® X,, of
L_(m-1)® ... ® Lm-1. This is needed in the proof of the following theorem [6],
which follows quite easily from (2.1) and the general results of [2].

Theorem 4.3. Let f:5 — S?™ be a superconformal harmonic map. Then the lift
f:8 = SO(2m+1)/T™ given by (4.3) is T-primitive. Conversely if : S — SO(2m+
1)/T™ is r-primitive, then f = p: S — S*™ s a superconformal harmonic map

with Tift .

We recall from above that superconformal harmonic maps f: S — S?™ are either
linearly full in S?™ or are linearly full in a totally geodesic (2m — 1)-sphere S?™ N
(N)L, where N is a unit vector in R?™+! These latter maps are characterized by
the fact that X,, @ X,, contains the constant real line spanned by N (for then X
is orthogonal to N). The real vector in X, & X orthogonal to N determines the
polar of f.

As in the CP™ case, the above theorem has as a consequence the following im-
portant result concerning harmonic tori. This is a generalization of a result in [20].

Corollary 4.4. Every superconformal harmonic 2-torus ¢:T? — S?™ is of finite
type.

As in Section 2, we remark that there seems to be a dearth of examples. Apart
from the examples of [23],[20] in S*, the only other superconformal harmonic torus
we know of is the flat example in S® written down in [10]. This corresponds to the
zero solution of (4.2), as does the Clifford torus in S3.

As in the CP™ case, we may use the geometry of the harmonic sequence of a
superconformal harmonic map f:S — S?™ to produce directly the Toda framing
and the associated complex coordinate for the corresponding 7-primitive map. This
has also been done in [18]. Firstly, given a local complex coordinate z in some sim-
ply connected open subset of S we have the sequence of C?*”*!_valued functions
discussed in Section 2 with fo = f. Then from (2.1) and the fact that f is super-
conformal, it follows that (fm, fim) is a non-zero holomorphic function and hence
we may suppose that z is chosen such that (f,, fm) = 1. (The coordinate z is thus
uniquely determined up to arbitrary translations and multiplication by a 2m-th root
of unity). Now define a real positively oriented orthonormal frame Fy, ..., Fany on
U and a real valued function n on U as follows:

/i 1 ,
_p:—(FQp_]_—ZFQp), p:l)u.’m_lj

= F
fo=Fo %1= 7

fm =coshn Fop_1 —isinhn Fap,.

We note that Fy, ..., Fan, and 5 are uniquely determined by fo (up to ambiguities
involving 2m-th roots of unity in the choice of the coordinate z mentioned above).
A straightforward calculation then shows that if F' = (Fy, ..., Fap) € SO(2m + 1),
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F Q
0 = 3_ + 2 Be~ ¢

F1— =
0z 0z

where 1Q = diag (0, O(w1), ..., O(wm—-1),0(n)) with O(w) = (2 _Ow ) e = |fl,
p=1,....,m—1, and B = Z;n:o Vp. We note that the case where f:S — S?™ is
linearly full into a totally geodesic S?™~! is characterized by n = 0.

The functions wy,...,wm_1,7n satisfying the affine Toda equations (4.2) for the
groupSO(2m + 1) have geometrical interpretations. In terms of the harmonic se-
quence {¢,} of the corresponding superconformal map ¢ = 7 f into CP?™, we
have wo = 0 and w_, = —w,. The induced metric of f is ds? = 2¢%1|dz|? and
we now give geometrical interpretations of the functions wa,...,wm—1,7n in terms
of the ellipses of curvature of the higher fundamental forms of f. Details of the
following construction may be found in [8] where the pseudo-holomorphic case is
considered. However, the relevant parts of that discussion carry over to the case of
a superconformal harmonic map f: S — S?™.

The fibres of each line bundle X,,p = 1,...,m, determined by f (or ~) as in
(4.3), are isotropic lines in C*™*! . Hence each X,, may be identified with an oriented
real 2-plane subbundle of S x R?™*!, In this way we may identify f*7.S?" with
X1®...0 X, Indeed Xy & ...4 X, is the p-th osculating bundle T'(p) of f with
T(1) = TS [8]. The higher fundamental forms of f are defined inductively as follows:
let Fi be the f*T5?™-valued form defined by

Fi(Y) = df(Y). (4.4)

Let T(p — 1)+ denote the orthogonal complement of T'(p — 1) in f*TS?™. Then,
for 2 < p < m, F, is the T(p — 1)*-valued p-form on S defined by

Fo(V1, . Y) = [(Vy, Fpet) (Y, - -, Ypoy )] P71 (4.5)

where Y7, ...,Y), are vector fields on S and V is covariant differentiation determined
by the connections on T'(p — 1)+ and S?™.

It is not hard to show that F, is a symmetric p-form, and considering the complex
extension of F, to (T'SC)®? we have,

a@l’
Fp P = fp, p=1,...,m,

where f, is the section of L, in the harmonic sequence determined by taking fo = f.
Also, it follows from the fact that f is conformal harmonic (and hence minimal)
that

9% g ®b-r)
Fp e ®$ =0, r=1,...,p— 1, p=2,...,m.

Then, forp=1,...,m,
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0 .0 0 0 _ig 0
Tp((cosﬁa—i—smé’%)@p) = Tp((eea—ke 9$)®p) (4.6)

_ pi€]_‘ 9 P —piﬁj_- 9 op 4.7
= € P\ 92 te P\ 3z N

Thus, writing f, = ap — ib,, we have

) .0 g L
Fp((cos 98_:.73 + sin 6%)@”’) = 2(ap cos pd + by sin pd),

so that the image F,(C(7;S)) under F, of the unit circle C'(7;S) in TS at each

point € S is an ellipse. Indeed, for p = 1,...,m—1, since (f,, fp) = 0, F,(C(TxS))
is a circle of radius

N gl _ <1>L
<2> nr - \2) 7 (4.8)

For p = m, Lemma 4.2 shows that (fm, fm) # 0 so Fn(C(T:S)) is never a
circle. However, as mentioned earlier, we may choose a local coordinate z so that
(fm, fm) = 1, in which case we may write f,, = coshnFyp,_1 — isinhnFs,;,. Thus
Fm(C(T;S)) is an ellipse with major and minor axes of lengths

1\ 2! cosh g 1\%™! | sinh n| (4.9)
2 emwr 2 emwi ’
respectively, so that |tanh n| is the eccentricity of the ellipse. The case n = 0, where

the ellipse is degenerate, corresponds to the case where f has orthogonally periodic
harmonic sequence and is linearly full in a totally geodesic S?™~1 in 2™,

5 The (G;-case

We recall that the vector cross-product on R7 (see [7] for details relevant to the
present context and for further references) derived from Cayley multiplication on
R8 may be used to define a nearly Kahler structure on the unit sphere S in R7 as
follows. For each z € S%, let J,:T,S® — T,S% be defined by

Jev =2 X v, :L‘ESG,'UETJ;SG.

This, together with the standard metric on S®, defines a nearly Kahler structure
whose automorphism group is the exceptional Lie group (G2, which is the subgroup
of SO(7) preserving the vector cross product structure on R?. We take 72 = T3N G
as the maximal torus of Gz, where T2 is the maximal torus of SO(7) considered in
Section 4.

The Cartan subalgebra ¢ of g, is the subspace of the Cartan subalgebra t* of
30(7) defined by wi +ws = w3 and analysis of the root space decompositions shows
that
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Mi(g,) = My(s0(7)) N g,. (5.1)

Alternatively, one may deduce this from the general theory of Section 3 using the
fact that G5/T? is a 6-symmetric submanifold of the 6-symmetric space SO(7)/T3,
where in both cases the symmetry of order 6 is given by 7 = Adexp(2miZ) where
7 = diag(1, R(QG—”), R(%”), R(m)) and R(0) is given by (4.1). For, in both cases M

2mi/6_gigenspace of the automorphism of the complexified Lie algebra given
by 7. The following proposition is now clear.

is the e

Proposition 5.1. Let ¢: S — G5 /T? and let 1: Go/T? — SO(7)/T? be the inclusion
map. Then 1 is T-primitive if and only if 1 s T-primitive.

We now describe those superconformal harmonic maps into S® whose lifts lie in
Go/T?.

An almost compler curve in S® is a non-constant smooth map f:S — S® whose
differential is complex linear. Using a local complex coordinate z, this condition may
be written as

f X f1 = Zf1 (52)
In fact, (see [7]), each almost complex curve is either pseudo-holomorphic or super-
conformal and we have the following proposition.

Proposition 5.2. Let f: S — S® be a superconformal harmonic map with lift f: S —

SO(7)/T3. Then f is almost complex if and only if f(S) C Go/T?.

Denoting the restriction of the projection p: SO(7)/T° — S° to G2/T? also by p,
the following theorem is now immediate.

Theorem 5.3. Let f: S %~SG be an almost complex curve which is not pseudo-
holomorphic. Then the lift f:S — G2/T? given by ({.3) is T-primitive. Conversely,
if v:S — Go/T? is T-primitive then f = pi:S — S° is almost compler with
corresponding lift .

Pseudo-holomorphic almost complex curves have been discussed in [11].
Theorem 5.3 has the following consequence.

Corollary 5.4. Every almost complex 2-torus in S° is either pseudo-holomorphic
or of finite type.

There is only one such example (up to Ga-congruence) that we know of, namely
the flat almost complex torus in S® given in [7].

Finally we consider Toda framings and corresponding special complex coordinates
for almost complex curves. As in Section 4, we first choose a local complex coordinate
z in an open subset U of S such that (fs, f3) = 1. Next we define a real positively
oriented frame Fy,..., F7 on U and a real valued function  on U as follows:

Jo = F1, Iv. -1 (Fop —iFopy1), p=1,2,

1l V2
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fs = —coshn F; —isinhn Fs.

If | f,| = e¥r,p = 1,2, then wi +ws = 7, and writing F' = (Fy, ..., F7) we have [7]
F € G5 and

or o
F—l_:_ QB -0
0z 8z+6 o
where
0
Wi
—u
Q=i wa € it?
—wy
n
)
and
o 1
V2 V2 ) )
P ;o
2 2
B= VI 1 i | eMilg,).
2 2 2 2
o _ 1 o _ 1
2 2, 2
i1
2 2
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Surfaces in terms of 2 by 2 matrices. Old
and new integrable cases

A.l. Bobenko

1 Introduction

Many of the equations which now are called integrable have been known in dif-
ferential geometry for a long time. Probably the first was the famous sine-Gordon
equation, which was derived to describe surfaces with constant negative Gaussian
curvature. At that time many features of integrability of the sine-Gordon and other
integrable equations were discovered !, namely those which have clear geometrical
interpretation (for example, the Backlund transform).

The theory of solitons appeared much later, in the 1960’s. Though it was oriented
basically to problems of mathematical physics, it deals in many cases with the same
equations. Moreover, the starting point of this theory — the representation (which
is called the Lax representation or Zakharov-Shabat representation) of the nonlinear
equation in a form of compatibility condition

Uy(A) = Va(A) +[U(A), V(A)] =0
of two linear equations
v, = UMY, ¥, =V(A)T

also has a transparent geometrical origin. In differential geometry it is the Gauss-
Codazzi equation represented as a compatibility condition of linear equations for
the moving frame (the Gauss-Weingarten equations). The spectral parameter A in
this representation describes deformations of surfaces preserving their properties:

spectral parameter A <= deformation parameter, (1.1)

I For the history of that period see the contribution of M.Melko and I.Sterling in this volume.
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that is, integrable surfaces come in families! For the integrable equations of math-
ematical physics, which were found first, A was interpreted as a spectral parameter
in the corresponding linear problem. Therefore it was quite natural to investigate
how the solution of this linear problem ¥ depends on A. This free treatment of A,
independent of its geometrical interpretation, resulted in the construction of pow-
erful analytical methods of solution for the nonlinear integrable equations. Some of
these methods do not have a transparent geometrical interpretation and therefore
are new to geometry. First of all here one should mention the finite gap integration
method. Whereas the dressing procedure in the soliton theory and the Backlund
transform essentially coincide and produce the same multisoliton solutions, only
a few of the simplest solutions constructed by the finite gap integration method
were known before. Although from the very beginning of the soliton theory a close
relation with the differential geometry was clear, the first new essential results in
classical differential geometry of surfaces were obtained in the late 1980’s (see the
survey [2] and [12]), when the methods of the finite gap theory were applied.

In the present paper we consider only the classical case of surfaces in a 3-dimensio-
nal Euclidean space. Our goal here is to reformulate the classical theory of surfaces
in a form familiar to the soliton theory, which makes possible an application of the
analytical methods of this theory to integrable cases. In Sect. 2 the moving frame for
a general surface is described in terms of quaternions ¥ € H,. Such a description
is more convenient for the analytical treatment since it analytically characterizes
the spin structure of the immersion and deals with 2 x 2 matrices. This analytic
characterization of the spin structure of the minimal surfaces is given in Sect. 3 in
terms of the Weierstrass representation. All the necessary results about the spinors
on the Riemann surfaces are presented in the Appendix.

All the rest of the paper is devoted to a description of integrable cases and their
deformation families (1.1). Some of these cases are well known, some are not well
known and some are possibly new. The list below presents these integrable cases:

1) Minimal surfaces: H = 0;
)

b

Constant mean curvature surfaces: H = const;

Lo

Constant positive Gaussian curvature surfaces: K = const > 0;

o~

)
) Constant negative Gaussian curvature surfaces: K = const < 0;
)

Ot

Bonnet surfaces: surfaces, possessing nontrivial families of isometries preserv-
ing principal curvatures;

6) Surfaces with harmonic inverse mean curvature: 9,9;(1/H) = 0, z is a con-
formal variable of the first fundamental form;

7) Bianchi surfaces: 9,9, (1/v/—K) = 0, z,y are asymptotic coordinates;

8) Bianchi surfaces of positive curvature: 9,0;(1/vVK) = 0, z is a conformal
coordinate of the second fundamental form.
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Only the cases 6 and 8 of this list can pretend to be new, and the case 8 is just
another real form of the Bianchi surfaces (case 7). The surfaces with 9,9;(1/H) =0
seems to be new, but upon seeing a wonderful 3-page long paper by Tzitzéica [16]
on affine spheres, shown me by Sergey Tsarev, where the Bullough-Dodd-Jiber-
Shabat equation fu, = e/ — ™%/ together with its representation (1.1) (“systéme
complétement intégrable”) are presented, one would have to have a lot of courage
to claim that a new integrable case in differential geometry of surfaces is found.

Formulas for the moving frame of integrable surfaces can be integrated by an
expression, first suggested by A. Sym for the constant negative curvature surfaces
[15] (see also Sect. 8). Namely, the immersion function in many cases is given by

0
-1
v 3 )\\Il.

We prove that with slight modifications this immersion formula is valid for all the
cases above except 1 and 5.

I wish to thank Rob Kusner, Ulrich Pinkall, Konrad Voss and Peter Zograf for
valuable discussions.

The author was supported by the Alexander von Humboldt Stiftung and the
Sonderforschungsbereich 288 during the preparation of this work.

2 Surfaces in a 3-dimensional Euclidean space

2.1 Differential equations of surfaces

Let F be a smooth surface in a 3-dimensional Euclidean space. The Euclidean metric
induces a metric Q on this surface, which in turn generates the complex structure
of a Riemann surface. The surface is covered by domains D; with U;D; = F, and in
each of these there is defined a local coordinate z; : P; — U; C C. If the intersection
D; ND; # B is non-empty, the glueing functions z; o zj_1 are holomorphic. Under
such a parametrization, which is called conformal, the surface is given by a the
vector-valued function:

F = (Fy, Fy, F3) : R — R?,

and the metric is conformal: Q = e%‘dz;dz;. In the sequel we suppose that F is
sufficiently smooth. We also omit the superscript i of the local coordinate z in case
when it is not confusing.

The conformal parametrisation gives the following normalization of the function
F(z,2):

1
< F, F, >=< F;,F; >=0, < F,, F; >= 5@“, (2.1)

where the brackets mean the scalar product

< a,b>=a1b; + asby + azbs,



86 A.I. Bobenko

and F, and F; are the partial derivatives % and % where

o _1(a 0N o _1(o .9
8z 2\dx Oy)’ 08z 2\0x Oy’

The vectors F,, Iz as well as the normal NV,
<F,,N>=<F;; N>=0, <N,N>=1, (2.2)

define a moving frame on the surface, which due to (2.1, 2.2) satisfies the following
Gauss-Weingarten (GW) equations:

o, =Uc, 0:=Vo, 0 = (F,, Fz, N)T, (2.3)
u, 0 Q 0 0 1He
U= 0 0 %H@“ , V= 0 Uz Q (2.4)
~H -27'Q 0 —27"Q -H 0
where
Q=<Tl.;,,N> <F,;;N>= %H@“. (2.5)

The first and the second quadratic forms

<I e e > z=z+1
dy’ dy 5Z_x Zyﬂ

dz dz
—<dF,dN > = <II , >
dy/) \dy

are given by the matrices

1:6“(1 0>’U:<Q+Q+H6u o9 )

<dF,dF >

01 (Q-Q) —(Q@+Q) +He"

The principal curvatures ki and ko are the eigenvalues of the matrix 77 - =1, which
gives the following expressions for the mean and the Gaussian curvatures:

H=1% (ki+ky)=7%tr (II-I7Y),
K =kiky =det (IT-I7") = H? — 4QQe~%".

The Gauss-Codazzi (GC) equations, which are the compatibility conditions of
equations (2.3, 2.4),

U: =V, + U, V] = 0,
have the following form (cf. [17]):

1 _

Uz + §H%“ —2QQe™* =0, (2.6)
1

QE: §Hze“, (2 7)
-1

Q. = -Hze" (2.8)
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2.2 Quaternionic description

We construct and investigate surfaces in R3 by analytical methods. For this purpose
it is more convenient to use 2 x 2 matrices instead of 3 x 3 matrices (2.4), therefore
first we rewrite the equations (2.3) for the moving frame in terms of quaternions.
This also allows us to control the spin structure of the immersion (see the next
section) and makes the presentation familiar to the specialists in the theory of
integrable equations.

Let us denote the algebra of quaternions by H, the multiplicative quaternion

group by H, = H\ {0} and their standard basis by {1,1, j, k}
ij=k, jk=1, ki=j. (2.9)

The Pauli matrices o, are related with this basis as follows:

01N . (0 =i ..
o1 = 1 0 =111, 02 = i 0 =1t}
03:<é _01>:z'k, 1:((1) ?) (2.10)

with the multiplication in (2.9) being just the matrix multiplication. We identify a
3-dimensional Euclidean space with the space of imaginary quaternions Im H

3
X==i) Xo0n€ImH +— X = (X1, X,, X3) € R%. (2.11)

a=1

The scalar product of vectors in terms of matrices is then
1
< X,)Y >= —itrXY. (2.12)

We also denote by F' and N the matrices obtained in this way from the vectors F’
and N.
Let us take ® € H,

®= < _ag 2 > jal” + [b* # 0, (2.13)
which transforms the basis i, j, k into the basis Fy, Fy,, N:

Fp = e/2®7 1@, F, = /207 1j®, N = &~ 'kd. (2.14)
Then

F, = —ie"/2p™1 < (1) 8 ><1>, Fr = —ie"/?p~1 < 8 (1) ><1>, (2.15)

and all the conditions (2.1) are automatically satisfied.
The quaternion ® satisfies linear differential equations. To derive them we intro-
duce matrices
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U=8,3"1 V=001 (2.16)

The compatibility condition F,; = Fs, for (2.15) implies

)
_ u/zuz 0 0 uf2q—-1 0
ie o~ < 10 ><I> 1" °P [< 1 ,VIo
= _jeu/22z —jet?p! 1 U
0 0 )’

or, eqivalently,
ur = 2(Vao — Va1), uy; = 2(Ur1 — Usa), Uz = —Vio,

4

bl

where Uy and Vi; are the matrix elements of U and V. In the same way the equalities
(2.15) imply
1 u 1 uf2
FzEI§H6 N — U21:—V12:§H6
F,=u,F, +QN — Uis = _Qe_u/z
Fos=u:F: + QN  — Vo= Qe "/

Now only the coeffitients Usg and V7 are still not determined. To fix them, we recall
that ® was defined by (2.14) up to a multiplication by a scalar factor. We normalize
this factor by the condition

det ® = /2, (2.17)

the reason for which is clarified in the next section. For the traces of U and V this
implies

Uni + Usa = uz /2, Vi1 + Vaz = uz/2.
Finally we get the following

Theorem 1 Using the isomorphism (2.11), the moving frame F,, Fz, N of the con-
formally parametrised surface (z is a conformal coordinate) is described by formulas

(2.14),(2.15), where ® € H, satisfies the equations (2.16) with U,V of the form

u
5 —Qe /2 0 —Lpeus
§H6U/2 0 Qe~u1? j

Corollary 1 & satisfies the Dirac equation

a0 B\, 1
e <—a~; ; >¢_2H<1>. (2.19)
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2.3 Spin structure

Let us now determine the dependence of ® on the holomorphic coordinate z.

Lemma 1

dz 0
o, = K
P < 0 dz )

1s wnvariant under analytical changes of z.

Proof. Since e¥dzdZz is invariant under analytical changes of z — w(z), u is trans-
formed as follows

e?(z) = e} (w)Ww'e!, w' =dw/dz. (2.20)

The most general transformation of ® compatible with the formulas for the moving
frame (2.14, 2.15) is

w6 = (¢ 1),

gz bl (2.21)

To get the last formula we have to take into account the transformation law of the
metric (2.20). The normalization condition (2.17) implies for ¢

cc = Vvuw'uw',
which, combined with (2.21), completes the proof
c=Vu'.

The local variation of ®(z, z) is described by system (2.16, 2.18). These equations
are compatible, therefore there is no local monodromy of ®. We see that

P — Vvdz 0 a b
e 0 dz —-b a
consists of two spinors av/dz and bv/dz. All the necessary information about spinors

is presented in the Appendix. The spinors avdz, bv/dz may change sign around
cycles v of R.

Lemma 2 The spin structures of the spinors a/dz and b\/dz are the same. The
flip numbers of these spinors coincide: p®(y) = p®(y) for any contour v C R.
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Proof. This is straightforward. Since F is oriented, F,, Fz, N are uniquely defined
on R, and formulas (2.14, 2.15) show that the only possible transformation of ®,,
on passing around ¥ is

D, — (—1)P D,y

This spin structure, and generally the numbers p(y) € Zs, have a simple geo-
metrical interpretation. Let us consider a closed contour I' C F. I' together with
the normal field NV of the surface at this contour defines a closed orientable strip in
space. Let Np € Z be the number of twists of this strip, or equivalently, the winding
number of the contours T' and (I + eN) , where € is small. Isotopies of the band
preserve N, whereas regular homotopies (self-intersections are allowed) preserve
Nr (mod 2), which we from now on denote by

P(T) € Zs

and call it the parity of twists.

Let us consider a little bit more general class of surfaces: surfaces with trans-
lational periods. For these surfaces the frame F,, F, N is uniquely defined on R,
whereas the immersion function F' can have periods around cycles on R. All the
previous considerations of spin structures are valid also for surfaces with periods,
since only the formulas for the frames were used. The numbers P(T') € Zs can also
be defined in this case. To do this we introduce a notion of a translation-holonomy
strip.

Definition 1 A translation-holonomy strip is a smooth curve in R equipped with a
smooth normal field N, such that the orthonormal frames, consisting of the normal
vector N and the tangential vector, coincide at the ends of the curve.

If F(s), N(s),
F:[0,1] — R?® N:[0,1] — S?
is some parametrisation of the translation-holonomy strip, then
Fs Fy
77(0) = 7= (1), N(0) = N(1).
| P | Fs]

We consider smooth homotopies of translation-holonomy strips and define the
parity of twists of a translation-holonomy strip S to be equal to a parity of twists
of a closed strip Sy smoothly homotopic to S

P(S) " P(S,).

This is well-defined, i.e. P(S) is independent of the choice of closed strip Sg
homotopic to S, which also shows that P(S) is an invariant of the homotopy class.

Remark. The parity of twists of the straight strip {F(s) = fs, N(s) = #, (f,7) =
0; f, 7 = const} is equal to 1!
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Theorem 2 If F : R — R3 is a conformal parametrisation of a surface F with
translational periods and v C R is a closed contour, then the spinor flip number
p(7y) is equal to the parity of twists P(T):

p(v) = P(I),
where I' C F s the image of 4.
Proof. Let 4(s), s € [0,1], v(0) = 4(1) be a parametrisation of the contour and

z = €™ be a complex annular coordinate |z(y)| = 1 on 5. Formulas (2.14) imply
for the frame Fs, N along ~:
_ —2mis
o= ametei) (e 0T e
N = —i® '(s)o3®(s).

By general rotation of the translation-holonomy strip in R® we normalize ®(0) = I.
Since the parity of twists P(T') is preserved by the smooth homotopies of translat-
ion-holonomy strips, we can replace ¢*/2 by 1 when calculating P(T).

The curves ®(s) have different topology for different flip numbers p(v):

2) p(y) =0 = @(1) =1,
b) p(y) =1 = ®(1) = ~I.

The variety H, is simply connected, therefore by smooth homotopies of the trans-
lation-holonomy strips the curves ®(s) can be transformed in the cases a),b) above
respectively to

a) ®(s) =1,
b) ®(s) = < 6_0”3 0 )

€

For the immersion of the translation-holonomy strip it yields

. 0 6—21ris
a) F'=—i , N=k = P(I)=0,

62‘rrz's 0
b) F = 2rsj, N=k = PI)=1,
which proves p(y) = P(T).

Definition 2 The spin structure of @, is called the spin structure of the immer-
sion.

Usually, if a surface is given by its immersion function it is difficult to answer
the important geometric question of whether it is an embedding or not. Sometimes
existence of the self-intersection can be proved by purely topological arguments
analyzing the spin structure of the immersion. If R is a Riemann surface with GG
handles and K punctures or holes, then this spin structure is characterized by the
numbers
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[, 8,8] € Z3FHK

(see Appendix). The numbers «;, 3; describe flips along the handles, whereas the Jj
describe flips around the holes or the punctures. As it is mentioned in the Appendix
the parity of the spin structure < o, f >€ Z2 is invariant with respect to the choice
of the basis in H1(R,Z). As it was proved in [13], it completely classifies regular
homotopies of compact orientable immersions.

Theorem 3 [13] The parity of the spin structure completely classifies compact ori-
entable immersions with respect to reqular homotopies, i.e. there is a smooth homo-
topy Fy, t € [0,1] of two immersions, Fy and Fy, of a surface of genus G which at
each moment remains an immersion if and only if the parities of the spin structures
corresponding to Fy and Fy coincide. For embeddings, < a, 3 >= 0.

Corollary 2 If I is an embedding with G handles and K holes or punctures, then
<a,f>=0, =0, k=1,..., K.

To prove this statement we consider a sphere big enough to contain all the handles
inside. Replacing the outside parts of the surface by the corresponding pieces of the
sphere (smooth glueing) and applying Theorem 3 to this compact surface we get
< a, 8 >= 0. The embeddedness of the ends imply the vanishing of the §'s.

3 Minimal surfaces

In the case of minimal surfaces (H = 0) the system (2.16, 2.18) can be solved.
The elements a(z),b(z) of ® in (2.13) are holomorphic. The metric and the Hopf
differential are expressed in the terms of the spinors a(z),b(z) as follows:

2 =1a)? + 0%, Q=a,b—b.a.
Formulas (2.14, 2.15) for the frame yield

[ —ab —b2 f —ab a?
Fo= _Z< a? ab >’ Fz___z<—b2 ab)’
| |a|? — [b]? 92ab
N = —j—— g .
a7 ( 2ab  |b|> — |a|?

Finally, for the coordinates of the immersion and the Gauss map we obtain the
Weierstrass representation:

z 2 Reg
F, = R 21 Ny =
| e/ (9" = Dn, I
F 1/3(2+1) N, = 2 1mg (3.1)
= Im , = —, .
2 g n Vo 9P+ 1
lg|* — 1

po= cme [ =
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where g = a/b is an analytic function and 5 = b?dz is a holomorphic differential on

R.

Proposition 1 The spin structure of the minimal immersion is given by the spinor
/M, where n is the holomorphic differential in the Weierstrass representation (3.1).
For any closed contour vy C R the flip number p(7y) of \/n is equal to the parity of
twists P(T) of the corresponding normal strip T = F(v).

4 Dual surfaces

Let us consider the special case when the Hopf differential is real
QER. (4.1)

The second fundamental form is diagonal and the preimages of the curvature lines
are the lines # = const and y = const on the parameter domain. A conformal
parametrisation with this property is called isothermal.

Definition 3 Surfaces which admit isothermal coordinates are called 1sothermal.

In terms of arbitrary conformal coordinate Property (4.1) can be reformulated as
follows:

. 1 . . .
Q(z,2) = iq(z,z)f(z), (4.2)
where f(z) is holomorphic and ¢(z, z) is real.

Definition 4 Let F(z,z) be a conformal immersion of an isothermal surface F with
Hopf differential of the form (4.2). Then a surface F*, defined via the immersion
function F* : R — R3 with the following formulas for the moving frame

F!=e¢ “fF,, F!=e¢“fF,, N*=N, (4.3)

2

is called a dual surface

Proposition 2 The immersion F* : R — R3 defined above is a conformal para-
metrisation of an isothermal surface. The metric e*", the mean curvature H* and
the Hopf differential Q* of this surface are given by the formulas:

. - 1
e —e ff, H'=g¢q, Q"= in (4.4)
Proof. The definition (4.3) of F'* is self-consistent since the equality F}, = F7, is
equivalent to (e7"fFz); = %e‘“fqu = (e7“fF,);. Here we use (4.2) and the
Gauss-Weingarten equations for F,,, Fzz. The conformality of F'* is evident. The
expressions (4.4) are obtained by straightforward calculation, for example

Q =—<F N >=—e"f < F:,(~HF. — 2¢7“QF:) >= %Hf’

which shows that F* is also isothermal.
Remark. F** = F up to a scaling in R3.
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5 Constant mean curvature (CMC) surfaces.

5.1 Formula for immersion

If the mean curvature of F is constant, then the Gauss-Codazzi equations

Uz + %H%“ —2QQe " =0, Q:=0, (5.1)
are invariant with respect to the transformation

Q—Q'=XQ, =1, (5.2)
where A = €?* is a complex number of unit modulus which is the same for all

points of F. Integrating the equations for the moving frame with the coefficient
@ replaced by @ = AQ we obtain a one-parameter family F° of surfaces. The
transformation (5.2) does not effect the metric and the mean curvature, therefore all
the surfaces F' are isometric and have the same constant mean curvature. Treating
t as a deformation parameter we obtain a classical theorem of Bonnet.

Theorem 4 (Bonnet) Every constant mean curvature surface has a one-parame-
ter family of isometric deformations preserving both principal curvatures. The de-
formation is described by the transformations (5.2).

The invariance of the principal curvatures follows from the fact that K is an
1sometric invariant X = —2u,ze 4.

The quaternion ® solving the system (2.16, 2.18) describes the moving frame
F,,Fz, N (2.14, 2.15) on the surface. In [2] it was shown that knowing the family
®(z,7,A) for all A = €' allows us to integrate the formulas for the moving frame
explicitly replacing the integration with respect to z,z by a differentiation with
respect to t.

Theorem 5 Let ®(z,z, A\ = e%%) be a solution of the system

3. =UND, &=V,

“72 —AQeu/?
U(A) = ]. u/2 )
—He 0
2
(5.3)
1
. 0 —§He“/2
Vv =
2 l@e—u/z Uz
A 2

belonging to the quaternion group ®(z, z, A = ) € H, with the norm det ® = evl2,
Then F' and N, defined by the formulas
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1
F= —E(qﬂ%@ —i® 1o3®), N = —i®d lo30, (5.4)
describe a CMC surface with metric e* the mean curvature H and Hopf differential

Qt — e2itQ'

Conversely, let F' be a conformal parametrisation of a CMC' surface with metric
e, mean curvature H and Hopf differential Q'. Then F is given by Formula (5.4)
where @ is a solution of (5.3) as above.

Proof. First we note that both F' and N take values in the imaginary quaternions
ImH and therefore can be identified (2.11) with vectors in R3. The system (5.3) co-
incides with the quaternionic representation (2.18) for the equations for the moving
frame with the Hopf differential AQ. Differentiating (5.4), we get

_ ! —18U(A) <FH—1 _ cuf23—1 00
Fz = —E(¢ T¢_1¢ [U3,U(A)]¢) = —1€ @ 1 0 @,
B _ i u/2 -1 O 1
Fs = e ° P ( 0 0 ><I>,

which coincides with (2.15).

For a given e¥, H and Q! the surface is determined up to an Euclidean motion of
R3. The solution ®(z, 2, A = ¢%*) € H,,det ® = ¢*/? is defined up to multiplication
on the right by a factor R(A) € SU(2). This right multiplication ® — ®R())

describes all Euclidean motions of the surface

0 ; 0 ‘ .
F—>R‘1FR+R‘1aR, R € SU(2), R'laRES'u(Q). (5.5)
The immersion function F(z,z, A = e%?°) with a fixed A = €20 (one CMC surface

from the family) determines ®(z, z, A) uniquely up to the transformation
®(z2,2,)) = ®(2,2, )R(N), RA)==x(I+0(t—19)?), t~to. (5.6)

System (5.3) represents itself the Lax representation for the nonlinear equations
(5.1). The Lax representation is a starting point of the integration procedure of the
soliton theory, which allows us to construct explicit solutions of the corresponding
nonlinear integrable equations. The main tool of this procedure is the study of the
analytic properties of ®(\) with respect to the spectral parameter A\. Moreover, as a
by-product of the integration procedure, ®(A) is also constructed. This explains why
formula (5.4) for the CMC immersion, which seems not to have been known classi-
cally, is very useful for analytic treatment of the surfaces. It allows us to eliminate
the double integration of the GW equations and supplies us with the final formula
for the immersion. For the CMC tori case this helps to control the periodicity of the
immersion and, finally, to describe all the CMC tori explicitly [2].

We also mention here a well known fact, which can be easily checked cf. [17].

Proposition 3 The Gauss map N : R = S? of the CMC surface is harmonic, i.e.
N,z = ¢N, qg:R—R.
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Remark. In the neighborhood of a non-umbilic point ) # 0 by a conformal change
of coordinate z — Z(z) one can always normalize @ = H /2. In this parametrisation
the Gauss equation and the system (5.3) become the elliptic sinh-Gordon equation

U,z + Hsinhu =0

and its Lax representation.

5.2 Monodromy of & and balanced diagrams

Let ®(z,%,\) be a solution of the system (5.3) as in Theorem 5, ®(z,z, A = %) €
H., det ® = ¢"/? Tt is defined on the universal covering of R. Under passage around
a closed contour 4 on R this solution gets a monodromy

B(z,2,)) = B(z,2,\) = (2,2, A) TM(N).
Since the norm of @ is preserved, M is unitary
TM(A =€) e SU(2).

Monodromy of the solution depends not on a particular cycle 4 but on its homotopy

class [y] € m1(R).

Lemma 3 Let F : R — R3 be a CMC immersion defined by Formula (5.4) with
®(z,z,\ = %) and suppose that the image of the contour ¥ C R is a closed
contour T' = F(v) in R3. Then

TM(X = ) = (T 4+ A[y](t — to)? + By](t — t0)® + O(t —t0)*),t ~ to, (5.7)

where the sign is determined by the spin structure of the immersion (see Section

Proof. Formula (5.4) yields the following transformation law for the immersion
function under the passage around =

F— "F=M"1'FM+ M%Mhﬂo, (5.8)
which implies "M (to) = £1, 9 "M/dt),_, =0.
Since M (X = €?*) € SU(2), both A and B lie in the Lie algebra
A, B € su(2)
and can be identified (2.11) with the vectors in R3.

Proposition 4 Let ' : R — R3 be a CMC immersion. Then to any homology
class [I'] € H1(F,Z) there can be associated two vectors A[T], B[T]. The maps A :
Hi(F,Z) = R® and B : H\(F,Z) — R® are homomorphisms. The group E(3) of
Euclidean motions
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F—FR=R'PR+4+r, ReSU(2), rcsu(2) (5.9)
acts on A, B as follows (A, B € su(2)):
A— AR =R7'AR, R — Bf = RT!BR+ [A% r]. (5.10)

Proof. Proving Theorem 5 we have shown that the immersion function F(z,z, A =
e%ito) determines the solution ®(z,z, \) uniquely up to the transformation (5.6).
This transformation does not affect the terms O((t — tg)%) and O((t — t0)3) of
the monodromy (5.7), therefore the vectors A[T], B[T'] characterize the immersion
function F' and not a special ®. The Euclidean motion (5.9) transforms ® as follows:

® — & = ®R(I +r(t —to)),

which implies
™M — MP = (I —r(t—1to)+O((t —to))R™ "MR(I + r(t — to))
for the monodromy and (5.10) for A and B.
The multiplication law for the monodromy " +72M = "M . 72\ yields

A[Fl + FQ] = A[Fl] + A[Fz], B[Fl + F2] = B[Fl] + B[FQ], I'; = F(’)/Z)

This shows that A and B are the homomorphisms H; (F,Z) — R3.

The maps A, B : Hi(F,Z) — R3 were constructed in [9] by the variational
principle, which provides for these maps a more transparent geometrical and physical
interpretations (A[['] and B[I'] were called force and torque respectively). Namely,
A[T] and B[I] transform exactly as linear and angular momentum for a moving
body. If the translational force A[T'] is non-zero, then a natural “balancing” line in
R3 can be associated to [I'] - the line along which the center of mass travels. For
surfaces of revolution the balancing line is exactly the axis. For many cases it is
proved that balancing line and homology class representative are “close” to each
other. Moreover, sometimes one can proceed further and build a balanced diagram
of the surface — a graph in R3 consisting of the segments of the balancing lines.
Using this approach one can characterize the structure of CMC embeddings [10], in
particular the localization of the surface with respect to its balancing diagram.

Remark. One more interpretation of the vector A[I'] can be given. For t ~ tg,t # tg
the immersion is not periodic. Formula (5.4) implies

TP = F +2(t — o) A[T] 4+ O((t — t0)?),
which allows us to suggest the following interpretation for A[L]:

10
All===(CF-F .
[ ] 2 at( )lt:to
Remark. There is one more map, which can be defined on homologies and is
standard in the theory of solitons. The right multiplication & — ®R(\) transforms

YM as follows:



98 A.I. Bobenko

™M — RTYA)YM R(N).

The eigenvalues of YM ()), which we denote by DIm®l(t), |m| = 1, are preserved by
this transformation. To each element [y] € H1(R,Z) there corresponds a function
Mm 2 S' — S', which depends only on geometry of the surface and not on its
disposition.

5.3 Three parallel surfaces

It is a classical result that surfaces parallel to a CMC surface and lying in the normal
direction at distances 1/2H and 1/H are of constant Gaussian and of constant mean
curvature respectively. To see how this fact comes in our description of surfaces we
note that the formula (5.4) for the immersion is a sum of two vectors wherethe
second one is a normal vector. It is thus natural to consider the surface described
by the first term.

Proposition 5 Let F' a CMC surface, described by F, N, ® as in Theorem 5. Then

F* :—%@‘1%¢:F+%N, N* = i®d lozd = —N (5.11)

1s a conformal parametrisation of another surface F* and its Gauss map. The metric
€4, the mean curvature H* and the Hopf differential Q** of this surface are given

by
=4=Ze" H*=H, Q"=qQ". (5.12)
The surface F* is dual to F.

Proof. Differentiating (5.11) we get
F,* = _lq)—la_Uq): @62“6_U/2q)_1 0 1 q)’
~ 0 0
(5.13)

F

QZQ —2it  —u/2F—1 0 0
76 € 0] 10 q>,

which shows the conformality of the parametrisation and orthogonality of F}, I
to N*. Calculating scalar products via traces (2.12) we easily get (5.12)

. 1QQ _ 0 1 0 0 4QQ _
u _ * * _ u _ u
e = 2< F],F] >= H26 tr<<0 0><1 0>>—H26 ,

H* = —2 % < F! N:>=

2Qe~"" L. . 0 1
= —QTthe /ztr<<0 0),[(73,V]>:H,

< F} Ni>= —%e%te_“ﬂtr << 8 (1) ) ,[03,U]> = Q"

Qt*
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Equating Q' and (4.2)
g=H, [f=2QH!

shows that (5.12) coincides with (4.4) and that (5.13) and (4.3) differ only by a sign.
This proves the duality of F and F*.

The immersion function of the original CMC surface can also be written in a form
of a logarithmic derivative with respect to .

R
F=—gVay

where W[y is a gauge transformed quaternion

Uy = < 1/85 \/Ox>q>, Va=el,

The coefficients in the linear equations for W3 are the same as for ®, but A is
inserted in a different way

Vg,

= —Qemu/? 0 —Lpeus
Ug=| 1 2 Vo= L 2\, . (5.14)
§AH6U/2 0 Qe—u/? 2“

It is also natural to consider the intermediate case

1/vVA 0 s ;
v (VDYoo

where the parameter A enters symmetrically into the U — V' pair

S —VAQes
Usp= | 1 ) :
5\/XH6U/ 0
(5.15)
11
0 —§—AHGU/2
‘/[3] = 1 = _ Uz
—Q6 uf2
VA 2
Renaming F, ®, U,V by
F=1ru, e=V¥n, U=Un, V=W
we can formulate the following already partially proved
Theorem 6 The formulas
1,0 . B
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describe 3 parallel surfaces Fy, Fo, F3,

1 1 L
oy =T+ 7N, Fg = Ty + 557N, (5.17)

where

-1 |4 )
N = \II[Z.] k¥, (5.18)
1s their Gauss map. Surfaces Fi and Fo are of constant mean curvature H and dual
F; = Fy. The surface Fs is of constant Gaussian curvature K = 4H?. Variation
of t preserves both principal curvatures of Fy, Fo, F3; for Fi,Fy it is an isometry,
whereas for Fs the second fundamental form is preserved.

Proof. All statements about F; and F5 are already proved. The calculation of the
fundamental forms of F3 is quite similar to the calculations in Proposition 5. For
the first fundamental form we get

A=< F[3]Z,F[3]Z >= —ﬁ€2 t, B =< F[3]Z,F[3]g >= 5@6 + ge .
For the determinant of the first fundamental form

< dFjg), dFs), >= A(dz2)* + A(dz)* + 2Bdzdz,

T — 2B+ A+ A i(A—A)

BIZ\ iA—A) 2B—(4+44) )’
this implies
= 2
R _, 1,

Since
< P31z, N; >=< FJ3)z, Nz >= 0,

the parametrisation of F3 is conformal with respect to the second fundamental form
— < dFj3),dN >= =2 < Fl3},, Nz > dzdz.

Calculating

Q9 ly.
H 4

we see that the second fundamental form I Ij3; does not depend on ¢ and the Gaussian
curvature equals

< Fg)s, Nz >=

K5 = det I[5/ det Ij3) = 4H”.

For the mean curvature of Fs we have
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H=const

Figure 1 Three parallel surfaces

det Ij3) TH2e" — QQe~v’

. 1 QQ _,\ 4B TH?e" + QQe™"
=2H
[3] 4 H

1
Hyg) = Str(ITg) I3 = (—H@“ - =Ze
Both principal curvatures of F3 are independent of ¢.

Remark. Transformations 1 — F5 and F; — F3 can be singular. If F; is smooth,
then F» = F; is degenerate (e* = 0) at images of umbilic points (Q = 0) of F;.
The surface F3 is degenerate at images of flat points of Fi; Kiy=0 implies u,z = 0
and, finally, det I3y = 0 in (5.19).

6 Bonnet surfaces

In the present section we study the following

Problem. To characterize non-trivial families of isometric surfaces having the
same principal curvatures. By a non-trivial family of surfaces we mean surfaces
which do not differ by rigid motions. We suppose also that they do not contain
umbilics and are sufficiently smooth. This problem was first studied by Bonnet,
therefore we call these surfaces Bonnet surfaces. The most detailed results con-
cerning these surfaces are presented in papers by E. Cartan [3] and S. Chern [4],
where they were classified and, in particular, it was proved that they are Weingarten
surfaces (the principal curvatures are algebraically related).

As we have shown already in Sect. 5.1, the CMC surfaces possess non-trivial
isometries. In this section we exclude the CMC case and suppose that H is a non-
trivial function on F. To characterize other Bonnet surfaces let us note that since
e“ and H are both preserved, only the Hopf differential @) can be varied by the
deformations. Since the Gauss equation (2.6) guarantees that Q@ is also preserved,
the deformation parameter is inserted, in the GW equations via the transformation
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Q — A\Q, Q— %Q. (6.1)

In this way we get the U — V' system (5.3) (or Uy, V17 in notations of Sect. 5.3),
where now A is allowed to depend on z and Z.

The transformation (6.1) does not effect the right hand sides of the Codazzi
equations (2.7, 2.8), therefore the left hand sides should also be preserved:

(@-Q1.=(2-q.=0

These equations can be easily solved:

a+b y_ L+b/a

©= T 1xa/

where both a and b are holomorphic. The transformation

a — 1_k(a—f—kb), a—)l_k(a+kb),

b (b+ ka), b->ﬁ(b+ka)

1—-k

preserves () and transforms A

a+b\ [b+ka
Ao A= 0 .
- <a+b> <a+kb>

Now k is an independent parameter (k does not depend on z and z). Deformations
correspond to the case

Al=1 < |kl=1.

One can see that @ in (6.2) is of the form (4.2). In terms of a new conformal
variable Z (we avoid umbilic points):

dz 2
(5) Sat

@ becomes real-valued

Q(2) = Q(2) (%)2 - H

Further we omit the tilde and use the old notation z for this new isothermal coor-
dinate. Finally () and A are parametrised by one holomorphic function

_lb—a
T 2b+a

h(z)

of an isothermal coordinate z:
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1
~ —h+h, 6.3
0 (6.3)
1— 2ith k-1
T+ 2ith’ " Tkt 1 (6.4)

where ¢ (or equivalently k) is a deformation parameter. For unimodular k = e2'*

we have real valued t = tan «.

Proposition 6 The Bonnet surfaces are isothermal and 1/Q is a harmonic func-
tion of an isothermal coordinate.

The harmonicity of 1/@Q is necessary but not sufficient. Substitution of (6.3) into
the Codazzi equations (2.7, 2.8) yields

thz = thg (65)

Since h(z) is holomorphic, formula (6.5) shows that H depends on one variable s
only:

Hy = Hy = Hg, (6.6)

_ dw 1
s=w-+w, = (6.7)

For the metric this implies

w_oQz _2(1/Q); 2k
=H. T T WQPHAE T (ht h)PH,L (6:8)

€
Differentiating the metric twice:

u—:?M— ! s
U h+ )2 |2\ H ),

and substituting all this into the Gauss equation (2.6), we get

Hgs H?
((7) - Hs> R =2- (6.9)

_h+h
IRUAE

R (6.10)

The vanishing of 2H, — H? implies the vanishing of H2— H,,+ HZ2,/H,, therefore
two cases are possible in principle:

i) 2H, — H2 =0,
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ii) R depends on s only
Rw = Rw < thz = thg (611)

The case (i) has no geometrical meaning, since formula (6.8) shows that H; must be
negative. Finally we end up with the following equation for h(z), which is equivalent

to (6.11)
o? o?
This equation shows that (z = z + iy)
2

Oz dy

log(1/Q) =0,
therefore 1/@Q must be a product of two functions, depending on z and y respectively

— = p(z)q(y).

The harmonicity condition allows us to find p and ¢ explicitly, since the variables
separate

Peo _ Ty _

. p (6.12)

where | does not depend on z and y. To normalize the solutions of (6.12) we have a
reparametrization z — az +b+ic (a,b,c € R) and a general scaling of R3 at our
disposal. Also, reconstructing h(z) from p and ¢ one can always add an imaginary
constant to h(z). This constant is not important for our calculations, since only the
sum h + h and the derivative h, are used, therefore we put this constant equal to
zero. After suitable normalization one can easily prove the following

Lemma 4 All non-constant normalized functions h(z), generated by solutions of

(6.12), are listed in the table below:

h w s R(s)
—iz/2 2iz —4y —s
e? —e~? —(e7% 4+ €e7%) —s
iz2 ilo z arg z lsim 2s
2 % & 2

1 29 1 29 Z 1
2sinhz | —log € Z —log € Z 6, Z ——sin2s

21 e’ +1 21 e? 41 e’ +1 2

1 21 1 21 71 1
2coshz | —log ‘ —log i c ——sinh 2s

2 e? +1 2 e +1 e +1 2

where the corresponding coordinates w, s and the function R(s) are also indicated.
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Actually, not all the cases listed above are geometrically different. Only the cases
corresponding to different R(s) differ.

Lemma 5 Surfaces corresponding to the same R(s) and the same solution H(s)
of equation (6.9) belong to the same deformation family, i.e. the metrics and the
mean curvatures of these surfaces coincide and the Hopf differentials differ by the
transformation (6.1, 6.4).

Proof. Rewriting characteristics of surfaces in terms of variables w we see, that the
statement concerning the mean curvature is trivial since s = w4 w. The metric also
depends on s only

2 2

2lh. |
el gadr = - — 2 dwda. 6.13
(h+ hy2m, = TR, MY (6.13)

(z Z)d/.d —

The calculation for the Hopf differentials is more complicated:

(o, )Yy ) = B (L= 2t0)

2 _
AQ(dz)” = hr (1+ 2ith)

R(s)

Direct calculation for the cases 1-4 of the table above yields

it 4tz 1 +ityw/2
no= z( thd) _ _Q4ihe/s) (6.14)
5(14+t12) (1 —dtyw/2)
e*(1 — 2itq€?) (1- T‘D)
s = = — . ,
2 e?(1 + 2itge?) (1+ %w)
2i2(1 — 2 52 240 — 9 — 240
ry = 201 Z2067) (70 = 2gem ) (6.15)
—2iz(1 — 2t32?) (e=2w — 2tge?iv)
_ 200 _ 1+ 44 =21
2 cosh z(1 — 44ty sinh z) 1— 4ty
T4 = = -

2 cosh z(1 4 44ty sinh z) —2iw _ 14 4ty ot )
1—4t,

where t; denotes the deformation parameter ¢ corresponding to the i-th case of the
table. The identification
1 14 4ty

t1 = —— =
! t) TP T 1M,

proves that the cases 1 and 2 as well as 3 and 4 are isomorphic.
For completeness let us write down the expression for the Hopf differential in case
5 in terms of the variable w:

1

2) = ——
A0 = R

rs(w, '@,ts)(dw)z,
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- _og 1 — 4its

2sinh z(1 — 4it5 cosh z) e —¢ 1+ 4its (6.16)
rs = =— %5 .
5~ 2sinh z(1 + 4it; cosh z) e 1+ 4dits

1 — 4ats

So there are 3 cases to consider, which we denote by A, B and C following E. Cartan

[3]:
1 .
A Ra(s) :—§sm2s,

B: Rp(s) = —% sinh 2s, (6.17)
C: Re(s) = —s.

Till now the consideration was a local one and dealt with pieces of surfaces.
It turns out that it is possible to combine all these pieces into global surfaces in
such a way that the isometries preserving the principal curvatures are described by
translations along the surface. For this purpose the coordinate w rather then the
starting isothermal coordinate z is more convenient. Both the metric (6.13) and
the mean curvature depend on the real part of w only, whereas a change of the
imaginary part of w corresponds to the transformation (6.1, 6.4) of Q.

Theorem 7 The non-trivial families of isometric surfaces having the same princi-
pal curvatures are the CMC' surfaces and families A, B, C, which can be described
as follows. The mean curvature H(s) = H(w + w) is a solution of (6.9) with a
negative derivative Hy < 0 (here and below the coefficient R should be replaced by
Ra,Rp,Rc (6.17) for the cases A, B, C respectively), the metric equals

u(w, o 2 — R
P dyydw = — g, e, (6.18)
and the Hopf differentials for the families A, B, C are as follows:

2sin 2w

Qa(w,0)(dw)” = ~ sin 2(w + w) sin 2w(d'w)2,
i 2sinh 2w
Qn(w,w)(dw)’ = = 2(w + w) sinh 2 (1), (6.19)
w, w)(dw)? —712} w)?.
QC( ) )(d ) (w ¥ 'lZ))'w (d )

The isometries preserving the principal curvatures are given by the shift transfor-
mations of these surfaces

w— w+il, TEeR. (6.20)

Proof. Only formulas (6.19) for @’s and the transformation (6.20) need clarifica-
tion. To get (6.19) we put ¢35 = 1/2, t5 = 0, t; = oo in (6.15, 6.16, 6.17). Clearly
the parameters ¢; can be fixed. The deformations described by them are given by
the shift (6.20) as well. To identify ¢; and T" we substitute (6.20) in (6.19):
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Figure 3 Bonnet B

Figure 2 Bonnet A Figure 4 Bonnet C
1+ 4ats . 2
Na — —4T — —4T t = —.
3TEC o T4, ¢ U T

The curvature lines on the w-domain for the cases A, B, C are presented above.
A crucial point for the analytical description of the Bonnet surfaces is a solution
of equation (6.9). The coefficient R(s) in this equation is of the form

. inh .
R(s) = -T2 (6.21)
o
for all the cases A (o = 2i), B (o = 2) and C (a — 0). Hazzidakis [6] was able to

integrate equation (6.9) once? with R(s) of the form (6.21):

H,, 2 VE .
[( T ) - 201] +4Hoy — QUE —2H, = C, (6.22)

o(s) = ( a )2, o1(s) = —acoth as,

sinh as

where C' =const. One should mention that equation (6.22) has extra solutions com-
pared with (6.9).

21 am grateful to Prof. Voss, who pointed out to me this result of Hazzidakis
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Equation (6.9) arises as a compatibility condition of the system (5.3), starting
with which one can derive a Lax representation 2 for equation (6.9) similar to those,
used for integration of the Painleve equations [5]. Following the usual terminology
of the soliton theory equation (6.9) can be called an integrable ordinary differential
equation. Nevertheless, a general integration of equation (6.9) seems not to be a
simple problem. One can find a solution H = r/s, where r is an arbitrary constant,
for the case C. The surface described by this solution is a cone.

Surfaces dual to the Bonnet surfaces can be defined, since the latter are isother-
mal. Propositions 2 and 6 show that the inverse mean curvature 1/H of these dual
surfaces is harmonic. In the next section we show that the class of surfaces with
harmonic 1/H is much bigger then the surfaces dual to the Bonnet families and this
class can be put into the framework of soliton theory.

7 Surfaces with harmonic inverse mean curvature.

In Sect. 6 we generalized the Lax representation (5.3) (or Uy, V1) in the notations
of Sect. 5.3) to the case of A depending on z, z. Surfaces defined in this way retain
the property of the CMC surfaces of possessing isometries preserving the principal
curvatures and are described by solutions of an integrable ordinary differential equa-
tion. In the present section we suggest another generalization of the CMC surfaces,
namely the property H = const itself is generalized. Here we deal with the Lax rep-
resentation Upsy, Vi) (5.14) with A depending on z, z, which gives rise to integrable
partial differential equations — the more usual situation for the soliton theory than
the one of Sect. 6.
The compatibility condition

Utz = Vizge + [Ug2), Vizg] = 0 (7.1)
for the system (5.14) yields equation (2.6) and
1 /H - 1
Q: = 3 <T>~ e, Q. = §(AH)56U- (7.2)

We suppose that e, H and ) correspond to some surface and therefore the GC
equations (2.6-2.8) are also satisfied. Subtraction of (7.2) from (2.7, 2.8) gives the
equations

<H G - 1)) =0, (H(A-1)):=0,

which can be easily solved:

H:;,
h+h

3One can reproduce the integration step (6.22) using this Lax representation
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where h(z) is holomorphic.
The transformation

1
h—h+ — teR
+ 2’ €
preserves H and transforms A

1 — 2iht

Aoy A= =t
A T ot

(7.4)
where ¢ is an independent of z, z parameter.

The form (7.3) of the mean curvature is equivalent to 1/H being a harmonic
function:

1
s () =0

Here the complex structure is determined by the immersion. The parameter ¢ in
(7.4) can be considered as a deformation parameter.

Theorem 8 Let F be a conformally parametrised F : R — R3 surface with metric
e, Hopf differential ) and harmonic inverse mean curvature

%:h@ﬂ%@% (7.5)

where h(z) is holomorphic. Then the compatibility condition (7.1, 5.14) with X of
the form (7.4) is satisfied for allt. There is a one-parametric deformation family of
surfaces Ft, t € R such that:

i) F=Ft=0

ii) The metrics e dzdz of Ft are conformally equivalent

eu

—dzd
(1+ 2iht)2(1 — 2dht)2 "

e dzdz =

)

i1i) The inverse mean curvature 1/H*' of F' is harmonic

1 — .
= ht + ht, (7.6)
where ht is given by

h

W= —
1+ 2iht’

(7.7)

iv) The ratio of the principal curvatures ki/kq is preserved by the deformation;
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v) Let ¥(z,z,t) € H, be a quaternion, normalized so that det ¥ is independent
of t, which solves the system

U, =0V, ¥;=1V9V,

where X is of the form (7.4). Then the immersion function

0
F=vy"t_v 7.8
pn (7.8)
describes a conformal parametrisation F : R — R3 of Ft. Its Gauss map is
given by
N =9"'k¥, k= —ios. (7.9)

Proof. The calculations are quite similar to those of Sect. 5. F' and N given by
formulas (7.8, 7.9) lie in ImH. Differentiating F

e OViz)
—=Vv Fo=0"12y¢
ot - ot
we see, that the parametrisation is conformal and (2.1, 2.2) are satisfied. For the

metric, the mean curvature and the Hopf differential of F* determined by (7.8, 7.9)
we get

F,=v¢"!

w _ OUpa) OVia\ _
€ = 2<FZ,F5>——tr<77>_
R ) W-o 00 0 1 B
= s “((1 0)(0 o))‘
6u

(1 — 2iht)2(1 + 2iht)?’

1 i av
_§6u Ht = < Fz;NE >= itr < aiQ] [0-3; ‘/[2]]> =

1
= ——'H _ _
2° = 2imt) (1 + 2iht)

i (90 Q
— F, Nz = ——¢t , = -
< EE) > 2 T < 8t [0-3 ‘/[2]]> (]_ + Qth)Z

The transformation of the mean curvature

H' = H(1 + 2iht)(1 — 2iht) (7.10)

Qt

can be rewritten in the form (7.6, 7.7). The Gaussian curvature K = —2u,ze™"
transforms as follows:

K' = K(14 2iht)*(1 — 2iht)?,

which, combined with (7.10), shows the conservation of (H)?/K!, or equivalently,
proves (iv).
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Remark. For a given H the holomorphic function h(z) is determined uniquely up
to an imaginary constant

h(z) = h(z) + ic, ceR. (7.11)

The family F* is preserved by the transformation (7.10), which is equivalent to
a redefinition of the parameter ¢ only. Combining (7.7) with the transformations
(7.11) for h and h* we get a general Mdbius transformation SL(2, R) for ia

iht = M =2t
y(th) +4° '
Remark. The Lax representation Uy, V[a) with X of the form (7.4) allows us to

apply the soliton theory to construct explicit examples of surfaces with the harmonic
inverse mean curvature. In particular the Backlund transformation can be derived.

a:ﬁ;V:é‘ER: aa_ﬁ7:1

8 Surfaces with negative Gaussian curvature

8.1 Quaternionic description

The calculations of this section are similar to those of Sect. 2.2.

Let us consider a surface F with negative Gaussian curvature. For each regular
point of F there are two directions in which the curvature vanishes. They are called
the asymptotic directions. We use the asymptotic line parametrisation of F

F:(z,y) € R? = R3.

For this parametrisation the vectors Fy, Iy, Fyp, Iy are orthogonal to the normal
vector N

Fp, Fy, Frp, Fyy L N.
The fundamental forms are as follows:

I = < dF,dF >= A*(dz)? 4+ 2AB cos ¢dzdy + B*(dy)*
IT = —<dF,dN >=2< Fgzy, N > dzdy,
where ¢ is the angle between the asymptotic lines and
A=|F,|, B=IF,|. (8.1)
We consider weakly regular surfaces, i.e. suppose that A, B do not vanish. Let us
suppose also that the Gaussian curvature is strictly negative
1

—p—2, p>0. (82)

For the second fundamental form this implies

K=
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1 det]] = < Fyy,N>?
p?  detI  A2B2sin’¢

and finally, choosing a suitable direction of the normal vector N, we get

11 =24p50°

dx dy.

Let ® € SU(2) be a unitary quaternion, which transforms the basis

PR ) U

A(i cos 5 + jsin 2), Bficos 5 —dsin 2), k
to the basis I, Fyy, N:

0 e

F, = —iA® (ew/? . e
o 0 ¢ié/2

F, = —iB® 1<€_i¢/2 0 ><1>, (8.3)
N = —i®"lo30.

Then the first fundamental form is as above.
To derive linear differential equations for @, as in Sect. 2.2 let us introduce the
matrices

U=%,0"" V=20,6"" (8.4)

lying in the imaginary quaternions su(2). Orthogonality: Fyy L N, Fy, L N, ie.

A 0 e—io/2
0 = < Fx:NcL‘ >= Etr << 6i¢/2 0 > [0-3:U]> 3

B 0 eid/2
0 = < Fy,Ny >= Etr (( 6_i¢/2 0 > [Ug,V])

shows that the off-diagonal parts of U and V are proportional to ®F,®~! and
® F,®~! respectively. One can calculate the coefficients of proportionality using the
identities
ABsin
< Py, Ny >=< Fy, Ny >= —J.
p

For U and V this implies

. 1a 0 e~i9/2
U——zu;),(rg—E (il 0 ,

. b 0 ié/2
V:—Z'030'3+§< e—iqb/? 0 ),

where
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: (8.5)

and us, v3 are some real coefficients. To calculate us, vz one should use the compat-
ibility condition Fyy = Fy, of (8.3):

. 0 emiglz\ A 0 _eiv2
iAy < REYE 0 ) + §¢’y ( ci/? 0 ) -
. 0 e—i9/2
_ ZAKeW ) ),v]:
. 0 i®/? B 0 €i?/?
= —iB ( e~io/2 ) + 5% ( —emi/2 ) B

. 0 i9/2
(e )],

which yields

B oy _ Bpcoso— Ay
BT T YT T 9Bsing
(8.6)
By By — Aycos¢
vs = vt Y
The diagonal part of the compatibility condition of (8.4)
Uy —Ve+[U,V]=0 (8.7)
yields the Gauss equation
Gpy + 2v; — 2uy — absing =0, (8.8)
whereas the off-diagonal part gives rise to other formulas for u and v:
_ ay-l-b?cosé’ ,U:_bx-l-ag./COSQs (8.9)
2bsin ¢ 2asin ¢
Comparing (8.6) and (8.9) we get the Codazzi equations
Py, _ P _
ay+2pa 2pbcos<z$ = 0,
(8.10)
bz—i—g—;b—g—ypacosqb =0
and one more representation for u, v
ob .
u= —%sinqﬁ, v = zpa sin ¢. (8.11)

The following theorem is proved:
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Theorem 9 Using the isomorphism (2.11), the moving frame Fy, Fy, N of the sur-

face with negative Gaussian curvature K = —1/p? in the asymptotic line paramet-
risation is described by formulas (8.3), where ® € SU(2) satisfies equations (8.4)
with U,V of the form
~ o da[ 0 el
U= ey e g )
(8.12)
VvV = _Z(U—I_Z)US—}_E c-idl2 g .

The coefficients u,v here can be written in one of the equivalent forms (8.6, 8.9,
8.11). Fquations (8.8, 8.10) are the Gauss-Codazzi equations.

8.2 Surfaces with constant negative Gaussian curvature

For the constant curvature case p = const the GC equations (8.8, 8.10) simplify a
lot

Gy —absing = 0, ay =by =0

(which implies also v = v = 0 in (8.2)). These equations are invariant with respect
to the Lorentz transformation

a—Xa, b—b/A,  NER, (8.13)

which plays the role of the transformation (5.2) in the CMC case.
Treating

A =¢, teR
as a deformation parameter we get the following

Theorem 10 Every surface with constant negative Gaussian curvature has a one-
parameter family of deformations preserving the second fundamental form

11 = 2pabsin ¢dzdy,

the Gaussian curvature and the angle ¢ between the asymptotic lines. The deforma-
tion is described by the transformation (8.13).

The quaternion @ solving the system (8.4) with U,V of the form (8.12), where
one should put u = v = 0, describes the moving frame of the surface F! with
|Fy| = pae’,|F,| = pbe™". As it was shown by A. Sym [15], knowing the family
®(z,y,\) for all A = ¢ allows us to integrate the formulas for the moving frame
explicitly replacing the integration with respect to z,y by a differentiation with
respect to t.
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Theorem 11 Let ®(z,y, A = €') € SU(2) be a solution of the system (8.4) with

Yo 10, _ig/2 _igy b gy
U= .4 2 V= L4 2\ (8.14
_laygisn 19 ’ b —isrn 1y (8:14)
2 4 2 4
Then F' and N defined by the formulas
3] .
F= 2p<I>_1a<I>, N = —i®d~lo3® (8.15)
describe a constant negative Gaussian curvature surface with the fundamental forms
I = p*(A\a%dx? + 2abcos ¢dedy + A\~ 2b%(dy)?),
(8.16)
Il = 2pabsin ¢ dzdy.

A surface with constant negative Gaussian curvature in asymptotic line parametri-
sation with the fundamental forms (8.16) is described by formula (8.15), where ®
1s as above.

Proof. Both F and N lie in ImH. The system (8.14) coincides with (8.12) for F¢.
Differentiating (8.15), we get

F, = 2p<1>—1%—gq>, F, = 2pq>—1%—‘;<1>,
which coincides with (8.3) for F*. The proof of the second part of the theorem is
identical to the proof of the corresponding part of Theorem 5.

For the weakly regular surfaces, i.e. the surfaces with A # 0, B # 0 for all 2, y,
the conformal change of coordinates # — Z(z), y — ¥(y) reparametrises the surface
so, that the asymptotic lines are parametrised by arc-lengths (generally different for
z and y directions)

A =|F;| = const, B = |F,| = const.

In this parametrisation (which is called a Chebyshev net if A = B) the Gauss
equation and the system (8.14) become the sine-Gordon equation with the standard
Lax representation. Lastly we mention also a well known fact, which can easily be

checked.

Proposition 7 The Gauss map N : R2 & §2 of the surface with K = —1/p% =
const < 0 is Lorentz-harmonic, i.e.

Ngy = qN, ¢:R? = R.

It forms in S? the same kind of Chebyshev net as the immersion function does in
R3

Nzl =a, [Ny|=0b.
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8.3 Bianchi surfaces

To generalize the Lax representation (8.14) to the case of A depending on z,y let
us first rewrite the GC equations of a surface in asymptotic line parametrisation in
the form

Goy + 2V — 2uy —absing = 0,
aysing — 2avcos ¢ — 2bu = 0, (8.17)
bysin¢ + 2bucosg + 2av = 0,
as they come in the compatibility equation Uy — V5 + [U, V] = 0 with the U — V
pair (8.12).
If A is inserted into the U — V pair (8.12) in the same way as in Sect. 8.2
Bi _ . o 1aX 0 e~i¢/2
) = i e - (W Ty ).
(8.18)
rBi () ] qs_y i 0 €i¢/2
|4 (A) - Z('U + 4 )0-3+ 22 < 6—i¢/2 0 s

the Gauss equation is preserved, whereas the two last equations in (8.17) transform
as follows:

Aay sin ¢ + Ayasin ¢ — 2 av cos ¢ — 200"ty 0,

(8.19)
/\_1bxsin¢>+(A“l)xbsincb—f—2(/\_1)bucosd>—+—2/\av = 0.

We suppose that p, ¢, a, b correspond to the some surface, therefore the GC equations
(8.17) are also satisfied. Subtracting (8.17) from (8.19) and using formulas (8.11)
for u, v, we get the equations

1

A=0-D2 (= (r-nk

N 2p A A 2’
which can be easily solved:
p=fle)+gly), A= ——g(y), (8.20)
f(=@)

where f(z) and g(y) are two arbitrary functions.
The transformation

1 1
—f—-—= — — teR
f—=7r o7’ 979+ 5 €

preserves p and transforms A

(8.21)
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where ¢ is an independent of x,y parameters.
The form (8.20) of the Gaussian curvature K = —1/p? is equivalent to 1//—K
being Lorentz-harmonic

0, 0q <\/%T) =0. (8.22)

Surfaces with a curvature of this form were investigated by Bianchi [1], therefore
they are called Bianchi surfaces, although may be it would be fairer to call them
Peterson surfaces after Peterson, who probably studied this problem first (see a
comment of Stackel in [14] %) .

Theorem 12 Let F be a surface with negative Gaussian curvature K = —1/p?,
F(x,t) its asymptotic line parametrisation and

I = < dF,dF >= p*(a*(dz)* + 2abcos ¢ dx dy + b*(dy)?),
Il = —<dF,dN >=2pabsin¢ dz dy
its fundamental forms. If p = 1/\/—K is Lorentz-harmonic (8.22)
p(z,y) = f(z) +9(v),

then the compatibility condition Ufi — VIBi + [UBT VB = 0 with X\ of the form
(8.21) is satisfied for allt. There is a one-parametric deformation family of surfaces
Ft t € R such that:

i) F=Ft=0
ii) the fundamental forms of F' are as follows:
I' = <dF' dFt>=
= (p")*((a")*(dx)? + 2a"b" cos ¢ dx dy + (b*)*(dy)?),
II' = —<dF' dN'>=2p"a"b" sin ¢ dz dy,
1 P
o= A = —b b= - —.
! “ S T )

In particular, the angle ¢ between the asymptotic lines is preserved, pt =
1/v/—=K? is Lorentz-harmonic p'(z,y) = f'(z) + ¢'(y), where f* and g' are
given by the formulas

[ —— g ="
1—2tf 1+ 2tg°
iii) let U(z,y,t) € SU(2) be a solution of the system

U, = UBy, v, = VB,

41 am grateful to Prof. Voss for showing me this paper
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where X is of the form (8.21). Then the immersion function

) ,
_og-19
F =20 20 (8.23)

describes an asymptotic line parametrisation of Ft. Its Gauss map is given by
N =¥k, k = —ios.

We omit the proof of this theorem, which is given by a direct calculation analogous
to ones used to prove Theorems 8 and 11.

The Lax representation (8.18, 8.21) for the Bianchi surfaces was obtained in [11].
Using this representation the Backlund-Darboux transformation [11] and finite gap
solutions [8] were constructed.

9 Surfaces with positive Gaussian curvature

At the end of the Sect. 5 the parametrisation conformal with respect to the sec-
ond fundamental form appeared, when the surface F3 of constant positive Gaussian
curvature was described. This parametrisation can be used to describe general sur-
faces with K > 0 since the second fundamental form of these surfaces is positive.
All calculations in this case are quite parallel to the calculations of Sect. 8. Here
we present the final results, which can be obtained by a simple replacement of the
symbols of Sect. 8:

p —r —i0, r — z, y—r 2z,
—ia — ¢, - — ¢, 10 —> .
The Gaussian curvature is positive

1

K=—
0—2

o> 0,
and the fundamental forms are follows:

I = < dF,dF >=0%(c*(dz2)* 4+ 2cccosh ¢ dz dz + ¢*(dz)?),
(9.1)
I = — < dF,dN >=2cccsinhy dzdz.

The mean curvature in this parametrisation is

H= lcothy’).
o
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Theorem 13 The moving frame F,, Fz, N of the surface with positive Gaussian
curvature K = 1/0? in the parametrisation conformal with respect to the second
fundamental form is described by the following formulas

_ -1 0 €_¢/2
F, = 1o0cd ( V12 0 P,
o -1 0 e¢/2
Fs = iocd ( e 0 P,
N = —i®d lozd,

where ® € SU(2) satisfies the GW equations
&, =Ud & =Vd (9.2)
with U,V of the form

(2R c 0 emiv/2
(Z+U)03+§ i/ 0 )

(s c 0 e¥/?
V = (—Z+V)03—§ 6_,¢)/2 0 .

The coefficients u, v here are given by

U

o,C o,C

h _
—sinh 1, v 2

gc gc

u=—

sinh 1.

The Gauss-Codazzi equations are as follows:

.7+ 2uz — 2v, + ccsinhy = 0,
¢z + ;—jc— ;—éécosht/) = 0,

[ Oz _
¢, + 206— %ccosht/) = 0.

The following theorem is just a reformulation of the statements of Theorem 6
concerning the surface F3

Theorem 14 FEvery surface with constant positive Gaussian curvature K = 1/0?
has a one-parameter deformation family preserving the Gaussian and the mean cur-
vatures and the second fundamental form. This deformation is described by the trans-
formation

1 .
c— e, E—>XE’ A =e't, t € R.
Let ®(z,z, A = €'t) € SU(2) be a solution of the system (9.2) with
Yoy C oy ¥y
U= 4 2 ’ V= _ 4 23
\Courz Y _ € v
2 4 2\ 4
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Then F' and N, defined by the formulas
5}
F=-200""—&
AT

describe a surface with constant positive Gaussian curvature and the fundamental
forms

I = o?(\c*(d2)? + 2cccosh i dz dz + A~ 2™ (dz)?),

II = 2ocesinhy dzdz.

N = —i® lo3®

The surfaces of positive curvature analogous to the Bianchi surfaces are described
by the following

Theorem 15 Let F be a surface with positive Gaussian curvature K = 1/0? and

(9.1) be its fundamental forms. If o = 1/\/K is harmonic
o(z,2) = h(z) + h(z),

where h(z) is holomorphic, then the compatibility condition
UZ-Bi _ VzBi + [UBi, VBi] -0

with the matrices

Bi ¥ cA 0 e¥/2

U - ( 4 + U)US + ? ( 6¢/2 0 )
Bi _ (—¥s e 0 e

14 - ( 4 + V)U-3 22 ( 6—1p/2 0 )

and X of the form

\ 1 — 2ith
V14 2ith
is satisfied for allt. There is a one-parameter deformation family of surfaces F* 1 €
R, such that:
i) F=F=0;
ii) the fundamental forms of F' are (9.1), where one should replace c,¢, o by

o
(1 + 2iht)(1 — 2iht)’

cact=X, eoéd =21t ocool=

In particular, ' = 1//K* remains harmonic o'(z,z) = h'(z) + htZz), where
ht(z) is given by

h

=
1+ 2iht

The ratio of the principal curvatures is preserved by the deformation;
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iii) let U(z,z,t) € SU(2) be a solution of the system
v, =UBinw, v, =B

Then the immersion function

B,
F=20"1_yw
ot

describes the parametrisation of F' conformal with respect to the second fun-
damental form. Its Gauss map is given by

N =¥k,

The formulas for the Bianchi surfaces of positive curvature are similar to the
formulas of Sect. 7 for the surfaces with harmonic inverse mean curvature. It would
be interesting to find a geometrical relation between these surfaces.

10 Appendix. Spinors and spin structures on Riemann sur-
faces

Let R be a Riemann surface (compact or not) and z a local coordinate on R.

Definition 5 Differentials f(z,2)\/dz and f(z,2)\/dz of order 1/2 are called spi-

nors on R if f(z, z) have no local monodromy (no branch points) on R.

These two types of spinors can be considered in exactly the same way. ; From now
on we concentrate on the type fv/dz, which means that under conformal changes
z — w(z) of the local parameter f(z, z) transforms as follows:

f(z,2) = f(w,w),/‘jl—‘j. (10.1)

Let us fix some spinor and investigate structures induced by it. Locally f(z,2) is
defined up to a sign (but it has no branch points !). We show that it supplies closed
contours on R with nontrivial Z; numbers, allowing us to define a spin structure
— a quadratic form H1(R,Z2) — Zs

Let ¥ € R be an embedding of S! in R, i.e. a smooth closed contour on R
without self-intersections (we shall also call such contours simple contours). In a
small neighborhood A(7y) of v, which is topologically an annulus, we introduce a
complex coordinate z. Then it is possible to control the global behaviour of the
spinor along 4. The function f(z,z) is not necessarily single-valued on A(%): it can
have monodromy +1 or -1 around 4. The transformation law (10.1) shows that if 2
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and w are two different coordinates on A(7y) then the monodromies of f(z,z) and
f(w, w) along v are different if \/dw/dz changes sign on passing around 4. To avoid
this ambiguity we ask for z to be a map from A(y) to an annular domain on a
complex plane. Then the number p(y) € Zs is defined by the monodromy of the
spinor, written in terms of this annular coordinate

f(z,2) = (=1)PD) f(z, 7).

We say that spinor changes or does not change sign along « if p(y) equals -1 or +1
respectively. It is not difficult to show that:

1) p(v) is independent of the annular map z,
2) p(v) depends only on v, but not on A(y),

3) p(v) depends only on the isotopy class of v, i.e. if v; is isotopic to vy (there is
a smooth deformation of 41 to s, which is an embedding at each stage), then

p(71) = p(72)-
Let us consider some characteristic examples.

Ezample 1. Let 4 be an embedding of S! in the complex z-plane. Then v/dz does
not change sign along v

Vdz 1 Vdz.

Ezample 2. Let C' = C/{z — z + 2mi} be a cylinder represented as the complex
z-plane factored by a shift. To prove that v/dz changes a sign around the cycle 4 of
the cylinder

Vdz z_>z—>+2ﬂ —Vdz

we note that z is not the annular coordinate. In terms of coordinate w = e* the
spinor Vdz looks as follows

viz =Y
Jw
On the w-plane 7 is a loop |w| = const around the origin, so w-coordinate maps
4 to an annulus. As we have seen in the first example, v/dw does not change sign
around v, whereas /w does.
Ezample 3. Let T = C/{z = z+a, z = z+ b}, Im a/b # 0, be a torus. Example
2 shows that V/dz flips under passage around the cycles of the torus

iz,
: (10.2)

since the annular coordinate w for any of the 3 contours above is constructed as in
Example 2.
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Flip numbers associated with immersed contours in R can be introduced in exactly
the same way. Let 4 be an immersion of S in R and z a conformal map of v to
a simple contour in C. Then the flip number p(7) is defined by the monodromy of
the spinor, written in the z—coordinate as

f(z,2) = (=1)PD (2, ). (10.3)

For example, if 4% is a closed contour in the z-plane having k points of self-
intersection, then the flip number of V/dz is equal to p(yx) = (—=1)%.

This number p(vy) is a characteristic not of the particular immersion v but of
the regular homotopy class [y] of 4 (two immersions 4; and s are called regularly
homotopic if there is a deformation of v; and 55 which is an immersion at each
stage).

Definition 6 A flip number p([y]) € Za of a regular homotopy class [y] is the
monodromy (10.3) of the spinor under passage around v, parametrised by annular
coordinate.

Now we define another structure associated with the spinor - a map s from Zs-
homologies of R to Zsy. The group Hi(R,Z>) coincides with the cobordism group
of embedded sets of simple contours in R. The elements of this group are cobordant
classes of embedded sets of simple contours in R. Two embedded sets of simple
contours are called cobordant if one can be transformed into another by isotopies of
contours and “touching transformations”

=

Proposition 8 There is a map s : H1(R,Zs) — Z4 defined by the rule

s(a) = plo) (10.4)

where o = Y ay is a representation of an element o € H1(R,Z2) by a sum of
simple non-intersecting contours ay,.

when the contours touch.

Proof. We have seen already the invariance of p(y) with respect to isotopies. To
prove that s is well-defined by the above we must prove the invariance of s with
respect to the touching transformation. To show this we use the following

Lemma 6 Let P be a pair of pants, i.e. a Riemann surface, which is topologically
a sphere with 3 discs removed. The boundary OP = a + [ + v consists of 3 simple
non-intersecting contours. Then

p(a) +p(B) +p(y) =0 (10.5)

(all the equalities here and below are in Zs ).
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Proof. Let z be a conformal map of P to the complex plane. The image of it is
a plane domain P C C, which is topologically a disc with 2 holes. The coordinate
z is an annular coordinate for all simple cycles on P. Identity (10.5) is the identity
for monodromy of f(z, z) in the plane domain P.

It is easy to see that the touching transformation always transforms two simple
contours into one simple contour, which is cobordant to their sum, or vice versa.
These three contours form a pair of pants, the equality (10.5) for which completes
the proof of the proposition.

Lemma 7 Let T be a torus or a torus with a hole and a,b be a canonical basis of
cycles (aob = 1) of T. Then the form s calculated at the element na+mb € H1 (T, Z2)
s given by

s(na + mb) = ns(a) + ms(b) + nm. (10.6)
Proof. Since we consider H; (T, Z3), the only equality to be proved is
s(a+b) =s(a) + s(b) + 1.

Let z be a flat coordinate of the torus. As we have seen in Example 3, Vdz changes
sign along any simple contour on 7. This means that f(z,z) acquires the factors
(=1)*(@)*1 and (—1)*®)*! along the cycles a and b respectively. The group of f(z, z)
is multiplicative, therefore the factor along a+b is equal to (—1)5(‘1)+5(b). To calculate
s at a + b we should multiply the monodromy of f(z,z) by (—1) since v/ dz changes
sign along a + b:

[z, 2)Vdz S5 (1) OO f (2, 5) Vi,
which completes the proof.
Corollary 3 For any two cycles v1,%v2 on a torus or on a torus with a hole,

s(y1 +72) = s(y1) +s(v2) + 7072, (10.7)
where 1 o 42 1s the intersection number.

Proof. Let v1 = nia 4+ mib, ¥2 = naa + mab. The following calculation proves
(10.7):

s(y1+72) = (n1+mn2)s(a) + (m1 + ma)s(b) + (n1 + n2)(m1 + ms) =
= (ni1s(a) + mis(b) + nimy) + (nas(a) + mas(b) + nams) +
+  (nima +namy) = s(71) +s(72) + 1072

Proposition 9 s: Hy1(R,Z2) — Zs is a quadratic form, i.e. for any two elements
aaﬂ € H1(R, ZQ);

s(a+8) = s(a) +5(8) +aep, (10.8)

where av o B is the intersection number.
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Proof. Let us fix some standard basis of cycles on a Riemann surface R of genus
G with K holes or punctures and let

a = a1+...+ag+7,
B8 = f+...+Pc+d

be a decomposition of & and § in Hi(R,Zs), where a;, §; are the simple contours
corresponding to the i-th handle of R, whereas 4 and § correspond to homology of
holes and punctures. These elements have the following intersection numbers:

aofi=1 ajoaj=pFofj=a00=0, 1#£],
ajoy=a;0d =fioy=Fiod=7v04=0.

Let us take a part of R corresponding to the i-th handle. This part can be chosen
to be topologically a torus with a hole. Corollary 3, applied to such a part, gives

s(ai + Bi) = s(a;) + s(8i) + ai o Gi.
Using this we easily get (10.8):

s(a+ p) :ZS(Ozi+ﬂi)+S(’7+5) =
=D _(s(es) +5(8)) + D a0 fi + 5(7) +5(9) =

K3

:S(Zari-’Y)"‘S(ZﬁrFé)‘i‘ﬂoﬂ

Definition 7 The quadratic form s : H1(R,Z2) — Zs is called a spin structure of
the spinor f(z,2z)\Vdz

Let R be a Riemann surface with G handles and K punctures and d a contour
a homologous to zero surrounding all the punctures. Let us chose a basis an, by, dg
of H1(R,Z) in such a way, that the cycles dg,k = 1,..., K surround each its own
puncture, the cycles a,,b,,n = 1,..., G form a canonical basis of the compact part
of R and do not intersect d. Then to the spinor there correspond characteristics
[a, B,8] € Z3E+K

O[:(Cll,..-,aG), B:(ﬁlu"'aﬁG)u 5:(515“'551()5

where o, = s(an), Bn = s(bn), o = s(di).
Since d is homologous to zero the sum of §'sin Z- always vanishes

0+ ...+ =0.

All the other characteristics are independent, which shows that there are 22G+K-1

if K # 0 and 2%% if K = 0 different spin structures.
The characteristics [a, 3, ] depend on the choice of the basis of the compact part
of R and on the arrangement of the punctures.
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Definition 8 The scalar product

G
<@, B>=) aifl €L

i=1

1s called the parity of the spin structure.

Proposition 10 The parity of the spin structure and the number of 6,'s, which are
equal to zero are independent of the choice of basis in Hi(R,Z).

The independence of the number of vanishing 3.'s is evident. The invariance of
the parity of the spin structure needs some calculation, which can be found, for
example, in [7]. One should consider a symplectic transformation, which relates
canonical bases a,b and @', b’ and then prove < o, 3 >=< o', 3 > using (10.8).
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Integrable systems, harmonic maps and
the classical theory of surfaces

M. Melko and I. Sterling

1 Harmonic Maps and Surface Theory

Many geometers in the 19th and early 20th century studied surfaces in R with
particular conditions on the curvature. Examples include minimal surfaces, surfaces
of constant mean curvature and surfaces of constant Gauss curvature. The typical
observation was that one could introduce a special coordinate chart (i.e. curvature
lines or asymptotic lines) in order to reduce the compatability conditions of the given
class of surfaces to some nonlinear P.D.E. In this way, the description of a given
class of surfaces is reduced to the study of the solution space of the corresponding
P.D.E. The following table illustrates this correspondence. Here, the compatability
conditions are given in curvature line coordinates.

Geometry Soliton P.D.E.

constant mean curvature H = 1/2 | wgp + wyy = —sinh w

constant Gauss curvature K = 1

constant Gauss curvature K = —1 | wgyp —Wyy = sin w

minimal surfaces H = 0 Wep + Wyy =
Table 1

The classical geometers were able to give detailed descriptions of those solutions
that satisfy additional conditions (e.g. solutions corresponding to surfaces of rota-
tion), but there was no methodology at hand by which one could characterize the
entire space, or at least a reasonably large subset thereof. A brief discussion of their
results is relegated to the third section of this paper.

The intervening period of time has seen the development of the theory of inte-
grable systems, or soliton theory. The idea of this theory is to find a bi-Hamiltonian
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system (of infinite dimension) that has the given P.D.E. (or set of P.D.E.’s) as a com-
patability condition. This system turns out to be completely integrable, moreover,
one can apply the theory of algebraic curves to construct action-angle coordinates
on the corresponding phase space.

This theory, which appears to be the correct approach to describing the space of
solutions corresponding to a particular class of surfaces, is outlined in the following
section.

Here, we shall concern ourselves with the problem of constructing the preliminary
data that is needed for the development in Section 2. This is done via harmonic
maps. A more detailed account for the case that ¢ is the Minkowski metric may be
found in [21].

In what follows, we assume that R? has a metric, which we denote by &, and we
denote the corresponding Laplacian on (R?, ¢) by A. We are mainly interested in
the case that ¢ is either the standard Euclidean metric or the standard Minkowski
metric. We denote the standard metric on S2 by 6.

A map ¢ : (R?, &) — (52, d) is then defined to be harmonic if its tension field
vanishes, that 1s

T(¢) = trace. (Vdy) =0,

where V denotes the connection on the vector bundle T* (Rz) ® w*(TSz) induced
by the metric £* ® 4.

The above equation arises as the Euler-Lagrange equation for the variational
problem of the energy integral

1
Bo)i=3 | 140 |osdsdy

Here, U denotes an open set in R? (with compact closure), and || ||.gs denotes the
norm on T*(R?) ® ¢*(TS?) induced by * @ 4.

It should be pointed out that this variational problem is only formal in the case
that € is not positive definite. Also, the harmonicity of ¢ is invariant under conformal
transformations (because the domian is two-dimensional).

The following well-known fact is the key to our approach:

Proposition 1.1 A smooth map ¢ : (R?, €) — (S?, &) is harmonic if and only if
Ay =pi, p:R* SR (1.1)

The idea of the proof is simply to consider 1 as a map into R3, and then to
compute the Euler-Lagrange equation with the constraint [|1||s = 1, see also [39].

It is natural to try to make use of the symmetric space structure of S? in order to
put the harmonic map equation (1.1) in some tractable form. For that reason we
introduce the following notation conventions: First, we consider G = S3 as being the
group of unit quaternions. We denote the quaternions by H and write {1,1,j,k} for
the usual basis. Furthermore, we denote the Lie algebra of G by G := T1S2, which
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we identify with the set of imaginary quaternions. Given these identifications, we
may write the symmetric splitting of G corresponding to S2 by G = K & P, where
K:=Ri,and P:=Rj$ Rk.

Since R? is contractible, the pullback v*(S?) is necessarily a trivial circle bundle
over R2. This is equivalent to saying that a smooth map ¥ : R? — S2, always has
a smooth lift ¥ : R?2 — S3 such that the following diagram commutes:

R? s? .

It follows that the maps ¢ and ¥ are related by the identity
Y=VivTl, (1.2)

We wish now to characterize equation (1.1) in terms of the derivative of the lift .
Translating d¥ back to the identity from the left side gives us a G-valued connection
1-form A := ¥~1d¥. The connection A may be decomposed into its £ and P parts.
Specifically,

A=Ade+A'dy, A =Ay+A,, A"=Al+A!, (1.3)

where, A’ | A’ are G-valued functions, Af, , AY are K-valued functions, and A} | AY
are P-valued functions on R2.
The *-operator on the exterior algebra £*(R?) induced by the metric ¢ extends

linearly to an endomorphism of the graded Lie algebra of G-valued exterior forms
EX(R?, G)~ & (R?Y) ®4G.

Definition 1.2 The connection A is admissible if it satisfies the pair of equations

dA—f—%[A,A]:O , dx Ay +[Ag, A1) =0, (1.4)
where Ay := Aldz + Aldy and A5 := Aldx + Aldy .

The first equation in (1.4) (the integrability or flatness condition) guarantees that

the connection A integrates to a map W. The second equation (the harmonicity
condition) is equivalent to (1.1).
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We denote the space of harmonic maps by £, and the space of admissible connec-
tions by C. Further, we define the gauge group to be C*°(R?, S!), where S! denotes
the complex numbers of unit modulus. An element g in C*°(R?, S') acts on a map
¥, resp. a connection A by the rule

\Ilr—>\Ilg_1, Ar—)—dgg_1+gAg_1.

Since a map ¢ = Ui¥~! is invariant under such gauge tranformations, one easily
obtains the following:

Proposition 1.3 There is a one-to-one correspondence between the space of har-
monic maps L and the moduli space M of equivalence classes of admissible connec-
tions under the action of the gauge group.

We have found an equivalent formulation of the harmonic map equation (1.1) in
terms of the pair of equations (1.4). Now we combine the pair of equations (1.4)
into the single equation (1.6) by extending the range of values of the connection A.

Let gC = G ® C ~ SL(C?) denote the complexification of G, and set KkC =
K ® C, pC = p ® C. Then the corresponding bracket induces a complex Lie

algebra structure on the ring extension GC = gC[,\, /\‘1], where X takes values in
C, := C\ {0}. Tt is easily shown that the space

QS:{ZA“EaeéC |EGEICC if a even, afaEPC if @ odd }

induced by the symmetric splitting G = K &P is a Lie subalgebra of éc. Complex
conjugation extends in the obvious way to gC, and therefore induces a conjugation
operator on the algebras gC and gS. We denote all of these conjugation operaors
by ().
We now extend A to a family of connections A* with values in GS by the rule
(AN = AL+ AL (AY = AV XTEAY ) e, . (1.5)
For reasons to be explained later, A will be referred to as the spectral parameter.

The following fundamental observation was first due to Pohlmeyer [27]:

Proposition 1.4 A is an element of the space of admissible connections C if and
only if its associated loop A satisfies

1
5

In order to recover the the geometry determined by the metric €, we need to

dA* + 2 [AY AN =0, YiecC, . (1.6)

restrict ourselves to some real form of the complex Lie algebra QNS These real
forms can be obtained as the fixed point sets of appropriate involutions on g”S If
we denote the involution corresponding to the Euclidean metric by ¢g, and that
corresponding to the Minkowski metric by ¢y, we have
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w(E) =&, () =€

Suppose that ¢* = Yoa A%, with &, € KC if a is even, and §, € PC if ¢ is odd.
Then &* is invariant under i, resp. ty, if A € S! resp. A € R, and, in both cases,
&, € Kifaiseven, and &, € P if a 1s odd. In the first case, the real form of QS is an
example of a twisted loop algebra. In the second case, one obtains another example
of a Euclidean Lie algebra. Both of these algebras can be equiped with ad-invariant
inner products.

If the associated family of connections defined by (1.5) is restricted to lie in the

appropriate real form of QNS, one easily obtains the following:

Corollary 1.5 To every harmonic map v : R? — S2, there is a naturally associated
one-parameter family of harmonic maps . When ¢ is the Euclidean metric on R?,
X €8S, and when it is the Minkowski metric, X € R.,.

Now we wish to consider the problem of realizing a given harmonic map as the
Gauss map of some surface in Euclidean R3.

With appropriate regularity conditions on the harmonic map ¢, one can put
a corresponding admissible connection into a normal form. This process involves
a conformal transformation of (R?, ¢) and a gauge transformation. Each normal
connection represents an equivalence class of harmonic maps under the action of
the group of conformal diffeomorphisms of (R?, ¢).

For the case that ¢ is the Minkowski metric, the appropriate regularity is that ¢
is “weakly regular”, i. e. one assumes that the differential di never vanishes on the
characteristic directions. This implies that the corresponding surface has a global
parametrization in asymptotic coordinates. It then follows that A can be put in the
form

. 1 ~ . 1 :
A’:—lQu—ﬁe_lnkeln, A”:lQU+§elﬂke_ln,
where Q = w/4, and v = 2 + y and v = z — y are asymptotic coordinates. The
integrability condition in (1.4) is then easily computed to be the (real) sine-Gordon
equation:

Wyy = Weg — Wyy = SIN W .

Similarly, if ¢ is the Euclidean metric, we assume that the eigenvalues of di |, ),
considered as a linear map into T(w’y)S2 are never equal. Geometrically, this condi-
tion means that the corresponding surface has no umbilics, and hence global cur-
vature line coordinates. The normal form for A is essentially the same, and the
integrability condition becomes the elliptic sinh-Gordon equation:

Wrr + Wyy = sinh w .

Note that the real sine-Gordon equation and the elliptic sinh-Gordon equation are
both real forms of the complex sine-Gordon equation.
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Proposition 1.6 Let ¢* be the family of harmonic maps associated to a harmonic
map 1), and let U* be its lift to S. If ¢ is the Buclidean metric on R?, then

d - iT
Pr = o) A=

is a surface of constant Gauss curvature K = +1 in R3 for every t.
Similarly, if ¢ is the Minkowski metric on R?, then

d ,
A — e \I//\ ‘I’)\ -1 A=¢7
¥ dTl =t ( ) ) €

is a surface of constant negative Gauss curvature K = —1 in R3 for everyt.
Furthermore, in both cases, if A = U~1dV is in normal form, then Adg» is a
canonical frame for each surface .

The formulas for the parametrized surface ¢* given above are originally due to
Sym [33] (for K = —1) and Bobenko [5] (for K = +1 or H = 1/2). (Sym has
derived similar expressions for a variety of other examples.) We remind the reader
that proofs for the case that ¢ is the Minkowski metric can be found in [21].

As noted in Table 1 the soliton P.D.E. corresponding to surfaces of constant
positive Gauss curvature K = +1 is also the elliptic sinh-Gordon equation. Geo-
metrically, this equivalence follows from Bonnet’s Theorem that to every surface
with K = 41 there is a parallel surface with H = 1/2. A surface with a linear rela-
tionship between the Gauss curvature K and the mean curvature H is called a linear
Weingarten surface. Table 1 gives a complete list, up to homothety and parallelism,
of the nontrivial linear Weingarten surfaces.

So far we have restricted ourselves to linear Weingarten surfaces in three-dimen-
sional Euclidean space. In closing, we would like to mention a few other examples of
interesting classes of surfaces that correspond to well-known soliton-P.D.E.’s. These
are listed in Table 2, below.

A conformal harmonic immersion of R? into the Lorentzian 4-Sphere is a minimal
immersion. By means of Lie’s sphere geometry one can construct a correspondence
between such minimal immersions and Willmore surfaces in R3. (For a survey of
Willmore surfaces, see [26].) The corresponding compatabilty conditions for the
surface can be expressed in terms of the Toda system given in Table 2. The Willmore
torus (Figure 9) constructed by Ferus and Pedit [16] is one of the simplest nontrivial
examples constructed via this method.

If one idealizes a smoke ring as a curve in R3, then the surface swept out by
its evolution over time (Figure 10) is another example of a class of surfaces arising
from a soliton equation. In this case, the compatability condition is the nonlinear
Schrodinger equation, and the corresponding surface is called a Hasimoto surface
(see [17] and also [24]).

Bianchi also studied classes of surfaces whose compatability equations are of a
more general character than the Weingarten surfaces discussed above. These results
appear in the original version of his book, but not in the German translation. These
“Bianchi surfaces” have also been studied by Antoni Sym et. al. These surfaces are
discussed in more detail in [7].
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Examples of such “soliton geometries” also arise in affine surface theory [34].

Geometry Soliton P.D.E.
Willmore surfaces | wez + wyy = 2€ cos n—2e¥
New + Nyy = 2 e”2¥sin n

— 2w

Hasimoto surfaces | wyy = —iw; + w|w|?
Bianchi surfaces | see Bobenko’s contribution [7]
affine spheres Wey = €% —e™ 2

Table 2

2 Hamiltonian systems, Spectral Theory and Flat Connec-
tions.

The purpose of this section is to indicate the correspondence between the flat con-

nectons discussed in the previous section and the theory of Hamiltonian systems.
Let’s begin with the assumption that G is some Lie algebra, possibly of infinite

dimension, equiped with an ad-invariant inner product { , ). In the case when G

is finite dimensional, it possesses a canonical Poisson structure. If C®(G) is used to
denote the space of smooth functions on G, and V is used to denote the gradient

on the Euclidean space (é, ( , )), then this Poisson structure is the bilinear map
{, }:C®(G) x C®(G) = C>(G) given by
19300 = (x, [Vflx, Vo), (2.1)

where [ | ] denotes the bracket on G. It is known that this bracket is nondegenerate
on the adjoint orbits of G (the group corresponding to é) in é, making them into
symplectic manifolds.

We now drop the assumption that G is finite dimensional, and suppose that L €

End(G) is a linear operator which is self-adjoint with respect to { , ). Suppose,
further, that L has a finite-dimensional invariant subspace, which we denote by V,
and that the restriction of £ — adg(g)(ﬁ) to V defines a vector field on V. Here, ad’
is used to denote the adjoint representation of G. The pullback of the bracket (2.1)
to the subspace V via the inclusion map immediately gives us a finite-dimensional

Poisson manifold (V, { , }). If we further define the Hamiltonian h to be the
quadratic function
1

h(x)=§<x,L(x)>,

we have that (V, { , }, h) is a Hamiltoniansystem. Since L is self-adjoint, V A, =
L(x). Hence Hamilton’s equations take the form

K= —adfi (0 - (22)
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Note that the conditions on L are equivalent to saying that both the gradient and
skew-gradient of h are tangent to V. It is easily shown that the solution curves to
(2.2) have the form

X(t) = (T(t)) 1w (t) | (2.3)
where ¥ : R — G is a curve in the group G of ¢ with ¥(0) =1, and x(0) = ¢ € V
(see [21]).

Note, in particular, that the form of (2.3) implies that the spectrum of p(x) is
independent of the time ¢, where p : G — End(W) denotes a representation of G
on some finite-dimensional vector space W. Furthermore, if we complexify W to

obtain W& = W @ C, we may think of (2.3) as defining a deformation of the
decomposition of p(£), considered as a linear map on W™ | into eigenspaces.

At this point, we assume that the G is some Euclidean algebra obtained as an
extension of G, the Lie algebra of imaginary quaternions, e.g. either of the real forms
of gl? described in Section 1. Then we have that (2.3) depends on the spectral
parameter, 1.e.

XHt) = ()T () (2.4)

The evaluation map é* + p(€*=*0) gives us a representation of G into End(WC).
In analogy with the previous remark, equation (2.4) implies that the affine algebraic
curve

L(€Y) = {(1,A) € C x C, | det(pl — p(x*(t)) = 0} (2.5)

where I 1s the identity on G, is independent of the time ¢. This curve is called the
spectral curve associated to the loop &€*. In most of the cases discussed in Section
1, T(€*) turns out to be hyperelliptic.

By observing the behaviour of the eigenspaces of ad? (x*(t)) in GC as a function

of t, we may interpret (2.4) as a deforming complex line bundle in T'(£*) x gC.
This gives a representation of a solution to (2.3) as a line in the Jacobian of the
corresponding spectral curve.
There remains the question of complete integrability of this system. Equation
(2.2) is not, in general, completely integrable with the given Poisson structure.
The standard method of obtaining an integrable system is to substitute the given
Lie bracket on é with an another bracket. This new bracket is given by

where R € End(g) is required to satisfy the modified classical Yang-Baxter equation

R([RE&), nl+[&, R()]) — [R(&), R()] —ef¢, n] =0, aeR

This equation is a sufficient condition for insuring that [ , ]g satisfies the Jacobi
identity. A linear endomorphism R that satisfies the Yang-Baxter equation is called
an “r-matrix” (see also [39, 9]).
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We denote the canonical Poisson structure associated to (é, [, Ir) by
{ , }r. This new bracket has the property that (certain) conserved quantities of
(V,{, Ir,h) commute with respect to it. This allows us to apply Arnold’s the-
orem on integrable systems to obtain a dynamical system on a torus (or cylinder).
In fact, the branch points of I'(¢*), for €* € V, together with linear coordinates on
(a real subtorus of) its Jacobian Jac(é*) essentially give action-angle coordinates
on V.

In this way V can be given the structure of a bi-Hamiltonian system (see [22] for
the definition).

By way of an example, we consider the case of surfaces with constant Gauss
curvature K = —1 (i.e. when the metric ¢ on R? is the Minkowski metric).

Writing G = ATIGIA @ G @ MG[)], we define the needed R-matrix to be R :=
Iy —II_, where II_ : G — ATIGIATY] resp. I, : G — AG[A] denotes the projection
of a Laurent polynomial onto its tail of negative resp. positive terms. For each
nonnegative integer n, we define linear operators L! , L” on G by the rules

1
5 (R=1) oMy, (2.6)

where M5y denotes multiplication by the polynomial p(A).

L/

1
::E(R‘i'l)OM)\l—n s LZ =

We further define a nested sequence of finite dimensional subspaces of G, by the
rule

Gr={> & €G|&eKifaeven, { €Pifaodd} .

—-n

It is easily verified that the restriction of the above operators to Gg is given by
.1 . 1 .
Ly (&) = §En—1+)\5n ) L&) = —§El_n—)\_15—n (2.7)

where &* = YoaAa € QNZ In particular, they leave QNZ invariant for n odd.

Let us denote the real form of QNS corresponding to € by ¢ € QNg An element
& e ég will be called an admissible loop in normal form if € = Z’in A, for n
odd, é_, = —(1/2)e'“o k and &, = —(1/2) e~ %o k, where wy € R.

Recall that we defined (u,v) to be characteristic coordinates on (R?, ¢). For
notational convenience, let ad denote the adjoint representation of é§

We are now ready to state the main result of this section:

Theorem 2.1 Let £ € ég be an admissible loop in normal form. Then there exists
a unique smooth map x* : R? — G? satisfying the system of Lar equations

Xu = —aden(X*)(XA) y Xv = —adu,;(x%)(X/\) ) X)‘(an) =&t (2.8)
Furthermore, if A* = (A*) du + (A*)" dv, where
(AY =L (N, @AY =L, (2.9)

then A is the family of connections associated to a connection in normal form.
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Remark: The solution y* to the above system of equations also has a geometrical
interpretation. It is referred to as a polynomial Killing field because 1t is a Laurent
polynomial in A and an infinitesimal symmetry of the family of connections A*.
Furthermore, one has that the kernel of ad? (x*=!) determines the direction of the
axis for the corresponding surface ¢*=!. This axis is apparent in the series of pictures
at the end of this article.

3 History

Wente, in his 1984 paper [37] (Figure 4), solved the long standing problem of Hopf:

Is a constant mean curvature surface in R3 (soap bubble) that is complete and
compact necessarily a round sphere?

Wente proved that there exist soap bubbles (Wente tori) with the same topological
type as a torus. He had learned from Eisenhart’s textbook [12] the relationship
between soap bubbles and the sinh-Gordon equation discussed in Section 1. Had he
read a few more pages in Eisenhart he would have seen that the classical geometers
had already found the solutions he would spend years reconstructing via analytical
methods [38]. These solutions play a central role in Wente’s work.

In fact, in 1985, after Wente’s construction, Abresch [1] rediscovered the methods
of Enneper (and his school) [13] and [14], used over a century earlier. Abresch
gave explicit formulas, in terms of elliptic integrals, of Wente tori. The simplifying
ansatz of Enneper was the geometric condition that one family of curvature lines
be planar. As mentioned in Section 1, to each constant Gauss curvature K = +1
surface, there is a parallel surface with constant mean curvature H = 1/2. So there
are in some sense three cases: K = —1, K = +1, and H = 1/2. And Enneper had
three students: Lenz, Bockwoldt and Voretzsch (resp!). And each wrote a doctoral
dissertation [19], [8] and [35]. The dissertation of Voretzsch is the most impressive.
The last six pages are tables of numbers giving the x, y, and z coordinates of a
constant mean curvature surface. It is important to note that it was not known
until Wente’s paper in 1984 that some of these examples in fact close up to form
compact soap bubbles. As early as 1982 Walter [36] attempted to construct compact
examples using Enneper’s method. In 1986 Abresch [2] extended Enneper’s method.
This second paper of Abresch played a pivotal role in the modern development of
the theory.

Enneper’s solutions, in the case K = —1, correspond to the solutions generated by
(symmetric) genus two hyperelliptic spectral curves [21] (Figure 3). Solutions corre-
sponding to genus one spectral curves arise geometrically by assuming the stronger
condition that the surface is a surface of revolution. The rotationally invariant ex-
amples were discovered much earlier (in 1839) by Minding (Figure 1). The analogous
constant mean curvature surfaces of revolution were found (in 1841) by Delaunay

(Figure 2).
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In 1883, Dobriner [10], wrote a long paper essentially repeating Enneper’s 1868
work. The editor allowed (in the same issue) a scathing rebuttal by Enneper [15],
criticizing Dobriner for being 15 years behind the times!

Nevertheless in 1886 Dobriner [11], solved a much harder problem posed by En-
neper:

Characterize those constant Gauss curvature K = —1 surfaces with one family of
spherical lines of curvature.

In this elegant paper, Dobriner classifies all such surfaces and derives an explicit
representation of such surfaces by means of theta functions. Dobriner’s solutions cor-
respond to the solutions generated by (symmetic) genus three hyperelliptic spectral
curves [21],[24] (Figures 7 and 8).

An excellent historical survey of surfaces of constant curvature is Reckziegel [28].
The earlier works of Bonnet, Dini and Joachimsthal are discussed. Also discussed are
the examples of Kuen [18] (Figure 5) and Sievert [29] (Figure 6) which correspond to
simple solitons and are given explicitly via trigonometric functions. One of Kuen’s
beautiful surfaces graces the cover of Gerd Fischer’s book (see [28]).

The most detailed and comprehensive work from the classical perspective is that
of Steuerwald [32]. This paper also gives a complete discussion of Backlund’s trans-
formation and it’s relationship to Enneper surfaces.

Recall that the sine-Gordon equation, in characteristic coordinates, is given by

Oy Opyw = 8in w

where w is a real-valued function on the plane. In [20], Lie observed that if w is
a solution to this equation, then & (u,v) := w (Au, A\~1v) is also a solution for all
nonzero real numbers A. By virtue of the fundamental theory of surfaces, there is
a K = —1 surface associated to each &. This collection of surfaces, constructed via
Sym’s formula in Section 1 is the associated family of the surface corresponding to
w. The parameter A plays the role of the spectral parameter in the soliton methods
described in this paper.

Some of the standard references for surface theory deal with the work of Enneper
and Dobriner. These include Darboux and Eisenhart. In 1893 Adam (probably Dar-
boux’s student) also studied Enneper surfaces [3]. The Ttalian edition of Bianchi’s
textbook [4] is more inclusive than the German translation. For example, Bianchi’s
multisoliton like surfaces can be found there (Figure 11 and also [30], [31]).

A classification of constant mean curvature tori using soliton theory is given
in Pinkall-Sterling [23]. These surfaces can be generated by theta functions using
Bobenko’s representation [6].
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Fig. 6 Siever, H= 1
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Flg. 9 Ferus-Fedil. Willmore F,'!g. H el Piﬂkﬂ!j«g{eﬁing, Hasimoto

Fig. 11 Bianch), Multibubbleion
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The Principal chiral model as an
integrable system

M. Manas

1 Introduction

The study of harmonic maps is an important subject of research not only in Differen-
tial Geometry, but also in Theoretical Physics and Mathematical Physics under the
name of chiral fields [9]. These are maps with values in nonlinear manifolds such as
Lie groups, Grassmannians, projective spaces, spheres, Stiefel manifolds, etc; there-
fore the equations defining these maps are nonlinear. The two—dimensional case can
be solved exactly (with the exception of the Stiefel manifold case, up to now). In
Mathematical Physics this was known for the non-linear o—model since [21], but
it was the Russian school in integrable systems who made an exhaustive study of
the principal chiral model (chiral fields with values in a Lie group), see [11, 18, 10].
The Zakharov-Shabat dressing method was applied in [31, 32] to construct solu-
tions of this model in a systematic way. The analysis performed in those papers
concerns chiral fields from a Minkowski space—time ! hence one is dealing with
a hyperbolic evolution equation, and the solutions found there were of soliton type,
see [18] for a detailed exposition of the dynamics of these solitons. The integrable
character of the principal chiral model is also reflected in the existence of a dou-
bly infinite family of local conservations laws, see [8, 19, 4, 5, 7]. Both aspects can
be deduced from the zero—curvature formulation [21, 31, 32] of the model and the
consequent Birkhoff factorization technique for constructing solutions. In [1] one
can find a beautiful analysis of some particular soliton type solution of the U(N)
chiral model, in particular Morse theory is used to describe the dynamics of the
one—soliton, and also there is a description of the factorization problem in terms of
an infinite~dimensional Grassmannian.

In Differential Geometry the interest in centred on harmonic maps from an Eu-
clidean domain to some manifold, say a Lie group. The seminal paper [26] contains
a brilliant analysis of these maps when the Lie group is U(N). The so called uniton
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solutions can have finite energy, the flag factors [3, 29], and therefore be defined as
maps from the two—sphere S? into U(N), in fact one can characterizes these solu-
tions by the minimal uniton number, which is less than N. This is an unexpected
aspect of the theory, and a rather different situation to that of solitons, in that case
there being no upper bound in the soliton number. Let us mention that the approach
to the factorization problem of [26] and that of [1] is quite similar. In [29] a method
is presented to obtain all the harmonic maps from S? to U(N), in the cases N = 3,4
this overlap with the results of [20]. In [24] there is a Grassmannian model for this
construction, and in [12] we find a clear exposition of the factorization problem,
the natural action, and an infinite-dimensional Grassmannian description. Some of
these results can be extended from the Riemann sphere to an arbitrary Riemann
surface, this is connected with the so called Hitchin equations or two—dimensional
self-duality equations [15]. We want also to remark that in [28] the finite energy 1-
unitons were connected to holomorphic bundles over the compactification of certain
minitwistor space.

From the above exposition is quite clear that two streams of research regarding
chiral fields or harmonic maps from two—dimensional space into Lie groups exists.
It appears that the work of the Russian school is not well known to geometers.
The purpose of this contribution is to give an exposition of the integrable system
aspects of chiral fields or harmonic maps. We are mainly interested in the zero—
curvature representation, the associated factorization problem and its relation to the
dressing method and with the conservation laws, that will be presented in Sections
§3,4,5, and finally in particular solutions arising from this factorization problem
§6—12. We review in §7,10 the papers of Zakharov and Mikhailov [31, 32] giving the
constructions of soliton type solutions with values in U(N),O(p, q), Sp(N), and in
88,11 we extend these results to Euclidean spaces. In Sections 6,9 we present the
reality conditions and finally in Section 12 we give some simple examples.

The main conclusion one obtains is the following. The first part of [26] was es-
sentially known in integrable systems theory since the works [31, 32]. Nevertheless,
the second part of that work gives a relevant analysis of finite energy solutions that
is completely new in integrable systems theory.

We must remark that there are other relevant aspects of the chiral model as an in-
tegrable system that for reasons of space we do not report here. We are thinking now
in the Krichever—Cherednik algebro—geometric method for constructing solutions,
the so called finite gap potentials, of the principal chiral model [5, 7]. Notice that
this might be an interesting area of research — let us mention that in [7] there is an
application of this scheme to the self-dual Yang—Mills equations, but till recently
[16, 17] there was not a clear analysis of the solutions obtained in this way, for exam-
ple in [17] the instanton solutions were reproduced as a degenerate case. Solitons are
degenerate cases of the finite gap potentials, but can unitons be obtain within this
scheme? Another aspect which we have not treated here is the anisotropic principal
chiral field, which is also integrable [7, 10]. In this case the action or energy for the
harmonic map is anisotropic in the Lie group, and now the factorization problem is
not of a Birkhoff type and needs to be formulated in an elliptic curve. Can unitons
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be constructed in this anisotropic case? Finally the relation of the principal chiral
model with other integrable systems is not touched, see [14, 27] for an analysis of
the relation with self-duality equations in four dimensions.

2 The principal chiral model

Let g be a complex Lie algebra and consider the functions u(&,n),v(€,n) € g de-
pending on (£,7)* € C% The principal chiral field equations are (cf. [30])

1
uy + §[u,v] =0,
Ve — %[u,v] =0,

where we have use the notation w, = du/dn and ve = Jv/9¢. This system of
equations is equivalent to

up — ve + [u,v] =0, (2.1)
uy + ve = 0. (2.2)

Eq.(2.1) allows one to find locally a chiral field s(€, ) with values in the correspond-
ing Lie group G such that

u = ¢ -8_1, v = 8y -3_1,
then Eq.(2.2) implies for the chiral field s the following non-linear partial differential
equation

(5¢ 5™ )n+ (5557 )e = 0. (2.3)

We say that u, v are the ¢, n-left currents for the chiral field s, respectively. Notice
that given a chiral field s any function s - Q,with @@ € GG a constant, is a chiral field
as well. Observe that the left currents are the fundamental endomorphims, up to a
normalization constant, appearing in [26, 29].

Suppose now that GG is a compact semi—simple Lie group, and that we restrict our
attention to &, n € R, then we can consider the action & of the map s : R C R —
G, being R an open subset, which is defined in terms of the left currents of s as

S(s) = f:/Rdé’dnB(u,v),

where k is a normalization constant and B is the Cartan-Killing bilinear form in g.
The critical points of the action § are the solutions of (2.3). We are dealing with a
Lorentzian relativistic system defined over a two—dimensional Minkowski space—time
R and so the coordinates & and 7 can be considered as null-coordinates or light
cone coordinates, the standard space-time coordinates in R"! are z = 1/2(¢ + n)
and t = 1/2(&—n). In these coordinates the non—linear hyperbolic partial differential
equation satisfied by the chiral field s is
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(sg ~5_1)x — (st ~5_1)t =0,

being the action function
5:) = K/ dedt(B(s; - 57,5 -57") = B(sg - 571,55 - 571)),
R

where R can be taken as R x [tq,?s].

Performing a Wick rotation ¢ — @ = y, we can consider ¢ € R. Thus ¢ =
r+iy,n =z —iy =&, where (2,y) € R?. We are dealing with an Euclidean two-
dimensional space—time. The non-linear elliptic partial differential equation for s
is

(8 ~s_1)z—|—(sy ~5_1)y =0, (2.4)

which is the Euler-Lagrange equation for the critical points of the following energy
function, or Dirichlet functional,

E(s) = /{/ dedy(B(sy - s 1, 55 - 571 ) + B(sy 571, 5y -571)),
R

where R C R? is an open subset. Solutions to Eq.(2.4) are called harmonic maps
from R into the group G.

If we consider the groups G = SU(N),SO(N) we can impose the constraint
s = id — 27, where 72 = 7, which is equivalent to s being idempotent: s? = id. The
operator m(£,n) is a projector into the subspace V(¢,n) := Im 7(&,n) C cN, RN,
The map s is continuous, therefore the dimension of V (£, n) cannot depend on the
variables £, 7. In this way a chiral model with values in a Grassmannian manifold
can be considered as a reduction of a principal chiral model, see [31, 11, 18, 26].
The non-linear o—model or n—field equation [21] arises when one considers one—
dimensional subspaces characterized by a unitary vector n(&, n),which satisfies the
equations

ng,; + (ng -ny)n = 0.

3 The zero—curvature condition

Let us define
u

w(\) = —de +

d 1
= m, (3.1)

v
1+
where A\ € C\{£1} is a complex spectral parameter. Then, w is a map

w:C\{x1} = A((CQ, g),

assigning to each A a g-valued 1-form. We can consider w as a connection, then its
curvature €2 is defined by
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Q:=dw— 1[(.a,(.a].
2

In [31] (cf. [30, 2]) it was observed that the vanishing condition for the curvature
of the connection (3.1) is equivalent to the principal chiral field equations (2.1,2.2)
for the left currents u and v (this was already noticed, for the non-linear s—model,
n [21]). This follows easily from the identity

L S LS
T—=X14+Xx 2\1-=-X 1+4+X/)°
There 1s an equivalent zero—curvature formulation for the principal chiral model

proposed in [26] which can be obtain from the one described above. Performing the
following homographic transformation

- A+1
A= ——
A—1’
with
by
NS
A—1
the connection w is transformed into

w(8) = 5 (1= Ayudg + (1= A" )ud)

and the vanishing condition for its curvature is equivalent to the equations (2.1,2.2).

4 The factorization technique

In this section we solve the principal chiral model in terms of a Birkhoff factorization
in a Lie group, which can be considered as a matrix Riemann—Hilbert problem. This
approach to the subject is not new, it goes back to [33] and was applied for the first
time to the principal chiral model in [31], see also [18, 11, 10].

Notice that

wly_o=ds-s7!,

and that the zero—curvature condition for w allows us to write

w=dy- -yt (4.1)

for some (X, &, 1) € G. The function ¢ is called an extended solution, or extended
chiral field, corresponding to s. From this one concludes that s = 4 |, _, modG. The
notation of [26] is E5 = ¢(A) and one has s- E_; € G. Given an extended solution 1
the function v - g is also an extended solution for any ¢g(A) € G. We shall introduce
the undressing of a given solution and then give the dressing technique.
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4.1 Undressing solutions

Given a solution to the principal chiral model we present the so called undressing of
such a solution. Consider two small circles I'y, in the Riemman sphere surrounding
the points ¢ = +1, such that ¢ is regular at I',. Then, we have the following Birkhoff
factorization problems defined in a neighbourhood of A = +1

b=l s, p=£l, (4.2)

where 1, _ is the holomorphic extension of v |Fu to the exterior of I', being normal-

ized by the identity at A = oo, and 4 is the holomorphic extension of 1 |Fu to the

interior of I'y,. If there is a solution to these factorization problems when ¢, = 0,

that is ¢ |E,n=0 (A) = g(X) can be factorized as in (4.2), then the pair of factorization

problems (4.2) has a unique solution if &, 7 are close enough to the origin.
Defining the two zero—curvature 1-forms

Wy = gL, =41 (4.3)
Eq.(4.2) implies
wy = dibuy YL+ Adgw. (4.4)

We introduce the notation
wy = U,dé +V,dn,
then Eqgs.(4.3,4.4) gives

u
1-X
From the first identity one concludes that the function U_; is holomorphic outside
the circle T'_q, moreover

Uoto= 0gorm 21 = ety - ¥I74 + Adgoay

U—1 |)\:00 = 0’

and from the second it follows that U_; is holomorphic inside I'_;. Then, Liouville’s
theorem implies that U/_; = 0. Similarly V7 = 0. The zero—curvature condition over
the 1-forms

w1 =Ud, w_1=V_idp,
gives
0,U1 =0, Vo1 =0,

therefore

Uo(&)
1-X

Ui(¢,A) =

where we have used
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u
= Oet1— - ¥i2 = Ogthry ¥y + AdYry

In a similar way

The map sending u(&, n), v(€,n) to ug(€),vo(n) can be understood as an undressing
transformation.

4.2 The dressing procedure

We shall now proceede to give the dressing technique. Define over I',, the functions
Y, by the equations

() vo(n)
-\’ Oy U2} 1—1—)\

Note that 1, do not need to be holomorphic inside I',. Let be I' = T';y UT'_;, and
consider the following factorization problem

Y = bt - 0, p==1, (4.5)

where 9,4 has a holomorphic extension to the interior of I', and v can be ana-
lytically continued outside I' and it is normalized by the identity at co. For small
enough values of the coordinates &, n this problem has a unique solution if ¢ |§,n=0
can be factorized as in (4.5). We set

Oer - YT

w=di- ¢t
then Eq.(4.5) gives
w=duy - 1/’;41- + Adyqwy, p==£l1, (4.6)
where
_ J u(@)/(1=N)dg, p=1
Wu(&ﬂ,)\) = { 'U(?(n)/(l +N)dp, p=-1. (4.7)

Taking into account
Optpr YT = Oetpor 927 =0,
one deduces

w(A) = %+

l— l—i—)\

Hence, we have a dressing transformation ug, vg — u, v, giving a solution to the
principal chiral model s =4 |, _, modG.
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The infinitesimal version of the factorization problem (4.5) is rooted in the adele
ring of the field of rational functions over C, in [6] this was used to construct Lie
algebras in connection with 7—functions. In [25, 23] there is a clear exposition, in
relation to classical r-matrices, of this construction that, adapted to the principal
chiral model, we present here. For each u = +1 consider the loop algebra L, po1g of
polynomial loops over the circle T'), with values in the Lie algebra g, see [22]. Denote
by D = {—1, 1}, and define

L’Dg = L_l}polg © Ll,polg-

Following [22] we denote by L;polg the set of those polynomials loops with holo-

morphic extension to the interior of I';, and we introduce
L;g = Ltl,polg & L-li-,polg'

Then, if L}:ol (T, g) is the set of polynomial loops over I' = T'_; UT'; with a holo-
morphic extension to the exterior of this curve, normalized by the identity at oo,
we have the spliting

Lpg=Lig® L (T 9).

This follows from the Mittag—Leffler theorem for CP!, and it can be extended to
smooth loops using the Sochocki-Plemej’s techniques. Thus, we have a solution to
the modified classical Yang—Baxter equation, therefore a classical r-matrix, which
is given by the difference of the projectors associated to the above spliting. This
spliting, in the smooth case, is the Lie algebra version of the related factorization
problem (4.5) in the corresponding group.

Dressing the initial data over the characteristics

The above method can be adapted to dress the initial data over the characteristics.
For this purpose we normalize ¢ in the following manner

1/).“ |§’77=0 = ld’
thus (4.5) implies
1/) |§,17:0 =id. (48)

Then, we can identify the function 4, of the factorization problem (4.5) with the
function ¢¥,_ appearing in (4.2). Noting that

. -1 _ u

consequence of (4.1), and taking into account the normalization condition (4.8) we
conclude that ¥ |n=0 is regular at A = —1. Then (4.2) implies

1/) |17:0 = 1/)1— |17:0 )
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therefore

up(§) = u(¢,0).
Similarly

vo(n) = v(0,7).

The dressing of these initial data is done with the use of the factorization problem
(4.5) where we must insert the following information for ,:

u(é,0) v(0, )
1=X" 14X

Oty YT = by -] =

and impose the normalization condition

Yu lp=o = id.

From the initial data over the characteristics we have recovered the solution to the
principal chiral model via the factorization problem (4.5); in fact + |,_, is a chiral
field.

Dressing the vacuum

We shall be interested now in dressing a vacuum solution to the principal chiral
model instead of dressing the initial conditions. Suppose that

[uo(€), vo(n)] = 0.

Then wug,vg 1s a solution to the principal chiral model which is called a vacuum
solution. The zero—curvature 1-form wq associated to a vacuum solution is

ol N = 1) e 4 10 g,
Define g by

wo = do - Y5,
and such that

Yo |g oo = id.

Assuming the initial data

u‘)N |E717:0 =9

we can write

¢p:1/:u'g’
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where J)u has a holomorphic extension to the exterior of I', and is normalized by
Yu l¢ p=o = id. Observe that

Yo =11 P =1 .
Then, the factorization problem (4.5) gives

Xo=vhog™h ygt =ty UT] =gy U7
therefore X is holomorphic on the interior of I'. Hence the factorization problem
(4.5) for the vacuum solution is

do-g =X,

where X is holomorphic inside the curve I' and i is holomorphic outside I' with

Y |h—eo =1d, ¥ |,_q = s being a chiral field.

Dressing a known solution

The dressing of a vacuum solution can be extended to a dressing of any known
solution. Suppose that a chiral field is given, say sg, in principle not a vacuum,with
extended solution tg; then the factorization problem

o = X714, (4.9)
where X is holomorphic inside the curve I' and i is holomorphic outside I' with

¥ | o = 1d, gives a new extended solution ¢, s = ¢ |,_, being a chiral field. This
can be proved as follows: The factorization problem (4.9) implies

dX - X' 4 AdX wp = w, (4.10)
wo being the zero—curvature 1-form associated to the known solution sq and w =
di =1, To be an extended solution 1 needs w to be meromorphic in A with poles,

which are simple, at D = {—1, 1}. The analyticity of X on the interior of T and of
¥ on the exterior of this curve imply that w is as in (3.1) with

u = AdX |, _; ug, v=AdX |,__; vo. (4.11)
When X admits a meromorphic extension to C with no pole at A = 0 we have the

following formula giving the dressed chiral field
s=X][,_g - 50 (4.12)

5 Conservation laws

Solving the factorization problem (4.5) one finds solutions to the equations of the
principal chiral model once ug(€) and vo(n) are fixed. There is another aspect of
this factorization problem of interest for us. One can recover an infinite family of
explicit local conservation laws from it. A local conservation law is an expression
like
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a{f = ang:
where the functions f, g are polynomials in u, v and its J¢, 9,—derivatives.
From (4.5) one obtains the condition

v/(14+X)dp, p=1

Ay - 1/’;—+1- + PupAdqw, = { w/(1—N)dé, p=-1, (5.1)

Here the projectors P, are defined in terms of a Fourier decomposition by

Pup Y (1+sgn(u)A)" X, = > (1 +sgn(p)A)" Xa, p==%l.
n n>0

We shall deal with a simple Lie algebra g, and a semi-simple vector ug(¢) € g.
Therefore, we have the linear spliting g = & @& mg, where ¥ := Ker adug(§) is
a subalgebra and mg := Im adug(§) is a subspace with [, m:] C m;. One can
write & = 3, @ [, where 3, is the centre and [ is a semi-simple Lie algebra.
Henceforth in this section we shall not indicate explicitly the é~dependence and we
shall assume that [ug, Jsug] = 0. Then, the maximal abelian subalgebra h containing
the semisimple vector ugp is a Cartan subalgebra. Let A} be the associated positive
root system, and define u} := {a € Ay : a(uo) = 0} and Z4 := A \ug. Thus, the
operator Uy defined as the restriction of adug to m is an invertible operator; in fact
we have the formula

Z’{0_1 = q(uo):

where

q(2) :% 1= H (1- a(zo)2)

OéEE+
All the assumptions made above are satisfied when we dress a vacuum solution such
that ug and vg takes its values in some Cartan subalgebra f of g. For example when
G = SU(N) this case is generic.
To analyse Eq.(5.1) when p = 1 we propose the factorization
iy =V -a-p, (5.2)
where
a =14 |>\:1 s Inp(En,A) €8 o |>\:1 =id; Ind(¢,n, A) € Adam, I |)\:1 =id.
From

Pl—ACW)1+—)‘ = m;

that follows from Eq.(4.5), and where we have use the resolution of the identity
given by id = P, + P,_, we conclude

u = Ada uo. (5.3)

Up u
1 —
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The ¢-derivative of (5.3) gives

ue = [ag - a™t, u] + Adadeuy,
and so

ag - al= U“l'u5.

Here f is as Uy and U~ as Llo_l but replacing ug by u. The é—component of Eq.(5.1)
with the factorization (5.2) reads
u

1—=A

Ve - 971 + AdV(ag -a™! + Ada ¢¢ - ™) = — P AdY (5.4)

We shall use the following Fourier expansions:

Iy =Y (1-X)"0,,

n>0
Ada e = Y (1=,
n>0

and the formulae

1
dg-g = ———(adIng)*0lng,
99 T;O nt 1)!( g9)"dIng
1 n
AdgX = Z H(adlng) X.
n>0

Then, splitting Eq.(5.4) in terms of the above Fourier decomposition we find
expressions for ©, and ®,, as finite polynomials in 3%” u. (If deg u = deg ¢ = 1 then

these polynomials are homogeneous of degree n+ 1.)
The n—component of (5.1) is

(%
14+ X

I, Pt + Ad9d(a, ca~' + Ada ©n -gp“l) =

Thereby a, - a™!

1 1 '
H—/\:Z grrr (L= A
n>0
and denoting by

Ada ¢, -1 = Z(l —\)"d,,

n>0

= v. Using the formula

we get for the coefficients @, expressions as finite polynomials in the variables
I u, O u, v.

Finally, dp-¢~* is a zero—curvature 1-form with values in ¢, projecting it, parallel
to [, into the centre 3 we obtain a 1-form k := > _ (1 — X\)*(k§d¢ + kIdn) that
satisfies

1

n>0
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O kS = D¢k

We have local expressions for Ada kg, Ada k] which are the projection of ®,, o,
into Ada 3. Suppose S = Ada H where H € j3, then if B is the Cartan—Killing form
of g we have

Ay = B(Ada ki,s) = B(kwa)a
b, = B(Ada k?,S) = B(k", H).

no

Therefore
Opan = Ocby, n>0. (5.5)

Now, the image of u is the homogeneous space G/K where K is the corresponding
Lie group to &; thus it is possible to parametrize this homogeneous space by u. The
function S has its image in the same space — this follows from H € 3, so that it
can be parametrized by u. An example is H = ug, that 1s S = u.

Hence (5.5) is an infinity family of local conservations laws. Proceeding in an anal-
ogous way with Eq.(5.1) for g = —1, and supposing that vo(n) has analogous prop-
erties to those of ug, we obtain other infinite family of explicit local conservations
laws for the principal chiral model. (In this case we use the Fourier decomposition
in terms of (1 + A)™.)

In [21] there was found explicitly an infinite family of local conservation laws for
the non-linear s—model. For the principal chiral model in [19] there is an infinite
family of local conservation laws, but there is a differential obstruction to finding
them explicitly. In [8] there was found an explicit infinite set of local conserva-
tion laws for an integrable system obtained from the principal chiral model by a
gauge transformation. Finally in [4, 5, 7] one can find a doubly infinite family of
local conservations laws for this model, the exposition in those papers is related to
the construction of ¢ but it is difficult to find its relation to the dressing method
explained here.

We have given a derivation of a double family of conservation laws based in the
factorization problem connected with dressing procedure. These conservations laws
can be constructed explicitly once ug, vg are fixed. Observe that these conservation
laws are relevant in the hyperbolic case; if we are dealing with an evolution system
the conservations laws give, when appropriate asymptotic conditions are imposed,
constants of motion. In the elliptic case the interpretation is not so inmediate. We
must remark that the factorization (5.2) was introduced, in relation with conserva-
tion laws, in [14].

6 The reality condition for U(N)—chiral fields

We shall give in this section the reality condition for the extended solution ¥(\) of
a chiral field s defined in the appropriate real form of C? and with values in U(N).
From s~! = st it follows that



160 M. Manas

ul = (s s =5 (57 )p = —sg 57,

vl = (s, s =5 (s7'); = —s5 -1

In the Minkowski case, &,n € RYL then the &, n-left currents of s take their values

in the Lie algebra u(N)
ul+u= 0, i+ v =0.

For the Euclidean case we have ¢ = 7, therefore
ult +v= 0,

and so the z, y-left currents of the chiral field s are maps into u(N).
Observe that for the 1-form defined in (3.1) we have

ut ot
A=Y ge—
w(d) %1

When one considers the Minkowski case the Eq.(6.1) reads

di. (6.1)

wMT+w(N) =0,
therefore

vNT-Y() =id. (6.2)
This is the reality condition for the extended solution 3 when we consider the
Lorentzian relativistic case. For harmonic maps from R? into U(N) one has E=1
and so

- e,

/\‘T:_ dn —
w(d) 12" 15

thereby
w()\)T +w(=A) =0,
hence for the extended solution defined in (4.1) one finds the following reality con-
dition
YN (=X) =id. (6.3)
Equation (6.2) implies that over the curve v, = R = {A € C : A = A} the
extended solution v, which by construction is holomorphic outside the curve I', can

be consider as a U(N)-loop based at A = co. When one performs the homographic
transformation

A+
A= —
ix—1

so that
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P

+1
-1

A=1

bl

>

the curve 4, is transformed into the circle S, and co — 1, hence the extended
solution is an element of the based loop group QU (N), see [22].

From Eq.(6.3) it follows that the extended solution, in the Euclidean case, is a
smooth map from the curve 7, = iR = {A € T : A = —\} to U(N) based at oo.
With the homographic transformation

A+1

A=2"-
A—1'

with inverse

P

+1
-1

A=

l‘

3

>

we get that the extended solution F5 is an element of the based loop group QU (N)
[26].

7 Soliton type U(N)—chiral fields over Minkowski space

We present here the soliton type solutions of the principal chiral model over R
with values in U(N). These solutions were found for the first time in [31, 32]. We
shall dress a known chiral field s with extended solution ¢q. For this purpose we
need the function X that solves the factorization problem (4.9). The functions ¥, ¢
must satisfy the reality condition (6.2), therefore X also satisfies this condition. The
M—soliton appears when one considers the function X, which is holomorphic inside
the curve T', having a mereomorphic extension to the Riemann sphere with poles,
which are su’nple at the set P, := {Am, An}Y_,, and the known solution is a
vacuum. The consideration of conjugate poles is motivated by the extension of the
method to the real classical groups O(p, q), Sp(N). Hence X can be written as

M
A, B,
=1id
! +n;/\_/\m+/\_,\m

The reality condition (6.2) implies

o~ _AlL BJn
Z:/\ A A

m

which holds if and only if

Ap Bl =0, (7.1)
A, AL +B,Bl =0,
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where

MA B
A, =id + —m 4 —n
mzz:l)\n_)\m Z:)\n_)\m

m#n
M
B,
Bo=idy Y 3 B
m#n A m=1 An - )\m
With the factorization
A, = X, F!, B, =V,Gl, (7.3)

where X, I, are matrices with N lines and K, columns and Y,,, G, are matrices
with N lines and S,, columns, Eq.(7.1) reads

FlG, =0, (7.4)
and Eq.(7.2) is equivalent to
BnGn = _Xnan; AnFn = Ynalu (75)

which can be written as

X Ft G A VGG

Gn + E E 3 mj‘ = —X,an, (7.6)
m;tn m=1 nAm
X F F, Y,,Gl F,

F, +§ + Y T = Yl (7.7)
A2 A Am

The pole set P,, is chosen such that it does not contain the points 1,—1. Then,
recalling that w,wg have their poles, which are simple, localised at 1,—1, we see
that there are no double poles in the left hand side of (4.10), this implies

dA, Bl + Anwo |,y BT:O
dB, Al 4+ B,w lrex, AL =0,
that using Eq.(7.3) reads
dF} Gn+ Flwo |,oy, Ga =0,
dGl, Fr+ Glwo |,_5, Fn = 0.
These equations, taking into account (7.3) and using the freedom X, — X, f; !,

Fo = Fpfa, Yo — Yog,! and G, — Gpg, for invertible square matrices f, and g,
of order K,, and S,, respectively, have as solution

Fn(g,ﬂ)zﬂ)o(gaﬂ, n) T?’ 7.9
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for some constant matrices F,2, GY satisfying (7.4).
The absence of first order poles at Pp, in the expression (4.10) gives the equations

dw
dAn AL + Anwo |s_y, AL+ dBy BL+ Bawo |,_,, Bl + 4 =2 Bl =0.
A=A

Notice that
dAp, AL+ Apwo |y o, Al = dXp0, Y]

that follows from (7.3,7.9) and the second equation in (7.5). Taking the exterior
derivative in the first equation of (7.5) and recalling (7.8) one finds

dB, Bl + Bawo |y=y, Bl = —(dXnon + Xpday)Y,.

Thus,
Xn(dan— FP 201 Gvi=o
n dA )\:An n 3
which is satisfied if
dw
da, = (FO)t =2 GP. 7.10
o= ()G (710

Then, a chiral field with X having its poles at P, (an M-soliton) is fixed by
M constant rectangular K, x N matrices F}? and M constant rectangular S, x N
matrices G that satisfy the constraint (7.4), M constant rectangular K, x S,
matrices a2, M complex numbers A, and a known solution (vacuum) sq with &, 7—
left currents wug, vg. With these data we reconstruct F,, and G, from Eqs.(7.9,7.8)
and a, from Eq.(7.10) and the initial condition a, |, ,_ = a. Solving the linear
system (7.6,7.7) we get X,,Y, that when introduced in (7.3) gives the functions
Apn, By in terms of which X is defined. Using (4.12) one can construct the chiral
field s in terms of so and X |,_. The &, n-left currents are computed, with the help
of Eq.(4.11), in terms of X |,_,, and the undressed currents uo, vo.

8 U(N) harmonic maps over Euclidean space

As in the previous section we dress a known solution sq with extended solution
. For this purpose we construct the function X that satisfies the reality condition
(6.3), which is holomorphic on the interior of I' and has a meromorphic extension to
the exterior of I' the set of its poles, which are simple, being P, := {Am, —Am }M_;;
as previously the choice of this pole set is motivated by the extension of the method

to the real classical groups O(p, ¢), Sp(N). Hence we write
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(6.3) implies

M o4t

-23 - 3
A+ Ay —Am’

which holds if and only if

The reality condition

A,Bl =0, (8.1)
A, Al —B,Bl =0,

where

L 4, B,
An ::1d—§m—zm)

n

m#n
B
B, :=id + g E —7
n )\ = At Am

With the factorization (7.3) the Eq.(8.1) is equivalent to the condition (7.4) and
Eq.(8.2) is equivalent to

B.Gn = X,a,, A.F, =Y,al.

These equations can be written explicitly as

X Fl Gy i V,n G}, G,

Ghn = X, a,, 8.3
+ )\n_)\m — /\n'f‘)\m * ( )
m#n m=1
M
XnFLF Y GLF, .
F, — momtn MR — Vaal. 8.4
Z_:l/\n+)\m %An—xm o (8.4)

As previously, assuming that the pole set P, is chosen such that it does not
contains the points 1, —1, we obtain from Eq.(4.10)

Ga(&m) = Yo(& A ) Gy, (8.5)
Fa(&,m) = o(é,m,— )FO (8.6)

for some constant matrices F,2, GY satisfying (7.4).
The absence in the expression (4.10) of first order poles at P, gives

dw .
t 0 T _
Xn(dayp + F) —+ X sy Gn)Y, =0,
which is satisfied if
dw
—_ (0t 0 0
day, = —(F,) N . G,. (8.7)
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Then, a U(N) harmonic map, with extended solution such that X has 2M poles
located at P,, is fixed by M constant rectangular K, x N matrices F,) and M con-
stant rectangular S, x N matrices GO that satisfy the constraint (7.4), M constant
rectangular K, x S, matrices ag, M complex numbers A,, and a known solution sq.
With these data we reconstruct F, and G, from Eqs.(8.6,8.5), and ay, from Eq.(8.7)
and the initial condition ay ¢ ,_, = ap. Solving the linear system (8.3,8.4) we get
X, Y, which when introduced in (7.3) gives the functions A,, B, in terms of which
X is defined. The harmonic map s is obtained from the expressions for s and X |, _,
using (4.12). The left currents can be computed with the use of (4.11).

9 The reality condition for O(p,q), Sp(N) chiral fields

We are interested now in chiral fields with values in the real classical groups O(p, ¢),
Sp(N), the pseudorthogonal and the sympletic groups. Recall that such groups are
the set of real matrices g of order p + ¢ for O(p, q) and 2N for Sp(N) such that

g =JgT, (9.1)

where

for O(p,q) and

- 0 —In
7=(n 1)
for Sp(N). Observe that J~1' = Jt = J in the pseudo—orthogonal case and Jt=
J' = —J in the symplectic case. Therefore Eq.(9.1) can equally be written as

g—l — j_lgtj.

The Lie algebras of these groups, denoted by o(p, ¢) and by sp(N) respectively, are
the set of those real matrices satisfying

AT+ TA=0.

The chiral field s takes its values in one of these real groups, then it must be real
s = s, and (9.1) must be fulfilled. The £, n-left currents satisfies

U=s¢-57!=s5-5"",

:8,«7'8
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In the Euclidean case we have £ = 7, thus
U =v.

Then, for the 1-form defined in (3.1) one has

w() =w(),

in the Minkowski case, which implies the following reality condition for the extended
solution

() = (N, (9.2)

In the Euclidean case the reality condition is different, now

wA) = w(=A),
thereby
P(N) = ¢(=N). (9.3)

In both cases it must be also satisfied
Jw(A) —|—w()\)tj =0,

which follows from s(¢,n) € O(p,q), Sp(N). This implies the additional condition
for the extended solution

YN = TN T (9.4)
or equivalently
YT =TT

To summarize, the extended solution ¢ must satisfy the reality conditions (9.2,9.4)
in the Minkowski case and (9.3,9.4) in the Euclidean one.

10 Soliton type O(p,q), Sp(N)—chiral fields over Minkowski
space

Chiral fields from R"! into the groups O(p,q) and Sp(N) can be constructed fol-
lowing closely §7, the construction that we shall report here was first found in [32].
A relevant difference with the U(N) case is that X needs to have conjugate poles.
From (9.2) and (4.9), one has

X() =X(),

which implies
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and (4.9,9.4) gives

i JAL, J‘ JAL T1

that holds if

A JAL =0, (10.1)
ApTJAL + A, TAL =0, (10.2)
with
M —
A, =id + Z Z
m;tn m=1
Writing
Ap = X, Fl (10.3)

where X, F, are matrices with N rows and K, columns, Eq.(10.1) reads

FlJF, =0 (10.4)
and Eq.(10.2) is equivalent to

AnTFn = —Xnan,

which can be written as

t
JF, + Z Xm I ‘7F Z KXo Fon Tl _ — X, n, (10.5)

m#n m=1 An o Am

where of, = —72a,, notice that 72 = id in the O(p, ¢) case and J? = —id in the
Sp(N) case. From Eq.(4.10) one finds

dAT AL + Anwo ,_,, JAL =
which gives

TFa(&m) = do(&,m, Mn) - TF, (10.6)
for some constant matrix F? satisfying (10.4), and

dART AL + Anwo |y, TA, + dAy TAL + Apwo |2y JTAL+

dwo

An ——
d)\ A=A,

JA, =
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which, as one can see, implies

t dwo

A=A,

JF?. (10.7)

Thus, a chiral field such that the associated function X has its poles at Pp, (M-
soliton) is fixed by M constant rectangular K, X N matrices F0 that satisfy the
constraint (10.4), M constant K, x K, matrices a satisfying (o ) = —J2a2, M
complex numbers A, , and a known solution (vacuum solution) so. With these data
we reconstruct F, from Eq.(10.6), and a,, from Eq.(10.7) and the initial condition
an | o = @y Solving the linear system (10.5) we get X,, which when introduced
in (10.3) gives the functions A, in terms of which X is defined. The solution s is
recovered with the use of (4.12), and the associated &, n-left currents u,v can be
computed from (4.11).

11 Euclidean harmonic maps into O(p,q), Sp(N)

The results of the previous section can be extended to Euclidean spaces, therefore
we can construct harmonic maps from R? into the Lie groups O(p, q), Sp(N). The
reality condition (9.3) implies

X(3) = X(-),

thus

M
A A
=id m__ m
ar mz::l A=A At A
and from Egs.(4.9,9.4) we get

_|_

i JAL g1 AL g1
m=1 A Am )\ + j\m .

This, together with (4.10), gives us exactly the same formulae as for the Minkowski
case but now

M

Am
A, =1id ;
—id+ 3 - Y
m#n m=1
and the system (10.5) is transformed into
Xm P}, jF X P T P :
TPt Y = Z =~ Xaa, (11.1)

m#n m=1
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Then, a harmonic map from R? into O(p, ¢), Sp(N), with extended solution such
that X has its poles at P, is fixed by M constant rectangular K, x N matrices F,?
that satisfy the constraint (10.4), a set of M constant K, x K,, matrices af satisfying
(@®)t = —7%a%, a set of M complex numbers ), and a known solution sq. With
these data we reconstruct F, from Eq.(10.6), and «,, from Eq.(10.7) and the initial
condition a, |, ,_o = ;. Solving the linear system (11.1) we get X,, which when
introduced in (10.3) gives the functions A, in terms of which X is defined. Then,

the harmonic map s is determined by (4.12), and its &, n—left currents by (4.11).

12 Simple examples

In this section we present simple examples of the above construction of chiral fields.
Let us start with the unitary group U(N); in this case we are allowed to suppose
that X has only one pole, say at A = o. When we consider the Minkowski space R''!
we find

a—«

X(A) =id + \

F(FTF)~'Ft,

where F is a N x K matrix such that F(£,n) = ¢o(€,n,a) - FO and det F1F # 0.
The rank of F°is K, its K columns giving a basis for the K—dimensional subspace
VO ¢ CV, therefore the set of K columns of F(¢&,n) is a basis for the K—dimensional
subspace V (€, 1) := ¢o(€,n, a)V°. The operator

.= F(FIF)~LFt,

is the Hermitian projector into V' in terms of which the dressed chiral field is ex-
pressed as

o
s = (7rJ‘+—7r) - 50,
o

where 7t :=id — 7.

A similar analysis in the Euclidean case gives

a4+ a .
)‘_aﬂ', (12.1)

and the harmonic map is

X(A) =id +
ol @
s=(m a7r) sq,
which when o € R gives
s:(7rJ‘—7r)-50.
We have A = (a + a)r and A = 7, therefore

dr t + 7w |,__ 7t =0.
A=
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Recall that « ¢ D = {—1,1}, but when @ — 1 the equation collapses to

TugTt = 0,

Ofm 7t + w2t = 0.

If sg is a finite energy uniton one says that 7 is a flag factor for it [3, 29].

A number of remarks are in order at this point. In the Euclidean case we see that
the above formula, in the limit case @ — 1 (now X is not holomorphic at A = 1),
reproduces the singular Backlund transformation, or adding a uniton, of §12 of [26].
The function X that generates this transformation is [26]

X()\):ﬂ'J'—{—:\ﬂ':ﬂ'J'—‘r;iiﬂ':id—{—)‘_l

.

Moreover, as one can see, the simple factors f(j\) of §5 of [26] can be written as
FN) =€ (NXM),

where € 5()\) is defined in formula (18) of [26] and X is given in (12.1). Therefore, the
simple factor f factorizes into a product of an element that belongs to the centre
of U(N) and the Zakharov-Mikhailov function X; notice that in [31, 32] the group
is SU(N) and no centre appears. So Uhlenbeck’s Backlund transformations [26] are
nothing other than the dressing given in the papers [31, 32].Even more, Theorem
5.4 of [26] regarding the factorization of any dressing into simple factors was already
present in, for example, Chapter III, §2 of the book [18]. Nevertheless, Part IT of
[26] cannot be deduced from the known results in integrable systems theory; finite
energy unitons or flag factors are highly nontrivial objects.

For the real groups the simple examples are as follows. We need a matrix with N
rows and K columns say F° that satisfies

(F)!'gF° =0, det(F°)'JF° # 0,
denote by JF = o |,_, J F° Then, in the Minkowski case the function X, that
has its poles located at «, &, is

a—a«

A—a

X(\) = id — JF(FtTF)-1Ft - %jF(FtJF)‘lFt,

The rank of JF° is K, giving its K columns a basis for the K-dimensional sub-
space V° C CN, therefore the set of K columns of JF(&,7n) is a basis for the
K-dimensional subspace V(¢,1) 1= ¥0(£,n,a)V°. The operator

m=JF(F'gF)~'FT,

is the Hermitian projector into V. Observe that
r=JrJg",

and that
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ar = 0.

The operator P := 7w + 7 is an Hermitian projector with P=Pand PP=gPJ"".
The chiral field is

s = (PJ‘ + gﬂ'—{— gﬁ') - 80.

« @

In the Euclidean case we have
a+ o o+ a_

T — T
A—a A—a '
and the harmonic map is

a o
S:(PJ'——TF—j‘;T)-So
o a

X(A) = id —

This dressing transformation when o € R is
5= (PJ'—P)'S().

Is this construction connected with a possible uniton solution with values in the
real groups?
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2-dimensional nonlinear sigma models:
zero curvature and Poisson structure

M. Bordemann, M. Forger, J. Laartz and U. Schdper

1 Introduction

In this chapter some aspects of two-dimensional nonlinear sigma models are dis-
cussed. The solutions to the field equations are (pseudo-)harmonic maps of two-
dimensional Minkowski space into some homogeneous Riemannian manifolds.

In Section 2 we shall give a brief introduction to the physics of these models and
discuss the conditions under which a zero curvature ansatz built out of the conserved
currents is possible: Theorem (2.1) which is an extended version of old work of the
physicists K. Pohlmeyer [29] and H. Eichenherr & M. Forger [11] shows under weak
technical assumptions that such an ansatz works if and only if the target manifold
is a (pseudo-)Riemannian symmetric space. We have included the rather technical,
mainly Lie algebraic proof because the result is new (although not very surprising).
The use of symmetric spaces in this context had recently been rediscovered in the
mathematics literature (see, for example [31]) and applied to harmonic tori, see for
example the work of Burstall-Ferus-Pedit-Pinkall [8]. At the end of this section we
give a brief incomplete historical outline of some papers in mathematical physics
between 1976 and 1981 dealing with the integrability of two-dimensional sigma
models.

Section 3 deals with a symplectic formulation of these models 4 1a Faddeev-Takhtajan
[14] or Maillet [26]: The phase space in question consists of smoothly embedded
curves into the cotangent bundle of the target manifold with a “canonical” symplec-
tic form. We show that for a certain class of functions of these curves including the
above-mentioned currents, Poisson brackets are well-defined and can be computed.
The last part of the section compiles recent work of the authors: The computation of
the Poisson algebra of the currents [17] and —included in Theorem(3.1) — an explicit
calculation of an r-matrix for these models [7] which in finite-dimensional settings is
responsible for the Poisson-commutativity of the conserved charges of the system.
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2 Zero curvature condition and dual symmetry

Nonlinear sigma models were introduced by Gell-Mann and Levi in 1960 [19]. Their
aim was to describe pion-nucleon physics in a low energy approximation to some
Lagrangian field theory defined, say, in terms of a set of self-interacting scalar fields.
These fields can be assembled into a single map ¢ from d-dimensional Minkowski

space ([Rd, n) ((nu) = diag(l,—1,---,—1)) into some (internal) finite-dimensional
real vector space F with positive definite scalar product -, and the Lagrangian is
given by
1
L) = 500606~ V(4). 1)

Here V is a smooth function of F into the nonnegative real numbers (a potential)
which describes self-interactions as soon as it does not reduce to a quadratic poly-
nomial. In a low-energy approximation this Lagrangian £ is modified by requiring
the original fields ¢ to be constrained to the set of minima M of the function V,
this set is assumed to be a real connected submanifold of E (see [28] for a discussion
of M if V is a polynomial invariant under the unitary action of a Lie group). The
scalar product - on £ induces a Riemannian metric h on M. The new Lagrangian
L’ looks like that of a free field theory, but the fields ¢ take values in a Riemannian
manifold (M, h) which in general is curved:

CU) = o h(@)0u60,0 (2.9)

The resulting Euler-Lagrange equations are then the well-known conditions for ¢ to
define a (pseudo-)harmonic map (cf. [32]):

N (0,0,0" + Tip(6)0,670,6%) = 0 (2.3)

(where the F;k are the Christoffel symbols of the metric h). The Lagrangian (2.2)

together with the quadruple (]Rd,n,M, h) is called a d-dimensional sigma model.
Suppose now that a connected Lie group G acts effectively on (M, h) by isometries.
Let G denote its Lie algebra and for each & in G let {3y denote the fundamental
field of the group action defined by m ~— < (exp(t)m) |t=o. Moreover, define the

dt
following one-form a on M with values in the dual space G* of G:
a(m)(vm)(§) = —h(m)(vm,Eu(m)) (2.4)

(where m is a point in M and v, is a tangent vector at m). The one-form « is often
called the momentum map, see [32]. By this we can define what in physics is called
a current as the pull-back ¢*a of a to Minkowski space by the field ¢:

Juldl(€) = —hij(6)0ud' (Em) (4). (2.5)

A straightforward computation shows that if ¢ is a pseudo-harmonic map (i.e is a
solution to the field equations) then this current will be conserved:
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duitlel(§) = 0. (2.6)

If in addition M is a homogeneous space under G, i.e. M = G/H where H is the
closed subgroup of (G stabilizing one arbitrarily chosen fixed point o of M then that
computation shows that on the other hand the conservation of the above current
will imply that ¢ is pseudo-harmonic.

Now in case that (M, h) is not a flat manifold nothing much can be said about

the “general” solution of the above field equation (2.3) if the dimension of space-
time is four. However, in two-dimensional Minkowski space there is an integrability
procedure for certain classes (M, h):
Let us assume that M is connected and homogeneous under the G-action. Since it
is a Riemannian manifold we know that M is reductive, i.e. there exists an Adg (H)-
invariant subspace M of the Lie algebra G which complements the subalgebra H
(see [21], Ch. X, p.190, Vol.IT). Indeed, it is known that the isotropy subgroup of
o in the full isometry group is compact (see [21], Ch. VI, p. 190, Vol. T). Using
the Haar measure for this subgroup one can find a positive scalar product on the
Lie algebra of the full isometry group that is invariant under the adjoint action of
the isotropy subgroup. The restriction of this scalar product to the Lie algebra G
will then be Adg(H) invariant because the subgroup H is contained in the above
isotropy subgroup. The orthogonal complement M of H in G will then do the job.
Now @ is a principal bundle over M with structure group H. The tangent bundle
TM of M can be regarded as an associated bundle over M with typical fibre M, i.e
TM = G xg M and the metric h is determined by its Adg(H )invariant value h,
at the point o on T, M = M. For £ in G denote by £ and {4 its projection on to
H and M, respectively. Observing that the fundamental field 3 (gH) is given by
(g, (Adg(¢™1)é)m) (7 denoting the natural map G x M — TM) the current
for ¢(t, ) = g(t,2z)H is given by

JulgH)E) = —ho((97'0ug)m, (Ada(97)E)m)- (2.7)

For fixed ¢ this current can be regarded as a one-form on a two-dimensional space-
time with values in the dual space G* of the Lie algebra G. In order to make contact
with the zero curvature trick one needs some linear map G — G* to convert the
above current into a Lie algebra-valued one-form on space-time. In order to do that
we shall make the stronger assumption that G is metrisable, i.e. there exists an
ad-invariant nondegenerate symmetric bilinear form Ky on the Lie algebra G (i.e.
Ko([¢,n],¢) = Ko(&,[n,(]) for all £, n, ¢ in G). We shall speak of the pair (G, Ky) as
a metrised Lie algebra. Not every Lie algebra is metrisable (see for example [5] for
a discussion) but, for instance, all semisimple or abelian Lie algebras are. Moreover
we shall assume that the subalgebra # and the subspace M are orthogonal with
respect to Ky in which case we shall speak of a metrised triple (G, H, M, Ky). If the
form Ky is not specified we say that the triple (G, H, M) is metrisable.

Note that a quite general class of homogeneous spaces induces an ad-invariant form
on G: the manifold M is called a naturally reductive homogeneous space with re-
spect to G and H if and only if the scalar product h, on M, in addition to being
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Adg(H)-invariant, satisfies the condition ho([X,Ym,Z) = ho(X,[Y, Z]m) for
all X,Y, 7 in M ([21], Ch. X, p. 202, Vol.I). This is equivalent to the condition
that each geodesic emanating from o with velocity vector X in M is of the form
7 m(exp(rX)) where 7 denotes the canonical projection G -+ M = G/H. Con-
sider the normal subgroup G’ of G corresponding to the ideal G/ = M + [M, M]
of G. Since M is contained in G’ this G'-action is automatically transitive, so we
have M = G'/(H N G'). Then it can be shown (see [22] for the compact and [15]
for the general case) that there exists a nondegenerate symmetric adg/-invariant
bilinear form Ky on G’ such that M and H are orthogonal and the restriction of
Ky to M equals h,. In this manner one obtains a large class of examples, notably
all pseudo-Riemannian symmetric spaces (e.g. compact Lie groups, spheres, Grass-
mannians,...) and all reductive homogeneous spaces whose group G is semisimple
and for which the restriction of (some multiple of) the Killing form to M is positive
or at least nondegenerate. However, a compact homogeneous Kahler manifold is
naturally reductive with respect to a semisimple group of Kahler isometries if and
only if it is Hermitian symmetric (see for example [6] for a proof). Thus for example,
nonsymmetric flag manifolds with their natural SU(N)-invariant Kahler structure
are not naturally reductive.

In any case, we shall suppose from now on that the triple (G,#, M) is metris-
able. Consequently, after having chosen a bilinear form Ky such that the triple
(G, H, M, Ky) is metrised, we can uniquely express the metric h, at o by means of
a Kg-symmetric nondegenerate linear endomorphism S of M:

ho(X,Y) = Ko(SX,Y) for all X,Y € M. (2.8)

Identifying G* with G via Kg we arrive at a Lie algebra-valued version of the current
(2.7) in the following, slightly more familiar form:

dnlgH] = —Ad(g)(S(g™" Oug)m). (2.9)

Clearly, we can write the current as the pull-back ¢* A where A is the Lie algebra-
valued one-form on M = G/H given by

A(gH)(me(g9, X)) = Ad(9)SX forg € Gand X € M. (2.10)

The basic idea for a certain zero-curvature representation of the field equations
is contained in following condition [29, 11]:
Under the above assumptions, we say that (M, h) admits a zero-curvature repre-
sentation for pseudo-harmonic maps by dual symmetry if and only if the following
holds: There exist smooth real-valued functions a,b on some open dense subset of
the real axis and a bilinear form K on G making the triple (G, H, M, K) metrised
such that for any smooth map ¢ of two-dimensional Minkowski space to M the
following is satisfied: the new current (depending on the form K and a spectral
parameter A):

LNl = aNiule] + b(A)(x5)uld]. (2.11)
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(where #j denotes the Hodge dual of j, i.e. (x7)o = j1 and (*5)1 = jo) has curvature
zero:

(L) + (LN, LN] = 0. (2.12)
for all values of A if and only if ¢ is pseudo-harmonic.
However, this approach does not work in general: it imposes restrictions on the
target manifold G/H: The following theorem which is a slight generalization of a
theorem of Eichenherr and Forger [11] deals with the general case:

Theorem 2.1 Let (M = G/H,h) be a connected simply connected homogeneous
reductive pseudo-Riemannian manifold of dimension greater or equal than 2 where
the Lie group G s connected and simply connected and acts almost effectively on
M. Suppose that

1. the triple (G, H, M) is metrisable and that

2. any given two-plane in any tangent space of M is the image of two-dimensional

Minkowski space under the tangent map of a suitable pseudo-harmonic map
to M.

Then the following two statements are equivalent:

1. (M,h) admits a zero-curvature representation for pseudo-harmonic maps by
dual symmetry. If this is the case the functions a and b have to satisfy the
equation

a(A\)? —b(A)? = ca(})
for some fixed real number c.

2. (M, h) is isometric to the cartesian product (My x Ma, hy x ha) where (Ma, hs)
1s a connected simply connected normal Lie subgroup of G with a bi-tnvariant
pseudo-Riemannian metric hy and (My = G1/H, h1) is a pseudo-Riemannian
symmetric space on which another connected simply connected normal Lie
subgroup G1 of G acts transitively. Moreover, G is isomorphic to G x G,
their Lie algebras G1 and G5 are orthogonal with respect to Ko, H is contained
m Gy, and My is different from a point if and only if the subalgebra H 1s
nonzero.

Proof: Since the curvature F of L()) is a two-form on a two-dimensional manifold there
is only one nonzero component, say Fo1 (where 0 stands for the time and 1 for the
space coordinate). In order to compute the (dL(A))o1 part of Fy; we have to know
the exterior derivative d A of the Lie algebra-valued one-form A defined above. Using
the obvious formula ®3;4 = Ad(g)A where ®4 denotes the canonical group action
on M we can compute dA in terms of fundamental fields. Extending S to a linear
endomorphism of G by defining it to be zero on the subalgebra H we can rewrite
this formula to get (letting gX denote the tangent vector mg(g, X) for g in G and
X in M)
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dA(gH)(gX,gY) = —Ad(g)([SX,Y]+ [X,SY] - S[X,Y]).

Writing now X = (¢97'00g)m and Y = (g7'019)rm where the field ¢(¢,z) is given
by g(t, z)H we get

For = bA)(d*7)or[¢] +
+ Ad(g)a(A)(_[SXa Y] - [Xa SY] + S[Xa Y]) +
+ Ad(g)(a())’ = b(AY)[SX, SY]

Now, in view of Hypothesis 2 and Condition (2.6) we see that (M, k) admits a zero
curvature representation for harmonic maps if and only if b()) is nonzero and the
terms after Ad(g) vanish for all X,Y in M. Without any harm this condition can be
extended on all of G since S vanishes on the subalgebra #H and is adg(%)—invariant:
[V,S5X] = S[V, X]. Therefore the crucial condition for G is the following algebraic
equation:

a(A)(=[S¢,n] = [€,Su] + S[E.n]) + (a(A)® = b(A)*)[SE,Sy] = 0

for all £,7 in G and X in some open dense subset of the real axis.
Now suppose that Statement 1 holds. We have to distinguish three cases:

Firstly, suppose that a(A) = 0. Since b(A) must be nonzero, it follows that [S¢,S7]
vanishes for all £, in G. S being a linear isomorphism of M this entails the relation
[M, M] = 0. Moreover, as can easily be computed, S has to be a derivation of G,
ie. S[&,n] = [S&,n] + [, Sy] for all ¢, 5 in G. But since S is symmetric with respect
to K and ad(¢) antisymmetric it follows that we must have [S, ad(¢)] = ad(S¢) and
—[ad(€), 5] = —ad(S¢) at the same time showing that ad(S¢) = 0 which implies that
[G, M] = 0. But then # is an ideal of G and has to vanish because of the assumed
almost effective group action. It follows that G = M is an abelian simply connected
Lie group.

Secondly, suppose that a(A) = +b(X). Then a(A) # 0 and S has to be a derivation
of G. By the second part of the reasoning of the first case (which was independent of
the relation [M, M] = 0) we conclude that [M, G] = 0 showing again that G = M
is an abelian simply connected Lie group.

Thirdly, suppose that a()) # 0 and that (a(X)? — b(X)?)/a()) = ¢ # 0 where ¢ has
to be a real constant. It follows that the map ® = 1 — ¢S is a homomorphism of
the Lie algebra G, i.e. D[, n] = [P&, Py]. Consider the Fitting decomposition of G
with respect to @, i.e. G = G,, ® G, where the subspace G, (the Fitting 0—space)
is defined to be the union of all the kernels Ker®* (k > 1) and the subspace G,
(the Fitting 1-space) is equal to the intersection over all images Tm®* (k > 1).
G is obviously an ideal of G and since ® is symmetric w.r.t K it follows that G,
is the orthogonal space of G, whence it is also an ideal of G by the ad-invariance
of K. Clearly, the subalgebra H is contained in G, hence G, is contained in the
subspace M. Now, by Fitting’s Lemma the restriction ®, of ® to G, is a linear
isomorphism whereas the restriction ®,, of ® to G, is nilpotent. Since @, is a K-
symmetric homomorphism of G, it satisfies both ®nad(¢) = ad(®,¢)P, and the
transposed condition —ad(¢)®, = —®,ad(P,&). But repeated application of these
two equations gives ®nad(€) = ®,ad (D2 ¢) and ad(&)®,, = ad(BZF¢) for an arbitrary
positive integer k. Since ®,, is nilpotent it follows that both equations are equal to
zero. In particular S, (the restriction of S to G, commutes with all ad(¢), € in
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Gn whence the metric K(S¢,n) on G, is Ad(Gy)-invariant where G, denotes the
normal simply connected subgroup of G generated by the ideal G,,. Since ®,, is a K-
symmetric automorphism of G, it again satisfies both ®,ad(¢) = ad(P,¢)P, and the
transposed condition —ad(£)®u = —Puad(P.€) from which one can easily derive the
equation (1 —®2)[¢, 9] = 0 = [(1 — ®2)¢, n). Consider again a Fitting decomposition
of G, with respect to y = 1 — ®;,. By the same reasoning as above we conclude that
the Fitting 1-space Guu is a central ideal of G, which is orthogonal to the Fitting
0-space Gy, which in turn is an ideal of G, . Clearly, the subalgebra H is contained
in Gu, whence G, is again contained in the subspace M. Consider the equation
&2 =1—y, where &,, and y,, denote the restrictions of the corresponding maps
t0 Gun. Observe that the linear map (1 —xn)_1/2 makes sense as a polynomial in the
nilpotent map y, with coefficients of the Taylor series of that square root. Clearly
(1 —Xn)_1/2 = 1—y' commutes with ®,,, where y' is a nilpotent map which depends
polynomially on y,. Since 1 — x’ is equal to the identity on and inside commutators
the linear map ®' = CI)un(l — X’) is an involutive automorphism of the ideal G,,.
Clearly, the subalgebra H is contained in the set of fixed points of ®'. Suppose that
an element X of the subspace My, = M NGy, is contained in the set of fixed points
of ®'. Then, setting 1 — x” = (1 —x')™" (where x” is another nilpotent polynomial
of xn) we get the equation ¢SX = x"X. Since S commutes with x” we would get
(eSY*X = (x")*X = 0 for large enough powers k which is absurd since S is invertible
on M. Hence the subalgebra # is the set of fixed points of &' and the subspace My,
must be equal to the set of eigenvectors belonging to the eigenvalue —1 of ®' because
@’ is involutive (i.e. ® ® = 1) and leaves M, invariant since it is a polynomial in
S. Therefore we get the characteristic commutation relation [Muypn, Muyn] C H for
symmetric spaces. If H is zero then M, will be an abelian ideal of G.

Now we can define the following: If the subalgebra H is zero then the subgroup H
is equal to {1} because it is connected and we set M; equal to the set containing
one point and (Ma, h2) = (G, k') where k' is a bi-invariant metric on G induced by
the Ad(G)-invariant scalar product ko on M = G: this is well-defined because M is
an orthogonal direct sum of the central ideal My @ Guw plus the ideal G, on which
the restriction of & has already been shown to be Ad-invariant.

If the subalgebra H is nonzero we set (M1, h1) equal to (G1/H, hun) where G1 = Gun
is the connected normal Lie subgroup of G generated by the ideal G, and h,y, is the
pseudo-Riemannian metric on M; induced by the restriction of h, to the subspace
Myy. Since Gyup has already been shown to be a symmetric Lie algebra it follows
that (M1, h1) is a pseudo-Riemannian symmetric space. Let M be the connected
normal subgroup of G generated by the ideal My = Gy @ Gn. By an analogous
reasoning as above it follows that the bi-invariant metric k2 on M> induced by the
restriction of ki, to Mo is well-defined. Since G was assumed to be simply connected
it follows from the decomposition of its Lie algebra into the direct sum of ideals that
it is isomorphic to the Cartesian product of G; and Gs.

Conversely, suppose that Statement 2 holds. We have to find an Ad(G)-invariant
nondegenerate symmetric bilinear form K on G such that the A-dependent current
satisfies the zero curvature condition. Define K" on G x G2 equal to the value of k2 at
the unit element of G>. Consider now the ideal Z = M; &[M;, M;] of G where M,
is defined to be the intersection of M with G;. Its orthogonal space in Gi with respect
to Ko is an ideal of G contained in H, hence it follows that G; is equal to Z. Define the
standard form K’ on Z by K'(X,Y) = (h1)o(X,Y) for all X, Y in My, K'(V,X) =0
for all V in H, X in My, and K'([X,Y],[X",Y']) = (h1)o(X,[Y,[X',Y']]) for all
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X,Y, X" Y'"in M. A lengthy but straightforward computation shows that K’ is a
well-defined, symmetric, nondegenerate, Ad-invariant bilinear form on G;. Define K
to be the orthogonal sum K'+2K". Clearly, K is an Ad(G)-invariant nondegenerate
scalar product on G. Choosing ¢ = 2 and observing that the map S is equal to
T, + %ﬂ'% (mam, and g, denoting the orthogonal projections of the corresponding
subspaces) the zero curvature condition is quickly checked. Q.E.D.

Remark: This proof simplifies drastically if one assumes that S is proportional to
mam; this was done in the original proof of Eichenherr and Forger [11].

Choosing the function a()) equal to 2/(1 — A?) and b(A) equal to 2)A/(1 — A?) (in
case ¢ = 2) we get the following expressions for the A-dependent current which we
shall use in the next section:

2 . .
LO = —1_)\2 (]0‘1‘)\]1) (213)

Ly = J1+ Ajo)- (2.14)

2
1— A2 (

We shall not discuss the construction of conserved charges and Bécklund trans-
formations. The interested reader is referred to the paper of K. Uhlenbeck [31] and
to the contribution of M. Mafias in this book [27]).

We conclude this section with some (of course incomplete) historical remarks
concerning the development of the above zero curvature representation in the physics
literature at the end of the seventies (see also Forger’s review [15]):

In 1976, K. Pohlmeyer published a paper in Comm. Math. Phys. ( [29]) which
initiated several further investigations in the theory of nonlinear sigma models and
harmonic maps: firstly, previous joint investigations by H. Lehmann, K. Pohlmeyer,
and G. Roepstorff had re-established the following fact which — in spite of being
known in the mathematical theory of surfaces of constant curvature — seemed to
be unknown to the physicists working in field theory at that time: the O(3)-sigma
model (where the fields ¢ take values in the 2-sphere in ]RS) admits a reduction to the
Sine-Gordon equation: if u =14z and v =t — z denote the light cone coordinates,
and ( , ) denotes the Euclidean scalar product in IR?, then the field equations
allow for a reparametrisation in u and v such that (9yq,0uq) = 1 = (Ouyq, Ovq),
cosa = (Oyq, yq) leading to the equation 9,0, + sina = 0. Secondly, trying to
“lift back” the known conserved charges of the Sine-Gordon equation to the sigma
model, Pohlmeyer observed that he first had to find a one-parameter family of
transformations on the solutions of the sigma model that did not change the above
angle cos @ = (0yq, Oyq). In this way he discovered the linear system or equivalently
the zero curvature representation by dual symmetry of the O(N)-sigma model where
the fields take values in the (N — 1)-dimensional sphere by using the O(N)-currents
Ju = 90,47 — uq q7, compare ([29], eqs. (V.5.1) - (V.6.2)). Taking the solutions
R(A) of the linear system (cf. egs. (2.13 ff) above) 9,R(A) = R(A)L,(A) (which
are O(N)-valued functionals on the fields ¢) and conjugating by these symmetry
transformations a certain generalized “lifted version” of the v = 1-Sine-Gordon-

Backlund transformation ([29], eqs. (VI.4.11) - (V1.4.4%)), he arrives at the desired
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one parameter family of Backlund transformations of the sigma model ( [29], eq.
(VI.6). Along with this family he easily gets an infinite family of local conserved
currents (see [29], egs. (VI.8) - (VI.9.3)) which appear as the coefficients in a certain
power series in A around the point A = 1 (the parameter 4 appearing in [29] is equal
to (A=1)/(A+1)). On the other hand, the family R () itself gives rise to an another
infinite family of nonlocal conserved charges that take the form of iterated integrals
and appear as coefficients in a similar power series in A around A = oo: this had
been worked out in 1978 by M. Liischer and K. Pohlmeyer [23] again for the O(N)
sigma model.

After the publication of Pohlmeyer’s 1976 paper several people arrived at more
and more generalized statements: In his dissertation [10] H. Eichenherr affirmed
Pohlmeyer’s conjecture that the above zero curvature representation and the anal-
ysis of nonlocal charges was also correct for sigma models with values in complex
projective space (the so-called € P™-models). In the same year 1978, V. E. Zakharov
and A. V. Mikhailov showed that the above zero curvature representation worked
for sigma models with values in arbitrary Grassmannians and also for the so-called
principal or chiral models where the target space is an arbitrary reductive Lie group
([33], eq. (4.8)). One year later, in 1979, H. Eichenherr and M. Forger gave their
classification theorem [11]: Among those 2-dimensional sigma models with values in
a naturally reductive homogeneous space it is precisely the class having values in a
symmetric space that allow for the zero curvature representation by dual symmetry.
Their proof is also applied to Euclidean sigma models which are parametrized by a
Riemannian IR?. The necessary differential geometric and Lie algebraic background
for this is contained in M. Forger’s Dissertation [16]. Their 1980 paper [12] related
the principal models to the ones with values in a symmetric space M = G/H by us-
ing the Cartan immersion M — G : gH ~ go(g~!) where o denotes the involutive
automorphism of GG such that H is contained in G, the group of fixed points of o,
whose identity component is in turn contained in H (see for example [20], p. 209 and
p. 276). The formulation of the above-mentioned higher local conservation laws for
sigma models with values in general symmetric spaces was also done by Eichenherr

and Forger in 1981 [13].

3 Current Algebra and r-matrices

In this section we shall consider the initial value problem or Cauchy problem for
sigma models in order to allow for a Hamiltonian formulation. We shall see that the
notion of Liouville integrability used for Hamiltonian systems can also be (partly)
ascribed to sigma models.

Since our parameter space is two-dimensional Minkowski space and not some
Riemannian manifold like the two-dimensional sphere there is a natural framework
available: Fix a spacelike hyperplane (for example the z-axis in some fixed inertial
frame). The values of the field ¢ on this axis, ¢(z) = ¢(0,z), form a curve in the
target manifold (M, h) which we assume to be a smooth embedding for simplicity.
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Since the field equation (2.3) is second order in time we also have to fix its first
time derivative ¢ = 0¢(t,2)/0t |;=¢. This curve in the tangent bundle M of M
(which we also assume to be smooth) projects onto ¢(z), i.e. Tar(¢(2)) = ¢(x) with
i denoting the obvious bundle projection TM — M. These two initial conditions
uniquely determine the field ¢(t, z) locally as a solution of the field equation (2.3).

Now we have to specify our symplectic manifold (i.e. the set of initial conditions)
in more detail: Using the Riemannian metric b as a bundle isomorphism A’ :TM —
T*M : v +— (w — h(v,w)) we can form the smooth curve m(z) = h’(é(z)) of
Minkowski space into the cotangent bundle T*M of M. Clearly, 735, (7(z)) = ¢(z)

where 73, denotes the obvious bundle projection 7*M — M. Consider the set
C = {¢:IR—T*M |9 is a smooth embedding} (3.1)

of smoothly embedded curves in T*M projecting onto smoothly embedded curves
in M. In order to define the tangent bundle of C and a “canonical symplectic form”
we have to ensure the convergence of certain integral expression to come: Decom-
pose the tangent space T,7*M at p in T,, M* (m in M) into its vertical subspace
V,T*M = {p"*"(p) = %(p%— tp’) li=o| ' € T,u M*} and its horizontal subspace
H,T*M = {v"" (p) = d%rc*(t)p lt=o] v = ¢(0) € T,y M} (T:(t) denoting the parallel
transport in the cotangent bundle along a curve ¢(t) in M induced by the Levi-
Civita connection of the metric h) and define the Sasaki metric h°** on T*M by
declaring the horizontal and vertical subspace to be mutually orthogonal and setting
hSas (p)(pluer’p//ver) — h(m)(hﬁp/’ hﬂp//) and hSas (p)(,vhor (p)’ ,whor (p)) — h(m)(u, ,w)
(k' denoting the inverse of A"). For ¢ in C define the tangent space TyC to be
the space of all smooth curves x : IR — T7T*M which project onto ¥ (i. e.
mrep(x) = ) and are L? with respect to the integrated Sasaki metric, i. e.
[ dzh5 (y(z))(x(z), x(z)) < co. The tangent bundle TC of C can then formally
be defined as the disjoint union of all these tangent spaces. In order to allow for
the existence of the currents to be made more precise further down we can make
the space C slightly smaller by demanding the derivatives of ¢ w. r. t. z to be L?
w. r. t. the Sasaki metric, i. e. [ dxhs‘”(l/)(x))(ﬂ(x) M(.18)) < 00. The following

dzx ’ dx
two-form on Ty C will then exist, i. e. the integral converges:

Q) () = [ dawlv(@)(x(a), X (@) (32)

(w denoting the canonical symplectic form on 7% M) because w can be expressed by
the Sasaki metric as can easily be computed:

w(p)(vhor (P) _}_plver(p)’ ,whor (p) + pllver(p)) — p/(w) _ p“('l))
= WSS () ((A'D)"7 () = (R"0)"*" (p), w" " (p) + ¥ ()

Using the lifted fields x () = X o ¢ where X is a suitable vector field on T* M one
can compute that d2 vanishes. A standard bump function argument shows that Q
is weakly nondegenerate whence €2 could be called a symplectic form on C.
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Having a symplectic form at hand we would like to compute Poisson brackets of
suitable real valued functionals on C. But since this is an infinite dimensional man-
ifold the symplectic form € is, in general, not invertible and one cannot expect
to have well-defined Poisson brackets for all pairs of functionals on C even if they
are in some sense C'°°. We would also like to avoid a detailed analysis of possible
topologies and differentiable structures on mapping spaces like C. Therefore we shall
resign ourselves to giving the definition of the Poisson bracket of pairs of functionals
on C which are of a particular, frequently used kind:

Recall that the initial value ¢(z) of the field ¢ is nothing but the projection 75, (¢ (z))
of the curve ¥ in T* M discussed above. Let F, H be two smooth functions on T* M,
let B, B’ be two one-forms on M, and let X,Y be two real valued smooth functions
with compact support defined on the real axis. Define the following functionals on

C:

(FOW) = [ FO@)XE) (3.3)

do

BY)) = [dn Be@)EY @ (3.4

Again using the above-mentioned lifted fields, we can compute their Hamiltonian
vector fields:

Key(8) = (2o Xr(@)Y (2)) (3.5)
Ko = (2o —2()((i22d(m5) BY ()" (6(x)
() B@) T @E)). (36

where Y and 7 are smooth real-valued functions with compact support on the real
axis and Xp denotes the Hamiltonian vector field on T*M, i. e. dF = w(Xp, ).
Their Poisson brackets can be computed from these formulae:

{FX),(HY)Hy) = {FH}ELXY)(Y) (3.7)
{<FaX>a<BaY>}(¢) = <_2.TTX,,XFdBaXY>(¢)

+ <B(TTX,IXF),XCCZI—§>(1/)) (3.8)
{<B:X>’<BI’Y>}(¢) = 0. (3.9)

Here {F, H} = dF(XF) denotes the Poisson bracket of functions on 7*M, and XY
denotes the usual pointwise product of real valued functions. It is clear that the
prescription above defines a closed antisymmetric bracket on the real vector space
spanned by the functionals (3.3, 3.4). The verification of the Jacobi identity is a
straight forward computation. It should be mentioned that the Poisson brackets
(3.7ff) have been derived from the simpler rule used by physicists (compare [14],
page 322, eq. (5.11))
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{6'(2),mi(y)} = 86z —y) , {8'(2).¢' ()} = 0 = {7'(2),7(y)}  (3.10)

where (4%, 7;), (1 < i,j <n = dimM) denote the components of ¢ in a local bundle
chart of T*M, and § denotes the delta distribution for functions on the real axis.
This rule can be shown to be independent of the chosen bundle chart [17]. Using
eq. (3.10) on can presumably write down consistent Poisson brackets for a larger
class of functionals which are local in the sense that they may depend on a finite
number of arbitrarily high (covariant) derivatives of the curve . But for the current
algebra to be discussed further down it suffices to stay in the Lie algebra of the above
functionals (3.3, 3.4). However, we emphasize that the heuristic value of the rule
(3.10) is restricted: for instance, the naive application of (3.10) to Poisson brackets
of nonlocal functionals like certain charges, defined as a suitable parallel transport
over the real axis leads to ugly violations of the Jacobi identity (see [9], [26], [7]).
At this point it seems that a careful analysis of the topology and differentiable
structure of the mapping space C and the smoothness of the Poisson structure and
the considered functionals becomes indispensable.

The above Poisson brackets (3.7ff) can now be applied to the current components

Jo[¥](&)(z) = F(y¥(x)) and j1[¥](€)(x) = B(¢(z))(d¢/dz(z)). Introducing the field
1€ (z) = h(6(2))(En(B(x)), na(6(x))) (3.11)

(where ¢ is given by m = hl’qb) we arrive at the following formulae for the Pois-
son brackets: Here (Ty)q=1.... dimg denotes a basis for the symmetry Lie algebra G,
[Ty = [T, Te] are the usual structure constants. Moreover, j, o = ju[¢](Ta)(z)
and jgo(2) = J[¥](Te, Tp)(x), and &' (z) = Jzd(2x) denotes the derivative of the d-

distribution (see [17] for more details of the computation):

{doa(@), jop(¥)} = — fapdoc(e)d(x—y) (3.12)
{oa(@),d16(W)} = —Ffanire(®)d@—y) + jao(y) 8'(z —y) (3.13)
Urale) iy} = 0 (3.14)
{Goa(@),doc(¥)} = — (fab Jea(®) + fae doa()) 6(z —y) (3.15)
{ina(@),gec(y)} = 0 (3.16)
{iav(2), jea(y)} = 0. (3.17)

Integrating this over da and dy together with the smooth real valued functions X (z)
and Y (y) we can turn this into the form described above. Note that these formulae
are valid without the assumption of M being homogeneous. The occurrence of the
d’-term makes these models “nonultralocal”. As we shall see further down, the field
J in front of the ¢’-term is independent of ¢ if (G, h) is a semisimple Lie group. In
this case, the §’-term can be treated as a central extension of the current Lie algebra
above with the ¢’-term omitted.

We return now to the situation where (M, h) is a Riemannian symmetric space,
and we assume for simplicity that its isometry group is simple. The zero-curvature
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representation of the pseudo-harmonic map equation guaranteed by Theorem 2.1
can equally be expressed by the fact that spatial and temporal covariant derivatives
commute: [Jg+ Lo (A), d1+L1(A)] = 0. For the initial value problem we can re-express
this commutator in Lax form by writing

D(x,A) = 0z + Li(z,\) (3.18)
and getting the well-known Lax-equation:

oD
5 = [D, Ly]. (3.19)

Here D is thought of as a function of the initial value space C.

Before we proceed, we shall recall some general facts about completely integrable
systems in Lax form:
A completely integrable Hamiltonian system (P,w, H) is a smooth real-valued func-
tion H on a finite-dimensional symplectic manifold (P,w) such that there exist
n = dimP/2 smooth real-valued functions Fy, ..., F, such that i) {H, F;} = 0 for
all 1 < i < n (the F; are conservation laws), ii) {F;, F;} = 0forall 1 <i,j <n
(the F; are in involution), iii) dFy A -+ A dFy,(z) # 0 for almost all z ( with respect
to the symplectic volume) in P (the F; are functionally independent), and iv) there
exists a smooth real-valued function f of IR™ such that H = f(Fy,...,F,) (H is
a function of the F;). The functions F4y,..., F, may then serve as new momentum
(or action) variables almost everywhere, and by algebraic manipulations involving
nothing more than integrations over chosen paths new local configuration (or an-
gle) variables @!,..., Q" can be constructed yielding a canonical (i.e. symplectic)
transformation of P such that the Hamiltonian equations of motion become trivial
(see for example [1], Ch. 5 for details). The Hamiltonian system (P,w, H) is said
to be in Laz form if and only if there exist smooth functions D and Lg of P into
a finite-dimensional real Lie algebra G such that i) the Hamiltonian equations of
motion imply the Lax equation dD/dt = [D, Lo] and ii) D is an injective immer-
sion (hence the Lax equation implies the equations of motion). It follows that the
“trace-polynomials” ¢r D* are constants of motion for all positive integers k (here a
faithful representation of G as a matrix Lie algebra is assumed; more generally, one
can take Ad-invariant functions on G, see [4] for generalizations). Moreover, it can
be shown under the assumption that D maps into regular adjoint orbits that these
trace-polynomials are in involution if and only if there exists a so-called classical
r-matriz (see [3]). This is a smooth map d : P — G ® G such that the following
equation is satisfied (the notation is explained in more detail further down):

(D ® D} = [di2, D® 1] — [do1, 1 ® DY. (3.20)

Introducing components in the above Lie algebra basis (i.e. D = D*T,, d = d**T, ®
Ty, [Ty, T.] = f2.1,) this means

{D%, D"} = f2,d* D — fb,d°* D", (3.21)
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A convenient and commonly used index-free notation is achieved by taking the
universal enveloping algebra UG of G and an N-fold tensor power therof, Ugen .
This vector space is an associative unital algebra in which commutators are defined
as usual. For each positive integer r smaller or equal than N and integers 1 < i5(1) <
< gy < N (where ¢ is a permutation of {1,...,7}) there is a natural linear
map ( )i,,..i, : G%7 = UG®YN by mapping & @+ @& to 1@ @ 1@ &) @
1®@---91® gg(r) RI®---®1 (Where 50(2-) sits at the ig}Ei) place for 1 < i < T’).
For instance, £, means 1 @ € in UG®? for € in G and ds; means d**7T, ® 1 ® T, in
UG®3 for d in G®2. We shall make use of this notation for the rest of the section.
The compatibility equation coming from the Jacobi identity for Poisson brackets is
then computed as follows: Setting

YB(d)123 = [di2, d13] + [d12, d23] — [d13, d32] (3.22)
one has
[Dl,YB(d)lgg + {Dz, d13} — {D3, dlg}] —+- cycl. = 0 (323)

In some situations, d is antisymmetric, independent of P, and satisfies the Classical
Yang-Baxter equation

YB(d)13 = 0. (3.24)

In this case one can construct a Lie algebra structure on the so-called “double”
G ® G* which allows the construction of more explicit solutions by a factorisation
procedure (see for example [30]) for details. But in general, the r-matrix will depend
on the phase space.

Returning to our sigma model, we shall soon see that these structures also appear
in an infinite-dimensional setting:
The symplectic manifold for the sigma model will be the space of curves € (3.1 in
the cotangent bundle of M which we had defined above. The Hamiltonian of the
sigma model can be identified with the energy functional

£(p) = %/dxh_l(w(x),w(x))+%/drh(T7‘1’(4%(w),TT]’{,j%(m)) (3.25)

where h~! denotes the usual induced fibre metric in the cotangent bundle. We define
the Lie algebra G to be the semidirect sum of the Lie algebra of all differential
operators and the tensor product of the Lie algebra of all smooth functions on the
real line taking values in the finite-dimensional Lie algebra G with the commutative
associative algebra of all rational functions of the spectral parameter. Then the
operator D(z, A) (3.18) and the current component Lg(z, A) regarded as functionals
of 1 are maps of the phase space C to the “big” Lie algebra G which satisfy the
Lax equation because of equation (3.19). It is now interesting whether one can
also construct a classical r-matrix d for this system, 1. e. one has to compute the
fundamental Poisson bracket (3.20). Before we show that this is indeed the case
we have to introduce some notation: With the aid of the Killing form Kil we can
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identify the Lie algebra G with its dual space G*. For example, the identity map of
G can thus be identified with the Casimir C' = Kil®T, @ T, in G QG by raising the
second index. On the other hand, raising the first index of the bilinear form (-valued

field) j (compare eq. (3.11)) leads to the endomorphism (-valued field)
J(gH) = Ad(g) mm Ad(g)™" (3.26)

where maq denotes the orthogonal projection on the subspace M. Note that this
expression is well-defined on cosets gl = ¢(z) since Ad(h) commutes with may for
all h in the subgroup H. In case M is equal to G this projection is equal to the
identity whence j is independent of M.
An important quantity will be the field

o(gH) = Ad(g) (1 —2mam) Ad(g)~! (3.27)

which is a sort of field dependent involutive automorphism of the Lie algebra. Raising
of the second index will give the equivalent equation ¢ = C'—2j5. After some lengthy
computations we arrive at the following

Theorem 3.1 Let

DY) = O+ LlNE) (3.28)
d(z,y, M\ p) = 13*;2 (A“_C” + "ﬁ(ﬁ)) 3z —y) . (3.29)
(3.30)

Then we have the following equations related to Poisson brackets:

{D1(2,A), Da(y, )} =
[d12($¢ ya)‘aﬂ): Dl(‘ra /\)] - [d21(y,;t‘,/,t, /\)) D2(yaﬂ)] (331)

{Dl(xa)‘))d23(y,2,/i)’/)} =
2

[W(Cu(s(:ﬂ —y) + Ci30(2 — 2)), das(y, z, u, v)] (3.32)

{dlg(l‘,y,)\,,Lé),d34(Z,'U,U,p)} = 0 (333)

YB(d)(/\a K, V)(S(‘L - y)(s(y - Z)
+ [2—N0125(m —y) + 2—”0135(1' — z),d1s(z, 2, \, V)]

1 — p? 1 — p2
2v o
_ [—1 7 Ci3d(z — 2) + T Ca3d(y — 2), dia(z, y, A, )]

= 0. (3.34)
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For a detailed proof we refer the reader to the paper [7]. Apart from identities stem-
ming from the symmetric space property such as, for example, ad(j,) = jad(j,) +
ad(j,)j or 0uj = jad(j,)—ad(j,)j, the computation is elementary, but lengthy. Here
YB(d)(A, g, v) is defined as in (3.22), the only modification being the appropriate
assignment of the spectral parameters (A, g, v) to the numbers (1,2, 3).

The first equation (3.31) can indeed be seen as an infinite-dimensional analogue
of the fundamental Poison bracket equation (3.20) mentioned above. However, as
the equations show the tensor product of the big Lie algebra G with itself is bigger
than the algebraically defined tensor product: it includes rational functions in two
variables and also distributions in two variables. The second and the third equation
(3.32, 3.33) show that the space spanned by the D operator and the d-matrix close
under the Poisson bracket. The last equation (3.34) is a slightly stronger version
of the Yang-Baxter type equation (3.23) mentioned above since there is no cyclic
sum any more. However, the r-matrix d does not satisfy the classical Yang-Baxter
equation (3.24): Avan and Talon have shown [2] in a more general context that
all those solutions of (3.24) that are linear combinations of the Casimir C' and the
involutive automorphism o with coefficients depending on the spectral parameter
are of the particular form g(ﬂ)(f()\)c_lj,(u) :i:ef()\;’qlz}(u)); here eis 0 or 1, and f and ¢
are arbitrary nonconstant functions lying in some “nice” field of functions (such as
for instance rational or meromorphic, see also [7] for details). Further computations
show (see [7]) that the Jacobi identity for the algebra spanned by the D’s and d’s
is indeed satisfied.

To end this chapter we should like to mention some open problems connected to
this Hamiltonian formulation of sigma models: firstly, a nice direct analogue of the
Lie algebra G with some nondegenerate trace normally appearing in the known ex-
amples of finite-dimensional Lax pairs is still lacking. Secondly, the conserved quan-
tities or charges usually associated with integrable sigma models are monodromy
matrices, 1. e. parallel transports from —oco to +00 w. r. t. the covariant derivative
D(z,\) (particular solutions of the associated linear system). Although it can easily
be proved that these functions of the field ¢ (via the dependence of D(z, A) on ¢) are
constants of time, they do not seem to have well-defined Poisson brackets, at least
when these brackets are computed by the physicist’s rule (3.10). Being integrals,
hence nonlocal quantities, they do not fall under the class of functions mentioned
above ( 3.3, 3.4). The problem is a violation of the Jacobi identity, first noticed by
Liischer and Pohlmeyer [23] and described in more detail by de Vega, Eichenherr,
and Maillet[9]. In a subsequent paper [26] Maillet was able to give a regularisation
procedure for the Poisson bracket of the charges such that the Jacobi identity was
satisfied. However, his prescription is “multi step” insofar as each multiple Poisson
bracket requires a separate regularisation that cannot be reduced to the regularisa-
tion of multiple Poisson brackets with a smaller number of factors. Hence, one does
not really achieve a full Poisson algebra structure. On the other hand, all “one step”
regularisation procedures do unfortunately not work so far (see for example [7] for
a no-go theorem).
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R.S. Ward

1 Introduction

Finite-energy harmonic maps from R? into simple manifolds such as Cp! =~ §2
or SU(2)= S3 are thoroughly understood. The relevant equations constitute an
integrable system, the general solution of which can be written down explicitly. Such
solutions may be regarded as static multi-soliton configurations in two-dimensional
space. In the language of physics, these “harmonic-map” systems are known as
sigma models or chiral models.

When one adds time-dependence, and deals with functions which depend on time
t as well as on the spatial coordinates x and y, then the situation is much less
clearly understood. The solitons are now capable of evolving, moving, colliding and
so forth. The time-evolution is determined by a set of nonlinear partial differential
equations, which correspond (roughly speaking) to the harmonic map equations
on R?*! (three-dimensional Minkowski space-time). But there are various different
choices of equation that one can make, leading to different systems.

This article begins by reviewing the static case. We then see that the simplest
way of introducing time-dependence results in solitons that are unstable, and so
these “simple” systems are not really satisfactory. Nevertheless, one can still study
the collision of solitons in this case. Of greater interest are a number of modified
systems, in which the solitons are stable; three of these are reviewed. The dynamics
of solitons in these systems is rich and varied, and has as yet only partly been
explored. The main results of what has been done are summarized in the final
section of this review.

The term “soliton” is used throughout in a rather broad sense, to mean “lump
of energy (or solution of nonlinear equation) which is localized in space”. The soli-
tons described near the beginning of this review are not even stable. Later on, we
deal with stable solitons; but their interactions are in general inelastic, so they are
certainly not solitons in the strictest sense of the word.
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2 Static Solitons

Let us begin by establishing some notation. The space-time R?*! has coordinates
z# = (2% 21, 22) = (t,z,y); the spatial coordinates are 2/ = (z!,2?) = (z,y), and
the time coordinate is z° = ¢. The (flat) metric on R**! is 1, = diag(—1,1,1), and
its inverse is denoted n*”; these are used to raise and lower indices. The Einstein
summation convention on repeated indices applies throughout. A partial derivative
with respect to z* is denoted J,. So, for example, the wave equation is written

N 0,0,6 =0, or 0"9,6=0. (2.1)

The spatial metric corresponds to the Kronecker delta d;.

The O(3) o-model, or CP' model, deals with functions (“fields”) which take values
on the Riemann sphere. By stereographic projection, we may represent such a field
as a complex-valued function W (z#) which is allowed to take the value oo. In this
section, we shall be dealing only with static fields, so W depends only on the spatial
coordinates (z,y).

The most important quantity associated with a field is its potential energy Ep,
which is the spatial integral of the norm-squared of the field (using the standard
metric on the Riemann sphere). In terms of W, this energy is

be = /R2(1+ (W) ~267(8; W) (9 W) da dy, (22)

where W* denotes the complex conjugate of W. In general, when W becomes time-
dependent, Ep will also depend on time ¢.

Since the expression (2.2) is invariant under conformal transformations of the
spatial domain R?, it makes sense to require that W extends smoothly to the
conformal compactification S?; in other words, for any ¢, that W extends to a
smooth map from S? to CP' = S2. From now on, we shall assume that W satisfies
this regularity property. A consequence is that the energy Fp is finite.

Another consequence is that the field configurations are classified by an integer
N, which is the degree of the extended map S? — S2. Roughly speaking, N is the
number of solitons, where antisolitons are counted negatively. This review will deal
with three cases: a single soliton (N = 1), two-soliton interactions (N = 2), and
soliton-antisoliton interactions (N = 0).

The energy Ep, being positive-definite, is of course bounded below by zero. But
the well-known “Bogomolny argument” shows that one can improve this bound: in
fact

Ep > 2n|N]|. (2.3)

If N > 0, then equality in (2.3) is attained if and only if W is a rational meromorphic
function of z = & + iy. (The case N < 0 corresponds to rational functions of z*.)
Such rational functions are harmonic maps from R? to CP!, and all finite-energy
harmonic maps are of this type. If one plots the energy density (the integrand
of 2.2) as a function of # and y, one sees (generically) a picture consisting of N
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lumps (solitons) on the zy-plane. In other words, meromorphic rational functions of
degree N represent static N-soliton solutions of the CP' model, depending on 2N +1
complex parameters. The model (and in particular the energy Ep) is invariant under
rotations of the target sphere, so three real parameters should be subtracted from
this tally, leaving 4N — 1 real moduli.

For example, in the case N = 1, we get a 1-soliton solution depending on three
real parameters: we can take

Wiz, y) = Az —¢), (2.4)

where A is a nonzero real number and ¢ is a complex number. Examination of the
energy density for (2.4) reveals that the soliton is located at the point z = ¢, and
its width is (proportional to) A=1.

It is also worth looking at the energy density of the N = 2 solution

Wz, y) = A(2? — b?).

If |b| is large, then this looks like two solitons, located at z = +b. As b is reduced in
magnitude, the two solitons approach each other and merge, forming not a single
lump, but rather a ring of radius (3A%)~1/4.

Finally, let us turn briefly to the SU(2) chiral model; see [1] for more details. Here
the field J takes values in SU(2), and its potential energy is

Bp = _é/R e [67% 771(8;0) T (0, T)] de dy. (2.5)

Static solitons correspond to finite-energy critical points of this functional, and these
turn out to be embeddings of the CP! solitons discussed previously, where the CP*

is embedded as a totally geodesic submanifold (“equator”) of SU(2). Without loss
of generality, we can take this embedding to be

i 1—|W|? 21w
J=_— 1 . . 2.6
T+ |W[ < oW 14| W) ) (2.6)

3 Soliton Instability in the Basic Model

From now on, the CP! field W (or chiral field J) are allowed to depend on time ¢ as
well as on the two space variables  and y. The time evolution of W is determined
by the Euler-Lagrange equations for the Lagrangian

L= /R (L4 (W) 20 (3, W)(9, W*) d dy. (3.1)
Note that L has the form Ep — Ek, where Ef is the kinetic energy

Bic= [ (4 IWP) 00V do dy (3.2)
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The total energy £ = Ep + Ek is constant in time, provided W satisfies the Euler
equations for (3.1): these equations are

OFO,W = 2W* (1 + W)~ H8* W) (8, W), (3.3)

which is a second-order hyperbolic partial differential equation for W. One specifies
initial data (W and 9oW) at t = 0, and (3.3) then determines W for all ¢.

The most important question about the I-soliton (2.4) is whether or not it is
stable. Since the energy in the N = 1 sector is bounded below by 27, and (2.4) sat-
urates this bound, the only ways that W can change correspond (roughly speaking)
to A and ¢ changing. Changing ¢ simply corresponds to the soliton moving in the
plane; this can indeed happen, and is not regarded as an instability. So the question
is: if one starts with a soliton located at z = 0 (ie. W = Az) and perturbs its shape,
does the solution stay close to the initial configuration for all ¢?

This question has been studied numerically, using two very different numerical
procedures for solving the evolution equation (3.3). One way involved imposing
radial symmetry in the zy-plane, and discretizing (3.3) in such a way that the
topological lower bound (2.3) on the energy was maintained [2]. The other way used
a more traditional Runge-Kutta approach to simulating (3.3) [3]. The results in
the two cases were the same: the width of the soliton tends to change, essentially
linearly, with time. For example, it may shrink, so that after a finite time interval it
becomes an infinite spike (a singular solution). Or the soliton may spread out, with
this expansion continuing indefinitely.

Let us turn briefly to the SU(2) chiral model. The Lagrangian for J(¢, z,y) is

L=-1 /R2 tr [ J=1(0, )T (8, )] dx dy, (3.4)
and the corresponding equation of motion is
0" 9, (J~"0,J) = 0. (3.5)

This contains the CP' model, in the sense described at the end of the previous
section. So this chiral model inherits the instability of the CP' case (and may have
other instabilities as well).

The conclusion, therefore, is that the “solitons” introduced hitherto are unsta-
ble in size. This instability arises from the conformal invariance of the models in
xy-space; and in order to stabilize the solitons, one has to break the conformal
invariance. We shall see in section 5 how this can be done.

4 Dynamics of CP' Solitons

Even though CP! solitons are unstable, one can still investigate how they scatter off
each other. The instability is rather weak, and it can be arranged for the collisions
to occur before the size of the solitons has changed very much. Such collisions have
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been studied in two ways: by an approximation in which the dynamics corresponds
to geodesic flow on the moduli space of static solutions [4, 5]; and by direct numerical
solution of the equations of motion (3.3) [6]. The results of these two very different
approaches are in broad agreement.

The geodesic approximation involves reducing the problem to one with a finite
(indeed, small) number of degrees of freedom. One replaces the infinite-dimensional
configuration space of the field theory with the moduli space M of static solutions,
which for two solitons (N = 2) is 7-dimensional. The potential energy Ep is identi-
cally equal to 4w, and the kinetic energy Ej defines a metric on M. The geodesics
on M correspond approximately to evolutions of the 2-soliton system, and the ap-
proximation is a good one if the speeds are small (ie. if Fk is small compared to
EP = 47I')

The studies referred to above reveal a rich structure in the dynamics of soliton-
soliton interactions. The reason for this is that the scattering of solitons is strongly
influenced by their sizes, and also by internal “phases” (parameters that occur in
W, but do not show up in the energy density). In a typical head-on collision of two
solitons, they momentarily form a ring when they coincide, and then separate at
right angles to their original direction of approach. In other words, the scattering
angle is 90°. If the impact parameter is nonzero (ie. if the encounter is a glancing
one, rather than head-on), then the scattering angle is less than 90°; and the angle
tends to zero as the impact parameter increases (as one might expect). But other
sorts of behaviour may also occur: for example, cases where the scattering angle is
identically zero, irrespective of the impact parameter [4].

Finally, it might be mentioned that the collision of a soliton and an antisoliton
has also been studied [6]. Here N = 0, and there is no “nearby” static solution,
so the problem can only be attacked by numerical solution of the partial differen-
tial equation. Such numerical simulations indicate that the soliton and antisoliton
attract each other and annihilate, leaving radiation.

5 Stabilizing the Solitons

In order to have stable solitons, the “basic” sigma model has to be modified. There
are ways of doing this which involve the introduction of extra fields (in particular,
gauge fields); see, for example, [7]. But our attention here will be restricted to three
different ways which do not involve additional fields, namely Q-lumps, a Skyrme
term, and integrability.

(i) Q-lumps. The CP'! model admits a phase symmetry: the energy and the equation
of motion are invariant under W — W exp(if). Rotation in this internal phase gives
(in effect) an “expansionary” force, which tries to increase the width of a soliton. In
order to counteract this, one may add to Ep a term which provides a “shrinking”
force. The integral of any function of W (not including derivatives of W) has this
property. In [8] the term
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/R WAL+ W)~ 2 dx dy (5.1)

is added to the basic expression (2.2) for Ep, and the resulting model is investigated.
Here « is a nonzero real constant.
Associated with the symmetry W — Wexp(if) there is a conserved quantity

Q=i o (14 [W|A)~2H(W*0oW — WO W*) dz dy. (5.2)
The Bogomolny bound (2.3) on the energy is no longer valid, but a modified version
of it is. (The extra term in Ep has to be carefully chosen in order for this to be so,
motivating the particular choice 5.1). In the modified model, the total energy F is
bounded below as follows:

E > 27N + |aQ)|, (5.3)
with equality if and only if
W(t,z,y) = Wo(z) exp(iat). (5.4)

Here Wy is a rational meromorphic function of z = z + iy, of degree N. (We are
taking N to be positive.) In order for @ and E to be finite, we need N > 2.

The result (see [8] for details) is that this modification of the CP' model admits
“spinning solitons” called Q-lumps, with topological charge N > 2. The size of such
a soliton can have any specified value (it is fixed by the initial conditions). And
these solitons are stable, except for the fact that a “single” soliton of topological
charge N can (and does) break up into N solitons which go their separate ways.

(ii) Skyrmions. As mentioned above, we can introduce a shrinking force by adding
to the Lagrangian a term not involving derivatives of W (by contrast with the basic
Lagrangian (3.1) which is quadratic in d,W). In the case of Q-lumps, the com-
pensating expansion force comes from an internal rotation. But another possibility
is to add a so-called Skyrme term, which is quartic in 8, W: this also provides an
expansion force.

The precise form of the Skyrme term is determined (up to a constant factor)
by the requirements that the system be Lorentz-invariant, that the total energy be
positive-definite, and that the equations of motion involve time derivatives of no
more than second order. For the non-derivative term there is more choice: one could
use (5.1), but other possibilities would work equally well. The choice made in [9, 10]
is motivated by the requirement that the explicit static 1-soliton (2.4) should be a
solution of the modified system: such a choice 1s

/R 405(1 + W) =" de dy, (5.5)

where @ is a positive constant. So the complete Lagrangian which describes the
modified Skyrme-type CP' model is the sum of (3.1), (5.5), and the Skyrme term

S WP (@)@ W — (0 W) @ W)Y ded, (56)
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where 6, is another positive constant. The two coupling constants #; and 65 can be
set to have whatever (positive) values one wishes.

It is a straightforward matter to derive the Euler-Lagrange equations from this
Lagrangian, although the result looks rather complicated (see [9]). One can then
easily check that the 1-soliton expression W = A(z — ¢) is a solution if and only if

\11/4
A= [0,/(200)] .
In other words, the width A~' of the soliton is now fixed. One would expect this
soliton to be stable (this was the purpose of adding the f-terms), and numerical
experiments confirm that this is indeed the case [9].

(5.7)

(iii) Integrable chiral model. One can achieve stability in a quite different way, by a
modification which renders the model integrable (in a sense to be described below).
More specifically, one can modify the chiral model (3.4, 3.5) in this way. However,
a reduction to CP! such as (2.6) is not consistent with the modified equations of
motion: there is no integrable version of the CP! model in 241 dimensions.

The modification consists of replacing (3.5) by

(1" + e")3u(T710,0) = 0, (5.8)

where ¥ 1s a constant skew-symmetric tensor. This is a hyperbolic system of par-
tial differential equations. Note, for example, that if J is restricted to be a diagonal
matrix diaglexp(i¢), exp(-i@)], then (5.8) reduces to the archetypal hyperbolic sys-
tem, namely the wave equation (2.1). In the general (nonlinear) case, (5.8) can be
rewritten in a form which makes its hyperbolic nature manifest, namely

0" 9, J = (polynomialin J, JL Oud).
It is only for certain values of ¢#¥ that (5.8) is an integrable system [11], namely if
ENVENV = —2 (59)

Indeed if (5.9) holds, then (5.8) is a dimensional reduction of the self-dual Yang-
Mills equations in 242 dimensions [12, 13], and is integrable in the same sense. Any
choice satisfying (5.9) is acceptable; let us set €20 = 1 = —£°2 (other components
7€r0).

The equations (5.8) arise as consistency conditions for a pair of linear equations
(this is what is meant by integrability in the present context). The linear equations
are

(€0r =0 = Oy)p = Ay,
(COr — 0y — 0z)¢ = By (5.10)

Here ( is a complex parameter, and A, B, ¢ are 2 x 2 matrix functions of z*, with ¢
additionally dependent on (. In order for the overdetermined system (5.10) to have
a solution ¢, the matrices A and B have to satisfy a pair of equations; these in turn
imply that A and B have the form
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A=J"Y8+0,)J, B=J"19,J

for some J satisfying (5.8).

The total energy E of the field (which is constant in time) is given by exactly the
same expression as for the unmodified (¢*¥ = 0) case. In other words, it is the sum
of the potential energy (2.5) and the analogous expression for the kinetic energy.
The equations of motion (5.8) arise from a Lagrangian L, but this is not equal to
Ep — Ex (which would be the unmodified case 3.4). Rather, L has a form which
one may think of as arising from torsion on the target space SU(2) [11], or from a
background magnetic field on the configuration space of the system [12].

The expressions (2.4, 2.6) define a field J which represents a 1-soliton, and which
is a static solution of the integrable equation (5.8) (as well as of the original chiral
equation 3.5). As a solution of (3.5), this soliton is unstable (as remarked previously).
The point of the modification is that it should ensure stability. As yet, there is
no analytic proof of stability, but there is strong evidence for it from numerical
experiments [14]. For technical reasons, this numerical work uses alternative forms
of the equations (5.8); in particular, a Lorentz-invariant form in terms of gauge fields,
which emphasizes the relation of this system to the self-dual Yang-Mills system [13].

6 Dynamics in the Stabilized Systems

If we take a pair of solitons in one of the stabilized models described above, and fire
them towards each other, how do they scatter? A number of studies (analytic and
numerical) have addressed this question (see [8, 9, 10, 12, 15] for some of these).
The brief review which follows deals only with the case of head-on collisions; results
on glancing encounters may be found in the references cited above. The outcome
of a head-on collision is that the two solitons scatter through some angle, which is
typically 0° (no scattering), 90°, or 180° (bounce-back).

The case of Q-lumps is, however, atypical. One can study a slow-motion approx-
imation, in which the trajectories of the solitons correspond to geodesics on the
moduli space of static solutions saturating the Bogomolny bound (5.3). This reveals
[8] that the scattering angle depends on the impact speed, and lies strictly between
90° and 180°. Presumably this is a consequence of the “internal rotation” of the
Q-lumps. It serves as another example of the way in which the internal structure of
o-model solitons can affect their dynamical behaviour.

Let us turn to the CP! model modified by the addition of (5.5) and the Skyrme
term (5.6). In this case, collisions have been studied in a couple of different ways.
One of these was a “collective-coordinate” approximation in which W (¢, z, y) was
assumed to have the 2-soliton form

W = Az - b?), (6.1)

where A and b are real-valued functions of ¢. If A and b are constant, then (6.1) is
a (static) solution of the unmodified CP' model, but not of the modified model.
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(Essentially, the extra terms introduce a repulsive force between the solitons: if two
solitons are placed, at rest, on the plane, then they begin to move apart.) Now the
field equations for W reduce to a set of ordinary differential equations for A(t) and
b(t), and these can be solved numerically. The results are as follows [10].

If the impact speed is below a certain critical value v, then the solitons scat-
ter back-to-back (ie. the scattering angle is 180°). This is what one would expect:
because of their mutual repulsion, a certain minimum energy is needed if they are
to reach each other. For impact speeds above v., the solitons collide, momentar-
ily merging into a ring; then two individual solitons re-form, and separate at right
angles to the incoming directions. In other words, the scattering angle is 90°. An
analytic argument gives an expression for v, in terms of the product ;65 of the two
parameters occurring in the model, and the numerical result is in agreement with
this.

The problem had previously been tackled by direct numerical simulation of the
partial differential equation, and the results were the same as those described above
[9]. Features which are suppressed by the collective-coordinate approximation (such
as radiation, and internal oscillations of the solitons) show up. But the two studies
agree on the basic nature of the scattering behaviour.

There have also been numerical studies of soliton-antisoliton collisions in the
modified CP! model [15]. Here the topological charge N is zero, so there is (on the
face of it) nothing to stop the soliton and antisoliton from annihilating each other
when they collide. This is indeed what happens (although the dynamics can be quite
complicated): after the collision, only radiation remains.

Finally, let us consider soliton collisions governed by the integrable chiral equation
(5.8). In view of the integrability, we would expect to be able to write down at least
some explicit solutions. This is indeed the case: if we take ¢ in (5.10) to have n
simple poles in ¢ (their location not depending on z*), then the corresponding
solution of (5.8) represents n solitons, each moving at constant velocity [12]. When
any two of these solitons collide, there is no scattering (not even a phase shift). The
solution is an explicit rational function of z#.

However, the situation is more complicated than this simple picture might suggest.
The chiral field has internal degrees of freedom, and these can affect the scattering
of solitons: one can get nontrivial scattering, despite the fact that the system is
integrable. This was discovered in numerical experiments [16, 15]. (In principle, one
should be able to use the techniques of inverse scattering to analyse the problem,
but this does not appear to be straightforward.)

The numerical procedure was tested on the 2-soliton exact solution, and this
confirmed its reliability (and the absence of scattering). Then different initial data
(still representing two solitons fired at each other) was used: this time, the two
solitons collided to form a ring, and then separated at 90°. In other words, one gets
highly nontrivial scattering, similar in nature to that occurring in nonintegrable
systems.

Numerical simulations of soliton-antisoliton collisions in the integrable system
also reveal 90° scattering [16, 15]. In this case, the integrability preserves the soli-
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tons (unlike in nonintegrable models, where they annihilate), but permits nontrivial
scattering.

Clearly the solitons of this integrable model have a rich and varied behaviour, the
elucidation of which requires much more theoretical and numerical analysis.
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Infinite dimensional Lie groups and the
two-dimensional Toda lattice.

1. Mclntosh

1 Introduction.

This article is concerned with the system of nonlinear partial differential equations

0% w;

S = —exp(wj_1) + 2exp(w;) — exp(wj),

which has been called the two-dimensional Toda lattice (or the Toda field equations)
of A-type. Initially I will assume all the variables to be complex-valued. In fact it
will be more convenient to work with the equivalent system

92 In(v;)
Ox Ot

in which v; = exp(w;). There are three situations which I will consider: the infinite
lattice, where j € Z; the periodic lattice, where j € Z,41; and the finite lattice,
where 1 < j < n with vg = vp41 = 0. Of course the last two are specialisations of
the first for appropriate conditions on the v;.

There has been, at one time or another, much attention given to the finite and
periodic Toda lattice in the mathematical physics community, beginning with the
observations of [18, 22, 23] that a two dimensional Toda lattice exists for every simple
Lie algebra (the term ‘A-type’ above refers to the the type of simple Lie algebra the
system (1.1) corresponds to). The coefficients of the v; in (1.1) are equated with the
row entries in the Cartan matrix, for either a finite rank Lie algebra or a Ka¢-Moody
Lie algebra: these correspond to the finite and periodic lattices respectively. The
periodic lattice equations have been shown to be formally ‘completely integrable’
[10, 26]. The finite lattice equations do not share this property and have been treated
separately (see, for example, [19, 12]).

=—vj-1+ 2'Uj — Uj41, (11)
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Our principal interest here is in the elliptic version of these equations which arises
in the study of harmonic sequences of maps from a Riemann surface ¥ into CP".
Without going into the details (see, for example, [5, 7]) the elliptic system

85 ln('vj) =Vj-1— 2’Uj + Vjt1, (12)

(where 9 = §/0x and now all the v; are real-valued and strictly positive functions
of x,z) arises from the following construction. Any harmonic map f : ¥ — CP"
admits (at least locally) a lift ¢o which maps into C**1. If we let m denote the
orthogonal projection of C"*! onto the line generated by @q, then ¢; = 73 (9¢0) is
again the lift of a harmonic map into CP" (called the d-transform or 9’-Gauss map
of f, see [28]). We proceed inductively to define ¢;41 = 71']4‘(8(15]-) for j > 0. Similarly,
we define ¢;_1 = ﬂ'j-‘ (0¢;) for j < 0 and the total sequence of lifts {¢; : j € Z}
determines the harmonic sequence generated by the initial harmonic map f, see
[28, 7]. Tt is shown in [5, 7] that if we set v; = |@;41]?/|¢;|* then the v; satisfy
(1.2), which is referred to in [5] as the ‘unintegrated Pliicker formulae’ for harmonic
sequences.

Initially the aim here is to describe a very large class of solutions to (1.2), in the
case of the infinite lattice, which are globally real-analytic on the complex z-plane.
These will be found inside a larger class of almost globally holomorphic solutions
to (1.1). More importantly, this construction provides us with the lifts ¢; in the
case where the lattice is periodic. The finite lattice case can also be treated, after a
slight alteration, and in both cases we find harmonic maps into the full flag manifold
Upt1/T, where T is the maximal torus of diagonal matrices. The harmonic maps
into CP" follow by homogeneous projection from this flag manifold. The maps we
find in the case of the finite lattice extend to give harmonic spheres in CP": each
belongs to the harmonic sequence generated by a smooth anti-holomorphic rational
curve of degree n in CP".

The space of solutions to (1.1) described here is essentially ‘the dressing orbit
of the trivial solution’ in the sense of [27, 29, 21]. This requires a choice of infinite
dimensional Lie group and initially we will choose the restricted general linear group
of the Hilbert space H = L%(S?, C) (in the sense of [24]). Here we are following the
work of Segal & Wilson [25] who used this group to study the generalised KdV
equations. This connection with KdV should not come as a surprise; it has been
known for some time that the equations of the (generalised) modified KdV hierarchy
can be thought of as symmetries of the two dimensional periodic Toda lattice (cf.
[17]). To get solutions of (1.2) we impose a reality condition which turns the dressing
construction into an example of the ‘natural action’ described by Guest & Ohnita
[13, 14].

However, if we only work with GL,.s we find that we cannot recover Krichever’s
famous f-function solutions to (1.1) [16] which are solutions for the infinite lattice
and also, with the right choice of #-function, for the periodic lattice. These are very
interesting because they offer the possibilty of finding doubly periodic harmonic
maps of the z-plane into Up,41/T i.e. harmonic tori (and it seems certain that all
orthogonal periodic sequences of harmonic tori in CP" arise in this way, given the
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results of [6]). In the case n = 1, where the periodic lattice equation (1.2) is simply
the elliptic sinh-Gordon equation, these solutions have been thoroughly discussed
by Bobenko [3, 4] (see also [15]). For the dressing construction to produce these
solutions we must replace GGL,.s by a larger group. At present I only understand
how to do this for the periodic Toda lattice (which appears to be the only interesting
case if one is solely interested in harmonic tori). The periodic lattice solutions which
come from GL,.s all come from an embedding of a loop group into G L,.s, where
the domain for these loops is the unit circle {¢ € C : || = 1}. To get any #-function
solutions we must replace the unit circle by a pair of circles, one near ( = 0 and
another near ( = oco. Then we can obtain all #-function solutions for which the
f-function arises from a Riemann surface whose branch points lie in between these
circles (except for the branch points we are obliged to put at 0 and oo). This is
explained in the final section, which is based on the article [20].

To proceed with the dressing construction we must recall the definition of G' L,
as well as two of its homogeneous spaces: the Grassmannian Gr and the flag space
F'l. These play the principal role in passing between the group GL,.s and solutions
of (1.1). The aim is to construct not just the functions v; but, at least for the periodic
lattice, the ‘lifts” ¢;. To achieve this we also need the notion of a Baker function;
this is an H-valued function and there is one for each point in the Grassmannian

Gr.

2 The Lie group GL,., the Grassmannian Gr and the flag
space Fl.

The Hilbert space H = L?(S*, C) splits into the direct sum Hy & H_, where H,
(respectively, H_) is the subspace of all functions f(¢) in H whose Fourier series
possess only non-negative (respectively, negative) powers of (. Consequently any
linear operator A on H may be written in the block form

A= <‘; Z) (2.1)

where a : Hy — Hy, b: Hy — H_| etc. Following [24] we define GL,.s to be the
group of all bounded invertible linear operators on H whose block form (2.1) is such
that b and ¢ are Hilbert-Schmidt operators. The space of all these has a norm with
respect to which it is a Banach Lie group (cf. [24]). If A belongs to GL,.s then it
follows that a and d are Fredholm operators. From now on we will always work in
the connected component of the identity in G L,.s, which is where a (and hence d)
has Fredholm index zero; we will simply call this component G L.

A subspace W of H will belong to G'r if it is closed and the orthogonal projections
pre W — Hy and pr— : W — H_ are, respectively, Fredholm and Hilbert-Schmidt
(in fact we only want the case where the first map has Fredholm index zero). An
equivalent definition of Gr is as the GL,¢s-orbit of Hy i.e. Gr = {AHy : A€ GL,cs}
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where AH, denotes {Af : f € Hy}. Hence Gr is a homogeneous space of G L,.s,
isomorphic to GL,.s/P where P is the stabiliser of H.

Given any A € GL,.; we can define a bi-infinite sequence {W; }jeZ of elements
of Gr by

Wi =(7ACHy, jeg, (2.2)

where we have identified { with the multiplication operator f+— (f in GL,.,. This
gives us a bi-infinite flag

LLCWiCcWoCcCTIWo L.

Conversely, any bi-infinite sequence {Vj}jeZ of closed subspaces of H satisfying

Viz1 C V; and C‘jVj € G provides us with a sequence {W;} of the type above. It
follows that the collection of all of these is a homogeneous space of GL,s, isomorphic
to GL,es/B, where the subgroup B is defined by A € B iff (77 A¢/H, = H for all
j € Z. This group B is just the analogue of the Borel subgroup of upper triangular
matrices for G L, 1. We define this collection of bi-infinite flags to be the flag space
Fl.

2.1 Baker functions.

For each W in Gr there is a unique function ¥y (), called the Baker function for
W, which takes values in W and has Fourier series of the form

bw (&) = exp(aC)(1 4+ O(C1)). (2.3)
This relies on the following results which are proven in [25]. Inside G there is an
open dense subset, called the big cell, which consists of all W for which pr4 : W —
H is invertible. Clearly, for any W in the big cell the family e ¢ will also be in
the big cell for z suitably near 0. Therefore there is a locally defined function ¥
uniquely characterised by pry (e~ ) = 1. However, it was shown in [25] that
for any W in Gr the family e=®W belongs to the big cell for almost all (complex)
values of z, therefore the Baker function is defined almost globally. Indeed if we
write

Yw () = exp(2)(1 + aw (;l‘)C_l +..) (2.4)

it has been shown in [25] that aw (z) is a meromorphic function (in fact all the
coefficients in this series are) and its poles are precisely at the z-values for which
e~%CW does not lie in the big cell.

3 Solutions of the Toda lattice equations.

Given any A € GL,.s we will define a 1-parameter family in FI by
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Wy(t) = ¢ A exp(tC™) . (3.1)
It follows at once from the definition that
W3 (1) € W (1), (3.2)

For each t we have the Baker functions v;(z,t) taking values in Wj;(t) and one
easily checks that this gives an analytic family of Baker functions. Moreover, from
the definition and (3.2) we have:

Opti(z, 1) EW,(t) 5 Outhj(z,t) € CTIWii4(2). (3.3)
Proposition 1 There are functions ¢;(x,t) and v;(z,t) for which the Baker func-
tions satisfy:

Oothy + ;%5 —C¥jp1 = 0 (3.4)

Coj —vivj—1 = 0. (3.5)
The compatibility conditions for these equations imply that the functions v; satisfy
the Toda equations (1.1).

Proof. As in (2.4) we can write ¢; = exp(2¢)(1 + a;¢™" + ...). The claim is that
q; = aj41 — a; and v; = J;a;. Indeed an examination of the Fourier series shows

that the left hand side of (3.4) looks like

¢*(gj + aj — aj41 +O((T), (3.6)
while the left hand side of (3.5) looks like
€™ (Bpa; — vj + O(CTY)). (3.7)

However, all the terms in (3.6) belong to W;(¢) and all the terms in (3.7) belong to
W;_1(t). As explained earlier, for almost every z the space e~SW;(t) belongs to
the big cell and therefore e=®SW; (t) N H_ = {0}. Tt follows that (3.6) and (3.7) are
identically zero for almost all z,¢ with the above choices for ¢; and v;.

It remains to prove that v; satisfy the Toda equations (1.1). The identity d;0:v; =
910z, when combined with the linear independence of ¢; and (~1¢;_1 in W;(t),
implies that

gy =vjy1—v; 5 Owvy = vi(g5-1 — qj)- (3.8)

The second equation is equivalent to J; In(v;) = ¢;_1 — ¢;. When combined with
the first equation we obtain the equations (1.1).

Remark 1. Notice that, if 'y denotes the subgroup of all elements of P commuting
with ¢, then any element of the coset ATy will yield the same flag (2.2). Also, it
is clear from the definition that, for any j, ¢;a(¢) is the Baker function for aW;
whenever a(¢) = 1+ O(¢™'). Let '~ denote the group of all these functions a(()
(thought of as a subgroup of GL,.s) then any element of the double coset I'_ AT}
provides the same solution {v;},.7 for the Toda equations (1.1). In fact there is a
one-to-one correspondence between these double cosets and these solutions of (1.1),
a fact that the reader can easily verify.
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3.1 Globally analytic solutions of the elliptic Toda lattice.

To obtain solutions of the elliptic Toda lattice (1.2) we must impose two reality
conditions on the construction just described. The first is to set ¢t = —z and the
second is to choose A = L*L for any L € GL,.s, where L* denotes the adjoint
operator. In that case we have the following result.

Theorem 1 Suppose A = L*L where L € GL,es. Then witht = —z the func-
tions vj(x, —Z) given by the construction above are globally analytic, real-valued and
strictly positive solutions to (1.2).

The key to this result is that GL,.; admits an Iwasawa decomposition i.e. every
L € GL,¢s can be uniquely written as a product U DN where U is a unitary operator,
D maps ¢/ — stj where each s; is a strictly positive real, and N maps o
¢ (14 O(()). Let us denote the corresponding subgroups of GL,.s by U, D and
N, then this result is a corollary of the proof that GL,.s/B ~ Fl ~ U/T where
T = BN U. The proof of this is quite straightforward; it follows exactly the lines of
the proof for GL,41 in which the role of D is played by the subgroup of diagonal
positive definite matrices and N corresponds to the subgroup of upper triangular
unipotents. Indeed this analogy is quite close if we identify each f = 3" f;¢7 with

the infinite length column vector (..., f1, fo, f-1,...)".

Proof. Using the Iwasawa decomposition we write L exp(—2¢~!) = UDN, then we
have

exp(—z()L* Lexp(—x(~!) = N*D*DN = N*D?*N (3.9)
Now we make two claims:
1. e~®SW,;(—z) belongs to the big cell for all z,
2. e"SN* 1 {0 (T

The first claim follows from the identity e=®¢W;(—%) = ((T/N¢’)*Hy (from (3.9),
since D?N € B and as an operator * = (71). It is easy to see that, using the block
form (2.1),

o a0
(NG = ( : ) |
bj
where a;, b;,d; come from the block form for ¢TI NI Tt follows that the first claim
is true precisely when a* is invertible, which is always the case since (I N7 is

J
invertible.

The second claim comes from the fact that N* : {7 + ¢7(1+ O({™1)), since {745
is characterised as the unique element of (/W;(—z) with Fourier series (7e%¢(1 +
0(¢™).

For brevity, let us denote e®N* by . Then from the second claim we deduce
that all the equations (3.5) are encapsulated in the single equation
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O = —v (3.10)

where v is the operator defined by ¢/ — 'ijj_l. Now we observe, from (3.9), the
identity

exp(z()N* = Aexp(—2¢")N~1D~2
Placing the right hand side of this into (3.10) gives
v=D*N¢'N='D™? - D*NY(N~"YD=? +20DD~*.

An examination of this identity shows that v must equal D?¢~1D=2, which maps
¢ (5?_15;2)@_1 (where D : {7 — s;¢7). It follows that each v; is real-valued
and strictly positive, while the first claim proves that v; is globally analytic. This

finishes the proof of the theorem.

4 Harmonic maps into U,;,/T and CP".

While the Baker functions have led us to solutions of (1.2) it is unclear how any
of these solutions are related to harmonic maps. In this section we will see that
all the periodic lattice solutions which arise from this construction correspond to
equi-harmonic maps into U,41 /7T (a map into a homogeneous space of Uy, 41 is equi-
harmonic if it is harmonic with respect to every U, 41-invariant metric). Moreover,
after a slight alteration to the construction we will be able to conclude the same
thing about solutions to the finite lattice equations.

The first step is to reformulate the previous proposition slightly.

Corollary 1 Let L € GL,es and let UDN denote the Iwasawa decomposition of
Lexp(—zC)*. Then U satisfies the equations

U-19U = —8D.D-' + D-(D

U-'9U = D~'0D - D¢(~'D! (4.1)

whose compatibility conditions are equivalent to the Toda lattice equations (1.2).

In fact the compatibility conditions for this system, which are explicitly

00 11’1(8?) = 5?_15;2 — 53-3}_51, (4.2)

are gauge equivalent to the Toda equations (1.2), since
U= Ly~ 1D~ (4.3)

Remark 2. We could show that the group GL,.s acts on the space of all unitary
operators U arising from this corollary: the action is just the ‘natural action’ (cf.
[13, 14]) in which L o U is the unitary factor in the Iwasawa decomposition of the
product LU.

Now we will examine the periodic and finite lattice equations respectively.
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4.1 The periodic lattice.

The periodic lattice corresponds to periodic flags in F1 i.e. those flags {W;} for
which Wj 4,41 = W;. The collection of all such flags is denoted Fllnt1), Clearly, for
any such flag, ("*1W; C W;: the points in Gr with this property form a subman-
ifold Gr(**t1), Both FI(*+1) and Gr("*1) are homogeneous spaces of the subgroup
GL,(Q;H) of GL,., which is the commutant of (?+1.

Pressley and Segal [24] point out that GLE«Teljl) is identifiable with the loop group
LG = L%GLH_H of so-called ‘%—differentiable’ maps ST — GLpy41 (to be precise,
those whose determinant has winding number zero). However for our purposes it is
more useful to use another realisation of GLE«Z;H), called the principal realisation,
as (somewhat surprisingly) the subgroup L(G,v) of elements g(¢) of LG satisfying
cg(¢)e~! = g(w(), where o is the diagonal matrix diag(l,w,...,w") and w =
exp(2mi/(n+1)). We will call such loops v-equivariant, where v denotes the periodic
automorphism g — cgo~! of GL,41.

The identification of GL&Z;H) with L(G,v) goes as follows. First we note that any
f € H may be expanded in the form

FQ) = Fo(C) + AT + .+ M faCMH). (4.4)

For g € L(G, v) we define g o f to be that element of H got by adding together the
entries of the vector

(fO;Cfla-u;Cnfn)g_l- (45)

This identifies ¢ with an element of GL,.; which clearly commutes with ¢?*!.
Conversely, given A € GLgféjl) we see from (4.5) that we can construct an element
g of L(G,v) by taking the j-th row of g=' to be (77 (aq;, ..., an;) where ag; + ...+
("ap; is the expansion of A¢? € H according to (4.4).

Given this identification let us use ® to denote the L(G,v)-valued function of z, Z
which represents U defined by (4.3). Since U is unitary it follows that & is too. It

is a simple matter to check that the equations for U above imply

'1>_1Qd> = —35;5_1 —(s7'As (4.6)
& 19® =s"'0s+ (¢ tsAlsT! ’
where s~ is the diagonal, positive definite, matrix diag(so, ..., sn). Here A € gln41

is the cyclic matrix characterised by Ad;11 = J; where J; is the unit basis vector
in C™*! for the j-th coordinate (with j taken over Z,41). Observe that exp(z(A)
corresponds to the multiplication operator e~¢ on H.

In the context of this equation the previous corollary now amounts to the following
statement. Set ®(®) = exp(—zCA + Z(~'AY) (which produces the trivial solution of
(1.2) i.e. v; = 1 for all j) and take any g € L(G,v). Then g®() has Iwasawa
decomposition ®sn and the pair ®, s satisfy (4.6). Here all the factors in this
decomposition are v-equivariant: s is as above and n has Fourier series T + O(().
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Proposition 2 Let ® be any global solution of (4.6) and let ®,, denote ® evaluated
at { = a, |a| = 1. The map ¢ : R? — Uy y1/T defined by ¢(z,z) = ®,(z,2)T is
equi-harmonic.

This is a property of the equation (4.6) and not just the class of solutions we are
currently studying. It is a corollary of a deeper result, due to Black [2], and follows
from the fact that the map ¢ is a primitive map in the following sense of Burstall’s
[8]:
Let g denote the Lie algebra of Uy, 11 and let M denote Uy, 41/T. Recall (from e.g.
[9, 28]) that there is a surjective endomorphism of bundles

Mxg — TM
(z,8) dilt(exp t&.x)|o

whose kernel is the bundle [t] (where this denotes the vector bundle Uy, 41 x7t, where
T acts adjointly on its Lie algebra t). Given a reductive splitting g = t + m the
restriction of this endomorphism (4.7) to [m] is invertible and we denote its inverse
by 3. We can think of 8 as a g-valued 1-form on M (it is called the Maurer-Cartan
form for M).

The periodic automorphism v on g induces a Z, +1-grading on the complexifica-
tion g¢ whose homogeneous subspaces we denote by gkc. Each of these is simply the
eigenspace of v for the eigenvalue w” . In particular, g§ = t“ and m® = g¢'+.. 4+g¢.
Burstall [8] calls a map ¢ : R? — M primitive (or v-primitive) whenever ¢*3(10)
takes values in [g']. This condition guarantees that ¢ is f-holomorphic with respect
to a horizontal f-structure (as defined in [2]) which one can naturally associate to
the automorphism v, provided v has order greater than 2 (i.e. n > 2). One of the
main results of [2] implies that any such map whose domain is a Riemann surface
is equi-harmonic.

In the case of the map ¢ = ®,T the definitions are such that ¢ i1s primitive
precisely when Py, (®~10®) takes values in g¢ where P, is the projection onto m¢
along t©. But this is always the case if ® satisfies (4.6), since v(A) = wA and s
takes values in 7¢. (When n = 1 we can prove the result without this machinery.)

(4.7)

Proposition 3 Let ¢i denote the k-th column of ®, defined above, and let {¢y)
denote the line it generates in C"*T1. Then the map (¢r) : R? — CP" it defines is
equi-harmonic.

This follows from another result in [2], that if the primitive map ¢ is post-composed
with the homogeneous projection Uy41/T — Upy1/K, where K D T is any closed
subgroup, the result is also an equi-harmonic map. For CP" there are, of course,
n + 1 ways of doing this; one for each column of ®,. All these harmonic maps lie in
the same orthogonal, periodic, harmonic sequence. Indeed one sees from (4.6) that
the g-transform of the k-th column yields the (k + 1)-st, up to scaling.

To compute ®, explicitly we see from (4.3) that we need the Baker functions
together with the entries s; of s~!. These latter functions can be computed using
the 7-functions defined by Segal & Wilson [25]. Later this will be explained in the
context of the f-function solutions for (1.2).
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4.2 The finite lattice.

The condition for a finite lattice is v; = 0 for all j except 1 < j < n. This condition
requires that W;(¢) = H4, except for 1 < j < n, for all ¢. Clearly this condition
cannot be satisfied by the construction in section 3, but we can modify the z,t evo-
lution in F1 to get this. All that is required is that we replace ( in the one-parameter
subgroups {exp(z¢)} and {exp(¢¢*)} by the finite rank operator which equals ¢ on
the subspace generated by {1,...,{"~1} and whose kernel is the orthogonal com-
plement of this subspace. Rather than pursue this, it is quicker to realise that, for
the elliptic equations (1.2), this amounts to working with the system

&-19® = —0s.s71 —s71)s

®-19® = s"10s+ sAts~L. (4.8)

Here everything takes values in GL, 41 or its Lie algebra: @ takes values in Uy, 41,
s~1 g still diag(so, ..., sn) and A is the nilpotent matrix characterised by Ady = 0
and Adj41 = §; for 1 < j < n. [In particular, there is no need for the spectral
parameter ¢ here.]

Proposition 4 Let ® be any global solution of (4.8), then the map ¢ : R? —
Up41/T defined by ¢(x,z) = ®(x,2)T is primitive and therefore equi-harmonic.
Consequently, for each column ¢y of ® the map (¢x) : R? — CP" is also equi-
harmonic.

The proof follows at once from the observation that A € g¢ in the periodic grading
on g¢ = gl, 41 described earlier.

In particular, to obtain the ‘trivial solution’ from (4.8) we now take ®() to be
the unitary factor in the Twasawa decomposition, in G L, 41, of exp(zA)*. As in the
infinite lattice case, there is a ‘natural action’ of the group (in this case GL,41) on
the space of solutions to (4.8). Given any g € G L, 41 we define ® to be the unitary
factor in the Iwasawa decomposition of g®(®) then ® also satisfies (4.8) for some s.

It is quite easy to compute the harmonic maps (¢o) into CP™ which arise from the
orbit of ®(0) (here ¢q is the first column of ®). The vector ®J, generates the same
line in C™*! as g.exp(zA)*dp (since ®B = g.exp(zA)* B, where B is the subgroup
of upper triangular matrices, by virtue of the Iwasawa decomposition). Hence {¢¢)
is simply the map

).

For each g this is a smooth anti-holomorphic map into CP™ which extends from
R? to the whole sphere S?. The image is just a smooth rational curve of degree
n (indeed as g varies over GL,41 this gives all such curves of degree n in CP").
The other maps (¢x) are obtained by applying the ‘Gram-Schmidt’ process to the
columns of g.exp(zA)*. All these maps extend to S? and using (4.8) it is easy to
show that they belong to the same finite harmonic sequence: in particular there is
a diagonal g for which this is the Veronese sequence explicitly computed in [5].

(z,2) — (9.(1,2,..., P
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Remark 3. There is a version of both (4.6) and (4.8) for any choice of simple Lie
algebra. In that case v is the Coxeter-Killing automorphism and A is the ‘cyclic
element’ defined to be the sum of simple root vectors together with a root vector for
minus the maximal root (the pair v, A play a pivotal role in the study of generalised
Toda lattices in [10]). For A we take the sum of simple root vectors. Because both
L(G,v) and G have Iwasawa decompositions for any simple G we can repeat the
constructions above to obtain primitive harmonic maps into any full flag manifold
(i.e. the quotient of a compact group by its maximal torus) and subsequently, by ho-
mogeneous projection, equi-harmonic maps into the appropriate symmetric spaces.

5 0@-function solutions.

In [25] Segal & Wilson showed how to extract the #-function solutions of the (gen-
eralised) KdV equations from certain ‘algebro-geometric’ points in Gr. However, to
get something non-trivial for the Toda equations we have to adandon working over
|| = 1 and proceed as follows. Here I will only present an outline: the details (at
least in the case of SL,41) are given in [20].

The first step is to replace the loop group LG by another infinite dimensional
group AG. This is a subgroup of the group A¢G of real-analytic maps C — G L, 41
where C' is the union C;UC}5 of circles with radii €, ¢! respectively, where 0 < € < 1.
As in [1, 13, 14] we consider C to be the boundary of two regions on the Riemann
sphere: the union of discs I and the annulus E. An element of AcG should be
thought of as a pair (g1, g2) of loops, whose domain is C; and C respectively. The
subgroup AG we want is defined by

AG ::{(91;92) e AcG ;g2(C) ::gl(f_l)*_l}.

This group has a global decomposition which plays the role of the Iwasawa decom-
position. Let us define the following subgroups of AG:

e ApG = {(g1,92) : there is a holomorphic ¢ : E — GL,4+1 with boundaries
gl)g2}a

o ArG = {(g1,92) : there is a holomorphic g : I — GLp41 with boundaries
g1, 92 with ¢1(0) upper unipotent},

e D ={(s,571) : s is diagonal, constant and positive definite}.

Theorem 2 FEvery g € AG has a unique decomposition g = udn where u € AgG,
de D andn € AfG.

The proof is given in the appendix.
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To obtain solutions of (1.2) we work with the subgroup A(G,v) of pairs of v-

equivariant loops. The identification between LG and L(G,v) (via GL,(«gj'l)) essen-
tially identifies AG with A(G,v) (although to be precise we must alter the radius ¢
in passing between these two). In particular, when the previous result is applied to
elements of A(G,v) each of the factors lies in A(G,v). As a consequence we have:

Proposition 5 Let g € A(G,v) and let ®°) denote the Ag(G,v)-valued function
corresponding to exp(—zCA + z(~1AY). We write g®(®) = ®dn according to the
factorisation in the previous theorem. Then ® satisfies the equations ({.6). Conse-
quently the map ¢ : R? — U, 41/T defined by ¢ = ®,7T, |a| = 1, is harmonic.

Here we have identified ® with its extension to E. The proof is straightforward, by
comparison of Fourier series for ® on C; and C5. Of course this result is another
variation of the ‘natural action’ of [13, 14] (¢f. remark 2).

Now I will explain where the #-function solutions fit in. First observe that in the
previous proposition we may as well have taken g to lie in the subgroup generated
by D and A;(G, v), since left multiplication of ® by an element of Ag (G, v) does not
alter (4.6) and makes an insignificant change to ¢. In that case, ® = I at 2,z = 0,
so we can compute ® as follows. On C3 we have, by definition, & = g2d>(0)n2_15.
So to compute ® we need only know ¥ = d>(0)n2_1 and s, for then g2_1 is given
by evaluating ¥s at z, 2 = 0. First I will describe how to compute ¥ using certain
algebro-geometric points in the Grassmannian Gr("*!) corresponding to the Hilbert

space H where H is now L?(Cs, C).

According to [25] we get a point in Gr("+1) by choosing a Riemann surface X
admitting a degree n + 1 covering 7 : X — CP' together with a line bundle £ over
X equipped with a trivialisation @e, over poo = 77 1(00). This means that p., must
be a ramification point of X, with ramification index n. The trivialisation ¢, is
defined over the closure of an open disc D, about p,, which must contain no other
ramification points. In that case we can use 7 to define a local parameter ¢~1 about
Poo for which the boundary of D, is Cy. With all this we define a subspace W** C H
whose elements are given by restricting holomorphic sections of £ over X — Do, to
C5 and then applying ¢ to get C-valued functions. When £ has degree equal to
the genus p of X, the L2-closure W of W belongs to Gr("+1). When W, comes
from (£, ¢os) we obtain a periodic flag {W;} by using (£ ® Ox (jpeo — jPo), (¥ peo)
to construct W;, where py = 7~ (0) is required to be another ramification point
(also of index n). To get a l-parameter family of flags {WW;(¢)} of the form (3.1)
we replace £ by the line bundle £ @ [¢/€”'], where [¢/"'] is the degree zero line
bundle constructed using ¢'¢"" as a transition function over (considered as the
boundary of a disc about pg).

The Baker functions for this 1-parameter family produce solutions of (1.1) via
(3.5). To get real solutions of the elliptic equations (1.2) we have to impose reality
conditions on the data (X, m, £) which correspond to passing from A¢(G,v) to the
subgroup A(G, v). Namely, we require that X possess an anti-holomorphic involution
p : X = X which covers the map z + z~! on CP!. We also require £ to satisfy
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the reality condition

p L~ 0Ox(R)y® L7, (5.1)

where R is the ramification divisor of 7 in X — {po, pec } (it has degree 2p).
The n + 1 Baker functions we obtain from {W;(¢)} provide the columns for a

matrix function whose Fourier series on C3 is of the form (I + O(¢™1)) exp(2CA).

This matrix is constructed in the same way that we construct an element of L(G, v)
(n+1)

from n + 1 columns of an operator from GLye; ' (see Subsection 4.1). Then with
t = —Z it is the inverse of this which equals ¥: we will call this the matrix Baker

function (in [20] it is the inverse of this ¥ which is called the matrix Baker function).

Finally, we use the 7-functions for each W (t), together with the formula

Tj/Tj+1 = 5, (5.2)

to compute s~! = diag(so, ..., s,) and thus complete the computation of ®. These
functions 7; are all defined in terms of the single function called 7w (z) in [25]. Let
us rename this 7(z; W), then we define

7i(z,t) = 7(z; W;(t)).
When the flag comes from the data (X, 7, £), in the manner described above, each
of these functions may be computed in terms of the Riemann f#-function for X.
Their computation is detailed in [20].

Remark 4. Let me briefly the explain the origin of the formula (5.2). The proof lies
in the Birkhoff factorisation of elements of GL,.s. In particular, suppose we have
a flag of the form (2.2). When each W; lies in the big cell we can factorise A into
A_AoAy where A_ (resp. A4) is ‘lower’ (resp. ‘upper’) unipotent and Ag is diag-
onal. Clearly the flag only depends upon the factor A_. Now let A(t)_ correspond
to the flag {W;(¢)}. It is essentially by definition of the r-functions that 7;/7;41
gives the j-th diagonal entry of the middle factor in the Birkhoff factorisation of
e"%CA(t)_. If we compare this with the equation (3.9) in the proof of Corollary 1,
with ¢ = —Z, we find the formula (5.2).

5.1 Harmonic tori

We will have harmonic tori of the form ¢ = ®,7 whenever ®,, is doubly periodic.
To find these we look first for doubly periodic solutions of (1.2) and then investigate
when the monodromy of (4.6) is trivial for some value of { on the unit circle.
One expects to be able to show, using elliptic operator arguments similar to those
in [3, 15], that doubly periodic solutions of (1.2) can only come from f-function
solutions. In that case it is not too difficult to characterise them. Geometrically, a
solution of (1.2) corresponds to a 2-parameter family of line bundles {£ ® [¢*¢] ®

[e=%¢7"]} where £ satisfies the reality condition (5.1). Here [¢%¢] is the degree zero



218 1. McIntosh

line bundle whose transition function over Cy is €*¢: it follows that every bundle
in the 2-parameter family satisfies (5.1). The solution is doubly periodic precisely
when the real subgroup {[¢"¢]®[e=%¢" "]} of the Jacobi variety J(X) is topologically
a 2-torus. This can be phrased as a number of conditions on the moduli of X. In
particular, this is independent of L. It follows that these solutions always come in
families with (at least) p real dimensions: this is the dimension of the real subgroup
Jr of J(X) whose action preserves the reality condition (5.1). The effect of this
action is to translate the 2-torus around inside Jg: two of these degrees of freedom
account for conformal automorphisms of the 2-torus while the other p — 2 yield
genuine deformations of the map.

To satisfy the monodromy conditions is a harder problem. It can be shown that
the monodromy of @ is conjugate to that of ¥ and therefore its eigenvalues (which
are all we are interested in) can be computed from the Baker functions. In the case
n = 1 (the case of the elliptic sinh-Gordon equation) we can use the results of [3, 11]
to produce harmonic tori in Us/T each of which is the Gauss map of a surface of
constant mean curvature in R3. Although these maps come in p-dimensional families
(for the reasons given above) there is only a discrete collection of Riemann surfaces
X which admit them, hence the problem of locating them was non-trivial. In the
case n > 2 the monodromy conditions are at least as difficult to satisfy and the
problem has not, to my knowledge, been tackled.

5.2 Appendix: the proof of Theorem 2.

Only one tool is required for the proof of theorem 2, namely, the Birkhoff fac-
torisation [24] for LG in the following form. Every g € LG can be factorised into
g = g—g+, where:

e g+ =g+ (0)(J + O(¢)) with g4+ (0) upper unipotent,

e g_ extends holomorphically to the punctured disc about infinity but may have
poles at infinity. For readers familiar with the Birkhoff factorisation it is this
factor which includes a representative of the affine Weyl group.

This factorisation holds regardless of the radius of the circle over which LG is

defined.

So let (g,g) € AG, where g is shorthand for g(¢~1)*~1. Over C; the loop g has
factorisation g_g4+ and g_ extends holomorphically to F. Define h = G-'g_, then
over |{| = 1 we simply have h = g¢g*g_. Hence the Birkhoff factorisation for h
over £ comes from the Iwasawa decomposition for g_ over the unit circle. For, if
g— = aysay is the Iwasawa decomposition (i.e. a, is unitary, s is diagonal, constant,
positive definite and ay is as g4 above), then h = a% s?ay over the unit circle. But
in fact this holds throughout E, since Birkhoff factors have the same domain of
definition as their product. Hence we have

(9,9) = (au,au)(s, S_l)(a+g+, at9+),
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where the first factor belongs to Ag(G,v) since ay, @, both extend to E and are
equal on the unit circle (hence everywhere).

Ly! must

The uniqueness of this factorisation is clear. For if udn = u’d’'n’ then u~
be globally holomorphic and therefore a constant unitary matrix. But at { = 0 it
equals an upper triangular matrix with positive definite diagonal, hence it is the

identity.
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Harmonic maps via
Adler—Kostant—Symes theory

F.E. Burstall and F. Pedit

Introduction

Over the past few years significant progress has been made in the understanding of
various completely integrable nonlinear partial differential equations (soliton equa-
tions) and their relationship to classical problems in differential geometry. It has
been shown in a series of recent papers [42, 32, 21, 25, 15, 8, 12] that constant mean
and Gauss curvature surfaces, Willmore surfaces, minimal surfaces in spheres and
projective spaces and generally harmonic maps from a Riemann surface M into var-
ious homogeneous spaces may be described as solutions to various soliton equations
(see [7]). Moreover, these solutions are algebraic in the sense that they are obtained
by integrating ordinary differential equations of Lax type which linearise on the
Jacobian of an appropriate algebraic curve.

Links between harmonic maps and integrable systems have been known to exist
for some time: for instance, Uhlenbeck [55] showed that S!-equivariant harmonic
maps R x S' — S” amount to solutions of the Neumann system describing motion
on S" in a quadratic potential—a classical completely integrable system (see [60]
and for related results on S'-equivariant harmonic maps, see [33, 24]). However,
a significant interaction between differential geometry and soliton theory did not
emerge until after Wente’s resolution [59] of the Hopf conjecture on the existence of
a constant mean curvature torus in R3.

Let us consider this problem in more detail as it contains the seeds of all subse-
quent developments in this area. Recall that a surface M in R3 has constant mean
curvature if and only if its Gauss map ¢ : M — S? is harmonic. We are therefore
led to pose the following problem: given a compact Riemann surface M of genus
g, find all harmonic maps ¢ from M into the 2-sphere. The harmonicity of ¢ im-
plies that the (2,0)-part 5 of the quadratic differential (d¢,d¢) is holomorphic. If
M has genus 0 then this differential vanishes identically, i.e. ¢ is conformal and



222 F.E. Burstall and F. Pedit

thus +holomorphic. In this sense the harmonic map equation reduces to the linear
Cauchy—-Riemann equation. A similar phenomenon occurs when the target space is
replaced by a compact symmetric space where the reduction to the Cauchy-Riemann
equation is achieved by various twistorial constructions (see [35, 60] in this volume
for further details and references).

The situation changes drastically when M has higher genus. There is no system-
atic theory when M has genus larger then 1 so we shall concentrate on the case
where M is a 2-torus. Here, the differential n = (dd),dd))(Q’O) either vanishes identi-
cally (in which case we again have tholomorphic maps) or is nowhere zero. In the
latter case one can choose a global complex coordinate z so that (d¢, dd))@’o) =dz?
and (d¢,dé)(11) = cosh(w) |dz|?. Then the harmonicity of ¢ amounts to the sinh-
Gordon equation for w, a well known soliton equation. Starting from this observa-
tion, Pinkall-Sterling [42] show that all doubly-periodic solutions to the sinh-Gordon
equation (and thus all constant mean curvature tori) are obtained by integration of
a family of completely integrable finite dimensional systems of ODE. These ODE
linearise on the Jacobian of an algebraic curve the study of which enabled Bobenko
[6] to show that the solutions can be expressed rather explicitly in terms of theta
functions. That this behaviour extends to more general target spaces was indicated
in [32] for S3, [25] for S* and culminated in [15] where a rather comprehensive
theory of harmonic 2-tori in compact Riemannian symmetric spaces is developed.

One may summarise this theory as follows: the starting point is the basic fact
[43, 56, 65, 66] that the harmonic map equation can be reformulated as a zero-cur-
vature equation involving an auxiliary parameter or, in other words, as the Maurer—
Cartan equation for a certain loop algebra valued 1-form. One can obtain solutions
to these equations by integrating a pair of commuting Hamiltonian vector fields on
certain finite-dimensional subspaces of loop algebras. In this way, we get harmonic
maps of R? which we call harmonic maps of finite type. Finally, under suitable
nondegeneracy assumptions, one shows that these procedures account for all doubly
periodic harmonic maps, that is, for all harmonic 2-tori.

It is the purpose of this article to provide a unified account of these ideas and, in
particular, the results of [8, 12, 15, 25, 42]. A framework for this is given by the theory
of Adler-Kostant-Symes [1, 37, 54]. This theory provides a scheme for producing
and integrating non-trivial commuting Hamiltonian flows on Lie algebras. The basic
setting for the scheme is this: one has a Lie algebra g which admits a (vector space)
direct sum decomposition into subalgebras

g=tdb. (0.1)

In the presence of a suitable inner product, £ inherits a Poisson structure from
the Lie—Poisson structure on b*. With this Poisson structure, € has a large supply
of Poisson commuting functions provided by the restriction to £ of the invariant
functions on g. To integrate the Hamiltonian flows so obtained, we use the method
of Symes: let G be a Lie group with Lie algebra g and let K, B be the subgroups
corresponding to €, b. Suppose that there is a decomposition

G=KxB (0.2)
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corresponding to (0.1). Then the Hamiltonian flow through an initial condition
&, € tis given by

Adk™1 &,

where k is the projection onto K via (0.2) of a suitable geodesic in G.

We apply this theory to a family of twisted loop algebras which admit a decompo-
sition (0.1) of Iwasawa type. A key point is that the subspaces of Laurent polynomial
loops of fixed degree are Poisson submanifolds so that we obtain commuting ODE
on finite-dimensional Poisson manifolds. From the Hamiltonian flows on these sub-
spaces we get solutions to zero-curvature equations which give rise to (framings of)
harmonic maps of R? into various homogeneous spaces.

In fact, we get in this way both harmonic maps into Riemannian symmetric spaces
and primitive maps into k-symmetric spaces. These last are rather special harmonic
maps into a class of reductive homogeneous spaces that generalise Riemannian sym-
metric spaces (the involutions of a Riemannian symmetric space are replaced by
automorphisms of order k) and include all flag manifolds. A map into such a space
is primitive if it satisfies a first order condition not unlike a Cauchy—-Riemann equa-
tion defined by the geometry of the k-symmetric space. The motivation for studying
primitive maps comes from the fact that they include twistor lifts of minimal maps in
spheres and complex projective spaces and also, in case the target is a flag manifold,
are in bijective correspondence with (periodic) Toda fields.

The method of Symes also works in this infinite-dimensional loop algebra setting.
There are Iwasawa decompositions of the loop groups that correspond to our loop
algebras and projection of (complex) geodesics provides maps into loop groups which
are essentially the eztended solutions in the sense of Uhlenbeck [56] for the harmonic
maps we have produced.

Finally, we obtain sufficient conditions on a harmonic 2-torus to arise from our
constructions. The basic result here is due to Burstall-Ferus—Pedit—Pinkall [15] and
the method of Symes is applied to translate that result to our present setting.

The second author was partially supported by NSF grant DMS-9205293 during
the preparation of this article.

1 The Adler—Kostant—Symes scheme

One of the main themes of this volume is the construction of harmonic maps from
commuting Hamiltonian flows on loop algebras. A setting for such results is provided
by the celebrated analysis of the (open) Toda lattice by Kostant and Symes [37,
54], where a general scheme is described for producing and integrating commuting
Hamiltonian flows on Lie algebras (see also [1]). Since this beautiful circle of ideas
may be unfamiliar to Riemannian geometers, we begin by rehearsing the main points
of the theory in a form suitable for our applications.
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1.1 Poisson structures and Lie algebra decompositions

Let M be a manifold. A Poisson structure on M is a Lie algebra structure on
C*® (M), with bracket denoted (f,g) — {f, g}, for which ad f is a derivation over
multiplication:

{f,gh}y ={f,g}h+g{f, h},

for all f, g, h € C*®°(M). As a consequence, each f € C°(M) gives rise to a
Hamiltonian vector field Xy by

Xrg=1f9}.

It follows from the Jacobi identity for {, } that f — X is a Lie algebra homomor-
phism C® (M) — C*®(TM) (see [60] for more details).

For our basic example of a Poisson structure, let b be a (real) Lie algebra with
dual 6*. When f € C*°(b*) and 2 € b*, we have df, € b** = b and, using this
identification, we define a Poisson structure on b* by

{f,g}(l') = (‘L)a [dfx;dga:D

The Ad*-invariant functions on b* commute with respect to this Poisson structure
but, unfortunately, they also commute with all other functions on b* and so have
trivial Hamiltonian flows. To get non-trivial commuting flows, we must introduce
some extra structure.

Suppose then that we have a Lie algebra g which admits a (vector space) direct
sum decomposition into subalgebras:

g=tadb.

Suppose further that there is a (real) non-degenerate symmetric bilinear form on g,
denoted (, ), which is invariant:

([&:nl, ¢) = —(n, [£, <D)-

The bilinear form induces a musical isomorphism g = g* and so, by restriction, an
isomorphism £° = b*. Here £° is the polar of ¢ with respect to (, ):

¥ ={neg:(n& =0forall et}

Thus ¢° acquires a Poisson structure from that of b* and this is the Poisson structure
that will be important for us.

To describe the Poisson structure on ° explicitly, we introduce some notation. Let
me, Tp be the projections onto ¢, b along b, € respectively. Further, for f € C*°(¢°),
let f be some extension of f to g and let Vf denote its gradient with respect to
(,). It is easy to check that the projected gradient

mVf

depends only on f. A straightforward calculation now shows that the Poisson bracket
on t° is given by
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{1,9}(€) = (& [76V fe, TV e]). (1.1)

To see the Hamiltonian vector field of f, let 7o denote projection onto £° along b°.
Then, using the invariance of (, ), we have

{1,93(€) = (& 7V el m6Vie)
= (meo €, 6V fe], Vi)
= dj(melé, MoV fe]) = dg(mee[€, 6V fe]).
Thus, for & € ¥°,

Xj(€) = meo[€, moV fe). (1.2)

1.2 Poisson submanifolds

Let M be a Poisson manifold with bracket {, }s;. A submanifold V' of M is a
Poisson submanifold if

1. V has a Poisson structure {, }v;

2. the inclusion i : V < M 1is a Poisson morphism:
{foi,goitv ={f,g}m o1, (1.3)

for f, g € C*(M).

Since #* : C®°(M) — C°°(V) is surjective, it is clear that (1.3) completely deter-
mines the Poisson structure on V. Thus a submanifold V' is Poisson as soon as the
prescription (1.3) gives a well-defined bracket {, }v on C® (V).

There is a simple condition for this to be the case: a submanifold V' is Poisson
if and only if the restriction of any Hamiltonian vector field to V' is tangent to V'
(see [58, Lemma 1.1]). In the setting of Section 1.1, we use this and the form of the
Hamiltonian vector fields (1.2) to obtain the following

Proposition 1.1 Let V C £° be a linear subspace satisfying
meo [V, 6] C V. (1.4)
Then V' is a Poisson submanifold of €°.

Such considerations will be important when we come to discuss finite-dimensional
subspaces of infinite-dimensional loop algebras.

Remark The above discussion is merely the translation into our setting of the fact
that ad® b-invariant subspaces of b* are Poisson submanifolds of 6* which in turn
follows from the fact that the symplectic leaves of b* are precisely the co-adjoint
orbits.
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1.3 Commuting Hamiltonians

We now come to the main point of our constructions: ad-invariant functions on g
restrict to Poisson commuting functions on £°. Recall (cf. [60]) that f € C*°(g) is
ad-invariant if

dfe([¢, a]) = 0,

or, equivalently,

[V/e £l =0, (1.5)

for all ¢ € g. If f, g € C*(g) are two ad-invariant functions, then their restrictions
to £° have Poisson bracket

{f:g}(g) = (€: [ﬂ'bv_fg, Wngg])
= ([5;7Tbvfg],7rng§).

We now use the invariance of f which implies [§, m¢V f¢] = —[€, sV fe] to get

{908 = —([& meV el meVge)
= —(& [mVfe, mVygel)
(&, ﬂ-bvgﬁ]a Wevfg)
= —([§&, mVygel, mV fe) = (& [meV fe, meVge])
which last vanishes since [meV fe, meVyge] € € and ¢ € €°. As for the corresponding

Hamiltonian vector fields, from (1.2) and (1.5), we see that the restriction to €° of
an ad-invariant f has Hamiltonian vector field

Xy (&) = mee [meV e, ] = [meV fe, €], (1.6)

where the last equality comes from [t £°] C €.

1.4 Group decompositions and the method of Symes

We have therefore found a family of commuting flows on ° and our next task is to
integrate them. For this, we globalise the situation following Symes [54]: let G be
a Lie group with Lie algebra g, let K, B be subgroups with Lie algebras €, b and
suppose that multiplication K x B — (G is a diffeomorphism onto. Thus any g € G
may be uniquely written as a product

g = kb,

with k € K, b € B. We further demand that the adjoint action of G on g preserve
(,) (which follows from the invariance of (, ) if G is connected) and we consider
Ad-invariant functions on g: that is, functions f € C*°(g) satisfying

f(Adg &) = £(8), (1.7)
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for all £ € g, ¢ € G (again, when G is connected, this is equivalent to (1.5)).
Differentiating equation (1.7) with respect to &, we deduce that Vf is equivariant
in the sense that

Visage = Adg Ve, (1.8)

forall¢ €g, g €G.
So let f € C*°(g) be Ad-invariant and fix an initial condition £, € £°. Consider

the geodesic ¢ : R — G given by g(t) = exp —tVfe, and factorise to get curves
k:R— K, b:R— B with

g(t) = k()b(?),

for all ¢ € R. Define £ : R — €° by ¢ = Ad k~!¢,. Then £ is the integral curve of X;
with £(0) = &,. Indeed,

€= —[k"k,¢]

while
Ve, = g9 = kk™' + Adkbb?

so that taking Ad k~! of both sides and projecting onto ¢ gives
E~k = —me AdR™IVfe, = —meV e,

where the last inequality follows from the equivariance (1.8) of Vf. Thus
£ = [mVie. €.

To summarise: we have seen how to equip £ with a Poisson structure for which
the restriction of Ad-invariant functions on g commute. Moreover, the correspond-
ing Hamiltonian vector fields are of Lax form (1.6) and are integrated using the
projection onto K of geodesics in G.

Remark In fact, the invariant inner product (, ), although present in all our appli-
cations, is not strictly necessary in the above development. If one replaces € with
tL C g*, the annihilator of ¢, then, as above, ¢+ 2 b* and so acquires a Poisson
structure with respect to which the restrictions to ¢+ of Ad*-invariant functions on
g* commute. Moreover, the Symes method of integration also works in this setting
mutatis mutandis.

1.5 The Toda lattice

We conclude this discussion with a brief exposition of the original application of the
theory to the open Toda lattice. Besides completing the circle of ideas, this will also
give us an opportunity to develop concepts we shall need later.
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Let g be a complex semisimple Lie algebra and ¢ a compact real form. Fix a
maximal toral subalgebra t C ¢ and set a = it where i = v/—1. Then h=tdais
a Cartan subalgebra of g. Let A(g, h) C h* be the root system of g with respect to
f and fix a choice of positive roots At C A(g, h) with corresponding simple roots
Qap,y...,0].

The Toda lattice is a Hamiltonian system on T*a = a x a*, equipped with its
canonical symplectic structure. The Hamiltonian is given by

1
H(q,p) = [pl*/2+) el
i=1

where the metric is given by the real part of the Killing form « of g. One may think
of this system as describing ! particles moving on a line with exponential interactions
governed by the Dynkin diagram of g, see [37]. (Note that the roots are real linear
functionals on a.)

To put this Hamiltonian system into our frame-work, we follow Bloch—Flaschka—
Ratiu [5] and use the Iwasawa decomposition of g: for each root « € A(g, b), let g*
be the corresponding root space and define a nilpotent subalgebra n C g by

We then have a direct sum decomposition
g=tPadn,

the Twasawa decomposition of g (cf. [30, page 275]). Moreover, there is a global
analogue of this decomposition: let G be a Lie group with Lie algebra g, K the
maximal compact subgroup with Lie algebra ¢ and A, N the analytic subgroups
with Lie algebras a, n. Then multiplication K x A x N — G is a diffeomorphism
onto.

Now [a,n] C n so that b = a® n is a solvable subalgebra of g and we may apply
our preceding discussion to g = €@ b. As our invariant symmetric form, we take the
imaginary part of the Killing form: (, ) = Im . The Killing form is positive definite
on a, negative definite on ¢ and vanishes identically on n so that both ¢ and b are
isotropic for (, ) giving

=t b =b.

Thus we have a Poisson structure on £ = b*.
For 1 < i <, choose non-zero vectors X; € g and consider

l
OZ{H—{—ZGZ(XZ—}-YZ) cH et aq >0}
i=1

It is not too difficult to see that @ is a symplectic leaf of the Poisson structure
on €. Indeed, the co-adjoint action of B = AN on b* induces an action of B on &,
the orbits of which are the symplectic leaves on ¢ and one can show that O is the
B-orbit of 37, (X; + X;).
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In fact, O is symplectomorphic with the phase space T*a of the Toda lattice: use

(,) to identify a* with t and define ¢ : T*a — O by
1
d(q.p)=p+ Y e (X; + X)),
i=1

where the constants c¢; are positive constants to be chosen later. By checking the
Poisson brackets of suitable co-ordinate functions, it is straight-forward to prove
that ¢ is a Poisson morphism and hence a symplectomorphism for any choice of the
constants c;.

Now take as an Ad-invariant function f : g — R half the negative of the real part
of the Killing form:

f(n) = —Rex(n,n)/2.
On O, we have

SO+ 37 ai(Xi +X0)) = —n(H, H) /2= 37 af(Xs, X)

so that
fod(q,p)

/2= 3" e2n(X;, Xy)e? @

2
p1P/2 4 X2 @),

Thus choosing ¢; = 1/|X;|, we see that f o ¢ is the Toda Hamiltonian.

The preceding theory may now be applied in a number of ways: the invariant
polynomials on g restrict to give [ functionally independent Poisson commuting
conserved quantities on O so that the Toda lattice is completely integrable in the
sense of Liouville. Moreover, the method of Symes can be used to integrate the
Toda flow leading eventually to explicit formulae for the flows in terms of matrix
coefficients of the fundamental representations of GG. For this and for further details
on the ideas we have been discussing, the Reader is referred to the original papers

and the books [29, 41].

2 Twisted loop algebras and zero-curvature equations

2.1 What the Maurer—Cartan equations are for

Let GG be a Lie group with Lie algebra g and let 6 be the (left) Maurer—Cartan form
of G. Thus 0 is the g-valued 1-form on G given by

0,(X) = (5. X €T.G =g,

for X € T;G. A simple calculation using the left-invariance of ¢ shows that
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dg+ 166 =0. (2.1)

These equations are the Maurer—Cartan equations.
Now let ¢ : M — G be a map of a manifold M and set o = ¢*f. Then ¢ pulls
back (2.1) to give

da+ i[ana]l =0 (2.2)

so that a also satisfies the Maurer—Cartan equations.
Fundamental to what follows is that a partial converse of this is true. We have
the following classical theorem (which is proved, for example, in [53]):

Theorem 2.1 Let a be a g-valued 1-form on a simply-connected manifold M. Then
a = ¢*0 for some map ¢ : M — G if and only if a satisfies the Maurer-Cartan
equations (2.2).

In this case, ¢ is unique up to left translation by a constant element of G.

Otherwise said, (2.2) amounts to the assertion that the connection d 4+ a on the
trivial principal G-bundle M x G — M has vanishing curvature (i.e., is flat) while
Theorem 2.1 says that there is a gauge transformation ¢ which gauges this flat
connection to the trivial connection. It is for this reason that the Maurer—Cartan
equations are often called the zero-curvature equations.

Notation When G is a matrix group, ¢*¢ = ¢~1dé. Throughout this article we
shall use this notation even when G is not a matrix group.

The application of the above constructions to the theory of harmonic maps begins
with two observations. Firstly, it is well known [43, 56, 65, 66] that, for maps of a
Riemann surface into suitable homogeneous spaces, the harmonic map equations
are equivalent to the flatness of a certain loop of connections, that is, to certain
solutions of the Maurer—Cartan equations (2.2) where « is a 1-form with values in
an appropriate loop algebra.

On the other hand, solutions of (2.2) arise in the setting of the previous sections
from the simultaneous integration of several commuting Hamiltonian flows on £°.
Indeed, let f1,..., f™ be Ad-invariant functions on g with corresponding Hamilto-
nian vector fields X; on £°. Fixing an initial condition ¢, € ¥°, we may integrate
these vector fields (when they are complete) to get ¢ : R™ — ° satisfying

d¢ = D Xi(¢)dt
6(0) = &.
Moreover, the Symes method shows that & = Adk~'¢, where k : R™ — K satisfies
k=ldk = —mg Adk™'Y VL dtt = —me Yy Vfidt
i i

In particular, o = —m¢ ), Vfg' dt is the pull-back by k of the Maurer—Cartan form
on K and so satisfies the Maurer—Cartan equations.
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The point now is that when £ is an appropriate loop algebra and the f* are suitably
chosen, the 1-form « is of precisely the right form to produce a harmonic map.
Moreover, the map k will be an “extended solution” as described in the contribution
of Guest—Ohnita to this volume [28].

2.2 Passage to infinite dimensions

Our intention is to carry out this programme for a family of twisted loop algebras.
We therefore begin by considering the adjustments that must be made when carrying
the Adler-Kostant—Symes scheme over to an infinite-dimensional setting. So let G
be a reflexive Banach Lie algebra and suppose we have

(i) a decomposition G = K @ B into closed subalgebras;

(ii) a continuous ad-invariant symmetric bilinear form (, ) which is non-
degenerate in the weak sense that the induced map ¢ : G — G* is injec-
tive;

(iif) K, B are both isotropic for (, ).

It follows that B is reflexive so that we may canonically identify B with B** and

so obtain a Poisson structure on B* as before. By virtue of the isotropy of K, the

injection § — G* restricts to give an injection X — B* but this need no longer be

an isomorphism and so we cannot transfer the Poisson structure of B* to K.
However, suppose that V' C K is a linear subspace satisfying

1. mx[V,B] C V;

2. i(V) is closed and has a closed complement in B* (trivially true if V is finite-
dimensional).

In this case, V' has a Poisson structure for which i : V' — B* is a Poisson morphism.
Indeed, by virtue of the second hypothesis, i* : C*°(B*) — C*°(V) is a surjection
so 1t suffices to show that the prescription

{foi:goi}v = {f:g}B*Oi

is well-defined. This, in turn, follows from the first hypothesis as in Proposition 1.1.
We can now proceed as before with the caveat that not all functions on G have
gradients with respect to (, ). This prompts the following terminology:

Definition F € C*(G) is admissible if it has a gradient with respect to (, ).

For admissible functions F', G € C'*°(G), we can compute the Poisson bracket of
their restrictions to V' as before:

{F,GHE) = (&, [V Fe, msVGe]),
foreeV.
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Finally, an admissible function F' € C'*°(G) is invariant if
[fa VFﬁ] =0,

for all ¢ € G. For such functions, the analysis of the previous section goes through
as before and is summarised in the following theorem.

Theorem 2.2 Let F' and G be invariant, admissible functions on G. Then their
restrictions to V. Poisson commute.
Moreover, the Hamiltonian vector field corresponding to F s given by

XF(&) = [FKVFE:E:]:
foreeVv.

2.3 Twisted loop algebras

To introduce the loop algebras to which these ideas will be applied, we begin by
fixing the following ingredients:

1. A compact semisimple Lie algebra g.

2. An automorphism 7 : g — g of finite order k with fixed set ¢.
3. The primitive k-th root of unity w = 27/,
In addition, we fix an Iwasawa decomposition of £C:

tC=tqpo,

where b is a solvable subalgebra of £©. Such a decomposition exists since ¢ is compact
so that €€ is reductive.
Define a loop algebra by

Agl={6:5" = g®: ¢(wh) = r&(N) for all X e S}

and equip it with the Sobolev H"-topology for some r > % Thus Ag® is a Banach
(indeed, Hilbert) Lie algebra under point-wise bracket. There is an analogue of the
Iwasawa decomposition for Aggz let. Ag, be the real form

Agr ={6€Agr €5 g}
and define a complementary subalgebra by
Aygl = {¢€ € Ag® : ¢ extends holomorphically to ¢ : D — g€ and £(0) € b},

where D is the disc {|A| < 1}.
Aloop € € Agg has a Fourier decomposition:

§= Zg—n/\n

nEL



Harmonic maps via Adler-Kostant—-Symes theory 233

with each &, € g© satisfying 7&, = w™"¢,. (Our convention of labelling the coeffi-
cient of A" by —n is to prevent a welter of negative indices in subsequent formulae.)
In terms of this decomposition, the conjugation on Agg across the real form Ag, is
given by

E=) &an

where the conjugation in g® is with respect to the real form g. Moreover, our sub-
algebras are given by

Agr = {€e€Agl & =¢ )
Apg® {€eAgC: &, =0forn>0;¢& € b}

From this it 1s clear that
Agl = Ag; & Aygf

is a vector space decomposition into closed subalgebras.

Now let & be the Killing form of g© and introduce a (weakly) non-degenerate
invariant symmetric bilinear form (, ) on Ag® by taking the imaginary part of the
L? inner product:

(E,n)zlmﬁlﬁ(&n)-

Observe that both Ag, and A+g§ are isotropic for this form so that we are in the
situation of the previous discussion.

Let mx, g be the projections onto Ag., A+g§ along A+g§, Ag; respectively. To
calculate these, write £ € Ag® as

E=¢r+60+¢,
where
=3\ P=beth =)
n>0 n<0

Further, write £° = 52 + 52 for the Iwasawa decomposition of ¢° into & and b parts.
Then

E=(E+E+E)+E - +8)
and the first summand is in Ag, while the second is in A+g($. In particular, we have
€ =&+ & +E (2.3)
Recall that finite-dimensional subspaces V' C Ag, satisfying

e[V, Apgl] C V
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inherit a Poisson structure from (A+g§)*. Our main examples of such subspaces are
the spaces of polynomial loops given by

Ag={¢ € Ag; : & = 0 for all |n| > d},

where d € N. Indeed, if £ € Ay and 5 € A+g§ then A%¢ extends holomorphically to
D so that [A\9¢, 5] does also. This means that [¢, 7] = A=4[A%, ] has a pole of order
at most d at 0 € D so that

e, =16 n]” + 6,0t + [€, 0] € Aq,

as required. We have therefore proved:

Proposition 2.3 Ford € N, Ay is a Poisson manifold on which the restrictions of
invariant admissible functions on Ag® Poisson commute.

2.4 Zero-curvature equations

We now come to our main construction: for d € N, we will integrate a pair of
commuting Hamiltonian flows on the finite-dimensional Poisson manifold A; and,
from that data, construct a Ag,-valued 1-form which solves the Maurer—Cartan
equations. In Section 3, we shall see how such 1-forms are related to harmonic
maps.

Fix d € N with d = 1 mod k. Define f, f2 € C*(Ag%) by
fl(E)z—%Im/ Nk(€,6), f2(£)=—%Re/ Nk(€,€).
St S1

It is easy to see that the f* are invariant admissible functions with gradients given
by
Vi ==X V=T
(here we have used d — 1 = 0 mod k to ensure that the V£ so defined take values
in Ag?).
We restrict f1, f2 to Ay and let X, X5 denote the corresponding Hamiltonian
vector fields. Thus

X1(€) = (6 meATe Xa(€) = 6 meix' e,

for £ € A4. That these vector fields are complete is a consequence of two observa-
tions: firstly, the L? inner product

<€,n>=/51ff(€,77)-

is negative definite on Ag, (and thus on A4). Secondly, the X; are of Lax form, i.e.,
of the form
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X(&) = [¢, A9)]-
For any integral curve £ of such an X we have
dfdtle]® = 2(¢.¢)
= 2[¢, A(§)],€) = —2(A(§), [£.€]) =0

so that & takes values in a sphere in Ay whence X is complete.
Let X§, X% be the flows corresponding to the X;. Since f! and f? Poisson com-
mute, the commutator X1, X4] vanishes so that

X; o X4 = XboX3,

for all 5, ¢t € R. Now fix an initial condition &, € A4 and define ¢ : R?2 — Ay by
£(s,1) = X7 0 X5(&)-

Then ¢ satisfies
dé = X1 (&) ds + Xq(€) dt; £(0) =¢&,. (2.4)

Our interest in such maps comes from the possibility of constructing loops of flat
connections from them:

Theorem 2.4 Let ¢ : R2 — Ay be the solution of (2.4) and define a Ag,-valued
1-form o on R? by

a=—mc(Vfids+ Vfidt).
Then « solves the Maurer—Cartan equations:

da+ i[aAa] = 0.

This theorem can be proved by direct calculation or by recourse to the method of
Symes. The first approach is an exercise for the Reader while the second will be
carried out in Section 4.

We have thus obtained solutions to the Maurer—Cartan equations by integrating
Hamiltonian ordinary differential equations on some Agz. Our application to har-
monic maps will depend on the precise algebraic form of the solutions so obtained
and it is to this that we now turn. We have

a=—mg(Vfids+ Vfzdt) = mc(A71¢ds + AT dt).
This simplifies if we introduce the complex co-ordinate z = s + it on R%
a = me(ATedz).
We now use (2.3), together with the fact that & takes values in A4, to get
a = (AT dz+ (ATEd)] + (VTG dT
= A Mgdz + (Eamr d2)e + Ae_qdz.
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To compute the A-independent term, we must understand the Iwasawa decomposi-
tion of £C: let t be the given maximal torus in £, n the nilpotent subalgebra given
by the positive root spaces and set h = tC. Then we have

t“=nohon, b=(it)on
Corresponding to this decomposition of ¥¢, write 5 € €€ as
=N+ Ny+ Ta
It is then easy to check that
(ndz)e = (1= + 575) dz + (1= + 575) d7. (2.5)
This suggests that we define r : £¢ — £€ by
r(n) = 1w+ 57
Then, denoting the (1,0)-part of @ by o, we conclude that
o = (A7 + r(Eamr)) de. (2.6)
We can now summarise our discussion in the following theorem:

Theorem 2.5 For each d = 1 mod k and &, € Ay, there s a unique solution £ :
R2 — Ad to

9¢

e [E AT a+r(Ea1)]l; E(0) =6, (2.7)
and then the Ag,-valued 1-form a given by
a= A"+ r(€i-1))dz + (Mg + r(€g-1)) dZ (2.8)

satisfies the Maurer—Cartan equations.

Remark When g has rank greater then one, we may generalise these methods to
produce Maurer—Cartan solutions on C" by simultaneous integration of 2n com-

muting flows. Briefly, the idea is to consider ad-invariant polynomials P : g© — C
and define functions f*, f? on Ag(s by

fe =t [ P FO=ne [ AP
which are easily seen to be admissible and invariant. Any collection of such functions,
with P ranging over ad-invariant polynomials, will Poisson commute and so give
rise to a solution to the Maurer—Cartan equations. By choosing the exponents m
appropriately, one obtains solutions o with the same kind of A-dependence as in
(2.6). From such « one can construct pluriharmonic maps of C".

We shall not pursue this topic further in this chapter but, instead, refer the Reader
to the discussion in [15].
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2.5 The r-matrix approach

Elsewhere in this volume (and in the papers [25, 15]), a different approach to the
construction of commuting flows on loop algebras is employed, to wit: the r-matrix
formalism of Reyman—Semenov-Tian-Shansky [49]. In this section, we take a break
from our main development to briefly review this method and show how it gives the
same Poisson structures on Ag, as the Adler-Kostant—Symes scheme. For brevity
of exposition, we shall ignore questions of completeness of metrics, admissibility of
functions and so on.

We begin with a (possibly infinite-dimensional) Lie algebra G. A linear map R :
G — G is called an r-matriz if the bracket defined by

[, nr = [RE, n] + [¢, Rn]

satisfies the Jacobi identity. This is easily seen to be the case if R solves the (mod-
ified) classical Yang-Baxter equations:

R[¢, g — [RE, Ry] = al€, n], (2.9)

for some fixed a € C. Given an r-matrix, G acquires a second Lie algebra structure
so that the construction which opens Section 1.1 equips G* with a second Poisson
structure.

Suppose also that G is equipped with an ad-invariant inner product (, ). We use
this to transfer the new Poisson structure from G* to ¢ and thus arrive at a Poisson
structure on G with bracket:

{7, 9}r(€) = (¢, [grad f¢, grad g¢]g), (2.10)

where grad denotes the gradient with respect to (, ).

Such Poisson structures enjoy many of the properties of those constructed by the
Adler-Kostant—-Symes scheme. In particular, ad-invariant functions on G Poisson
commute and give rise to solutions of the Maurer—Cartan equations.

Let us show that both these constructions coincide in our setting: define a linear
map R : Ag; — Ag; by

R¢ = i¢t 4+ Roe® —ie™.
Here Ry : & — t is given by
Ron = tnpn — 115

One observes that the ti-eigenspaces of R are subalgebras of Ag(f while the 0-
eigenspace is the abelian subalgebra f. From this, it is easy to check that R solves
the modified classical Yang-Baxter equations (2.9) with @ = —1 and so is an 7r-
matrix.

Recall that Ag, carries the ad-invariant, negative definite inner product,

<E,n>=/51f€(€,77)
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so that R induces a Poisson structure on Ag;.

We claim that this Poisson structure is the same as the one described in Sec-
tion 2.3. To see this, it suffices to compare Hamiltonian vector fields. So let f be
some function on Ag, and recall that its Hamiltonian vector field with respect to
the Adler—-Kostant—Symes Poisson structure is given by

k&, msV ] = [€, 78V fe] — 75l 8V f¢]
= [Euﬂ-vié]_ﬂ-B[gavff]a

for & € Ag,. Here the last equality is due to the fact that 7s[¢, mxV f¢] vanishes
since Ag; is a subalgebra.

On the other hand, we note that R is skew-symmetric for (, ) and use this,
together with (2.10), to see that the Hamiltonian vector field of f with respect to
the R-Poisson structure is given by

[€, Rgrad fe] — R[¢, grad fe] = [¢, (R + 1) grad fe] — (R +1)[¢, grad fe].

That these vector fields are the same is an immediate consequence of two easily
verified facts. Firstly, the relation between the two gradients is given by

grad fe = 3 (Vfe = VFe),
for ¢ € Ag,. Secondly, one deduces from (2.3) and (2.5) that

€ = 5 (R+1) (€ =€),
for &€ € AgC. From this it is clear that, for & € Ag,,

(€ 78V fe] — msl€, Vfe] = [§, (R + 1) grad fe] — (R + i)[¢, grad f¢]
so that the Poisson structures coincide.
Example Let g = s0(5) and let 7: g — g be conjugation by

1

-1
-1
Then 7 is an automorphism of order 4 with fixed set a maximal torus t of so(5).

The Iwasawa decomposition of t€ is t© = t@ it with no n-part so that the r-matrix
in this case is given by

RE =it — ¢,

This is (up to a factor of %) the r-matrix used in [25] to construct commuting flows
from which all minimal non-superminimal 2-tori are obtained.
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Remark In fact the r-matrix formalism constitutes a strict generalisation of the
Adler-Kostant-Symes scheme. In the notation of Section 1.1, one may define an
r-matrix on g by setting R = %(ﬂb — m¢) and then check that £ is a Poisson
submanifold of g with respect to the Poisson structure obtained from R. Moreover,
the induced Poisson structure on £° coincides with that provided by the Adler—
Kostant—Symes scheme (cf. [41]).

However, when it can be applied, the Adler-Kostant—Symes scheme has advan-
tages. In particular, the symplectic leaves are known to be the B-orbits on € and
so Poisson submanifolds are more readily identified.

3 Harmonic and primitive maps

We now turn from symplectic geometry to Riemannian geometry and apply the
theory of the preceding sections to the construction of harmonic maps from R? into
certain homogeneous spaces. We begin by describing the class of such spaces with
which we shall be concerned.

3.1 Symmetric and k-symmetric spaces

Recall the data of Section 2.3: a compact semisimple Lie algebra g; an automorphism
T :g — g of order k with fixed set ¢ the primitive k-th root of unity w = e2™i/%.
We have an eigenspace decomposition of gC:

“=> s

i€l
where g; is the wi-eigenspace of 7. Clearly, go = tC g =g_; and
l9i, 8] C Bis

for all 4, j € Zy, (here, of course, all arithmetic is modulo k). In particular, define
mC g by

m‘c = Z [s7

i€Zx\{0}
Then
g=tdHm (31)

and [t, m] C m so that (3.1) is a reductive decomposition. Moreover, when k = 2,
m® = g, so that

[m,m]C ¢

and, in this case, (3.1) is a symmetric decomposition of g.
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Let G be a compact semisimple Lie group with Lie algebra g and suppose that
T exponentiates to give an order k automorphism, also called 7, of G. Further let
(G™)o C K C G7 so that K has Lie algebra t.

Consider the coset space N = G/K with base-point 0 = ¢K. Define 7 : N — N
by

7(g-0) =7(g) - o,
for ¢ € G. Similarly, for x = g -0 € N, define 7, : N = N by
Ty, =goTo g_1~
Then each 7, is a diffeomorphism or order k£ having z as an isolated fixed point.
Moreover, we may use the Killing form of g to equip N with a metric for which
each of the 7, is an isometry so that N has the structure of a (regular) k-symmetric
space in the sense of [38]. Of course, the 2-symmetric spaces are just the familiar
Riemannian symmetric spaces of compact type.
The algebraic situation in g transfers to the reductive homogeneous space N as
follows: for x = g -0 € N, the map g — Tz N given by

d
=2 e -
fr—>dt t:OexpE z

restricts to an isomorphism Adgm — T, N. The inverse map §; : T, N - Adgm C
g may be viewed as a g-valued 1-form # on N which, after [16], we call the Maurer—
Cartan form of N.

This prompts in part the following notation: if [ C g€ is an Ad K-invariant sub-
space, let [[] denote the subbundle of the trivial bundle gC = N x gC defined by

[(g0=AdglL

In particular, 8 : TN — [m] is a bundle isomorphism while [£], is the Lie algebra of
the stabiliser of 2 € N. Moreover, the wi-eigenspace of d7, at & € N corresponds
to [gi]» under the isomorphism .

3.2 Harmonic maps

A map ¢ : M — N of Riemannian manifolds is harmonic if it extremizes the energy
functional

E(¢) = %/D|d¢|2dvol (3.2)

on all compact sub-domains D C M (for an introduction to harmonic maps in
this volume, see [60]). In case that the target is a reductive homogeneous space
N = G/K, the corresponding Euler-Lagrange equations have a particularly simple
form. Indeed, if such an N has metric induced from an invariant metric on g, we may
use these metrics to identify TN with T* N and g* with g. In this way, TN becomes
a symplectic manifold on which G acts symplectically and the moment map for this
action is precisely the Maurer—Cartan form 6 : TN — g = g*. A Noether analysis
of the energy functional (3.2) now gives [45] (cf. also [60]):
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Lemma 3.1 ¢ is harmonic if and only if the pull-back of the Maurer—Cartan form
1s co-closed:

d*¢* 3 = 0.

We can gain a different perspective on the harmonic map equations by lifting
everything to the frame bundle. Let 7 : G — N = G/ K be the coset projection and
¢: M — N be amap. A framing of ¢ is a map ® : M — G such that mo ® = ¢ so
that the following diagram commutes:

G

M N

Such lifts always exist locally.
Solet ¢ : M — N be a map with framing ® and set a = ®~1d®. Corresponding
to the reductive decomposition g = €@ m is a decomposition of «,

o =ag+an
and one may easily verify that
¢*B = Add ay,.
We can now express the harmonic map equations in terms of a:
dx¢*f = d(Ad®*ay)
Ad®{d * an + [ A *am]},
where we have used d(Ad ®) = Ad ® o ad a. Thus ¢ is harmonic if and only if
d* am + [a A kag] = 0. (3.3)

Henceforth, we will restrict attention to the case where M is two-dimensional.
Then the energy is conformally invariant so that, if M is oriented, we may take M
to be a Riemann surface. We now have a type decomposition ay = af, + al, where
ot is an m%-valued (1,0)-form with complex conjugate /.. Then

¥ = —ia(n + ia({1

so that (3.3) becomes

0 = —(day +[aAay])+ (dafy + [ Aay])
= —(dap + [ae Aoy ]+ [ A ag]) + (dag, + [ae A ag] + [ay, A o))
= —(dop + [ Aag]) + (dog, + [ae A ay]). (3.4)
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On the other hand, we have the Maurer—Cartan equations for a whose m- and
t-parts read

dog, + [ag A o]+ day, + [ae A o] + [ag A el = 0 (3.5)

doe + L[ae A o] + [ag, A af]e = 0. (3.6)
In particular, (3.4) and (3.5) are equivalent to

dal, + [ae Aol = —%[a(n A ) T

Suppose now that [a], A o)t ]m vanishes (certainly true when N is a Riemannian
symmetric space since then [m, m] C £). The harmonic map equations combine with
the Maurer—Cartan equations to give

dal, + [ae Aad] = dall + [ae Aalf] =0 (3.7)
dae + 5o A o] + [af, Aalf] = 0. (3.8)

Remark These last equations have a gauge-theoretic formulation: let A denote the
connection d + a¢ with curvature F4 and (temporarily) denote o/, by ¥. Then our
equations read
v = 0
Fp = —[UAV]
which are the Yang—Mills—Higgs equations for the connection A and the Higgs field

. (See Hitchin [31] for a far-reaching study of these equations when N is the non-
compact symmetric space G/G.)

The equations (3.7) and (3.8) are invariant under an S'-action: for A € S! and «
a g-valued 1-form, set

Aa=ay=A"tal +ap+ Al (3.9)

This is clearly an action of S' on g-valued 1-forms which preserves the solution set
of (3.7) and (3.8). In fact, more is true: compare coefficients of A to see that (3.7)
and (3.8) hold for « precisely when

day + %[Ot)\ Aaxy] =0

for all A € S'. Otherwise said, we have written the harmonic map equations as a
loop of zero-curvature equations (cf. [43, 56, 65, 66]).

Conversely, suppose that M is simply connected and let ay be a loop of 1-forms
of the form (3.9) such that

L. [ag, A af]m = 0;

2. day + %[a)\ Aay] =0, forall A € ST,
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Then, by Theorem 2.1, for each A € S! we can find a map ®, : M — G such that
(I)Ildq))\ = )

and, since a, satisfies (3.7) and (3.8), we conclude that each ¢ = 1o ®y : M - N
is harmonic. In particular, harmonic maps of this kind come in S'-families.

This analysis applies to harmonic maps into any reductive homogeneous space N
(with metric induced by one on g) which satisfy the auxiliary condition

[, Aai]m =0

(which is the same as demanding that [¢* 3/ A¢*3"'] be []-valued). This last condition
is trivially satisfied when N is a 2-symmetric space and then our discussion is valid
for all harmonic maps.

So let us consider the case when N is a Riemannian symmetric space and show
how the results of Section 2 provide harmonic maps of R? — N. For this, let 7 be
the involution determining N so that

go = £ g1 =m"
and recall the loop algebra Ag,. Consider the algebraic structure of a, in (3.9):
the coefficient of A=! is a gy-valued (1, 0)-form, the constant (in A) term is &-valued
while the A-coefficient is a gj-valued (0, 1)-form. In particular, o) may be viewed
as a Ag,-valued 1-form. Moreover, we see from (2.8) that this is precisely the type
of Ag,-valued 1-form that arises as the solution to the zero-curvature equations in
Theorem 2.5 so that combining that theorem with our present discussion gives

Theorem 3.2 For each d € 2N+ 1 and &, € Ay, there is a unique solution to

0¢ _ . :
a—zz[ﬁ,)\ '€a 4 r(€amr)); £(0) =&
and then there is a harmonic map ¢ : R2 — N with framing ® : R? = G satisfying

<I>—18<I>/6z =&5+ T(gd_l).

We have therefore succeeded in constructing harmonic maps of R? into Rieman-
nian symmetric spaces N from our commuting Hamiltonian flows on the Poisson
manifolds A4. We call the maps so obtained harmonic maps of finite type.

When is a harmonic map R? — N of finite type? The framing ® of such a map has
af, = &gdz and this leads to necessary conditions. Indeed, comparing coefficients in
the differential equation for ¢ gives

déq = [€a, (r(€a—1) — €d—1) dz + 7(E4—1) dZ]

which takes values in [¢4, €¢]. Otherwise said, d¢ takes values in the tangent space
at &4 to the Ad KC-orbit through ¢;. We therefore deduce from the uniqueness of
solutions to ODE:

Lemma 3.3 &; : R? — m® (and hence o/,(0/0z)) takes values in a single Ad KC-

orbit in m®,
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This has the effect of ensuring that certain polynomial invariants of a finite type
harmonic map are constant: if P : m® — C is an Ad KC-invariant polynomial of
degree 7 then clearly P(al,(9/0z)) is constant. On the other hand, P gives rise to
a G-invariant, and hence parallel, section P of S'T*NC =~ gr [m®] by

ﬁgﬁ =P OAdg_l
so that we have
6 P00 = Plaly(9/02))d" = cde”

for some constant c.

One important class of harmonic maps which satisfy such constraints is that
of doubly periodic harmonic maps or, equivalently, lifts to the universal cover of
harmonic 2-tori. Indeed, for any harmonic map, it is known that these polynomial
invariants are holomorphic differentials: one may write the harmonic map equations
as

V§0z00/02 =0,

where V¢ is the pull-back of the Levi-Civita connection on N (see [60]) and then,
for any parallel field of polynomials P we have

%ﬁ(aqb/az, ., 00/0z) = rﬁ(vg/éﬁaqﬁ/az, 8¢/z,...,0¢/0z) = 0.
In particular, when ¢ is doubly periodic, each ¢*ﬁ(r’0) is constant by Liouville’s
theorem.

Each common level set of the invariant polynomials on m™ comprises but a finite
number of Ad KC-orbits so that harmonic 2-tori come close to satisfying the neces-
sary condition to be of finite type provided by Lemma 3.3. In fact, in this case, that
necessary condition is almost sufficient: we shall see in Section 5 that the following
theorem is a consequence of the results of [15].

C

Theorem 3.4 Let ¢ : R? = N be a doubly periodic harmonic map into a Rie-
mannian symmetric space. Suppose that some (and hence every) framing of ¢ has
ol (0/0z) taking values in a single semisimple Ad KC-orbit in m©. Then ¢ is of
finite type.

Here an orbit is semisimple if it consists of elements ¢ € m® which are semisimple
in the sense that ad ¢ is diagonalisable.

Let us conclude this section with an example which gives geometric meaning to the
“semisimple orbit” hypothesis. For a rank 1 symmetric space, the semisimple orbits
are just the non-zero level sets of the Killing form. The corresponding quadratic form
on TNC is the complexified metric h so that the constant holomorphic differential
for a doubly periodic map ¢ is just the obstruction to conformality ¢*h(%9). We
therefore conclude
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Theorem 3.5 A doubly periodic non-conformal harmonic map ¢ : R2 — N into a
rank 1 symmetric space is of finite type.

While this result explicitly excludes the geometrically interesting case of minimal
2-tori, 1t is already strong enough to be very useful. For instance, the non-conformal
harmonic 2-tori in S? are precisely the Gauss maps of constant mean curvature tori
in R3 and, in this case, the theorem reproduces the basic result of Pinkall-Sterling
[42].

For spheres and complex projective spaces, this result will be improved in Sec-
tion 3.5.

3.3 Primitive maps

We now extend our theory to treat certain harmonic maps into k-symmetric spaces
N where k > 2. Let us begin by introducing the class of harmonic maps that our
constructions will produce.

So let N = G/K be a k-symmetric space, k > 2, with automorphism 7 and
associated eigenspace decomposition

“=>

i€l
In particular, g_; = g; and, since k > 2, g1 Ng_; = {0}.

Definition A map ¢ : M — N of a Riemann surface is primitive if ¢*3’ takes
values in [g_1]. Equivalently, ¢ is primitive if and only if any framing ® has «af,
taking values in g_1.

Example Consider the case k = 3: here we have
m® =g ®g_y

so that N acquires an invariant almost complex structure with 7O N = [g-1].
This is the non-integrable almost complex structure discussed by Salamon [50] who
viewed 3-symmetric spaces as twistor spaces for Riemannian symmetric spaces (in
this regard, see also [11, 16]). In this setting, primitive maps are just (almost)
holomorphic maps.

In general, primitive maps are examples of maps which are f-holomorphic with
respect to a horizontal f-structure in the sense of Black [4]. Under rather general
conditions, such maps enjoy a number of interesting and useful properties which, in
our setting, stem ultimately from the relation

[61,9-1] C go = E°. (3.10)

To be more precise, under the additional assumption that all irreducible subrep-
resentations of the adjoint representation of K on m® occur with multiplicity one,
Black proves:
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1. All primitive maps are equiharmonic, that is, harmonic with respect to any
invariant metric on N;

2. If p: N =G/K — G/H is any homogeneous projection and ¢ : M — N is
equiharmonic then so is p o ¢.

Even without such extra assumptions, restricted versions of these results are still
available. For this, consider a framing of a primitive map with associated 1-form «.
We know that o, takes values in g_; so that, in view of (3.10), we have

[ah, A ali]m = 0.

The projections of the Maurer—Cartan equations for o onto g_1, g1 and go therefore
read

dal, + [eeAal] =0 (3.11)
daff + [ae Aam] =0 (3.12)
dae + $[ae A ae] + [, A aiy] = 0. (3.13)

However, these are just the harmonic maps equations (3.7) and (3.8) and we con-
clude:

Theorem 3.6 A primitive map ¢ : M — N s harmonic with respect to the metric
on N induced by that on g.

Primitive maps are also well-behaved with respect to projections: let G/H be a
reductive homogeneous space with K C H and reductive decomposition

g=hodp

which we assume to be orthogonal and stable under 7. As usual, equip G/H with
the metric induced by that on g and let p: N = G/K — G/H be the homogeneous
projection. We have

Theorem 3.7 If ¢ : M — N is primitive then po ¢ : M — G/H is harmonic.

Proof. Let [ be the orthogonal complement of ¢ in h so that we have a 7-stable
decomposition

with
h=2t I m=I[4p.

Both (€ and p® decompose into eigenspaces of 7 and we have various relations
between these eigenspaces: [[1,p_1] C go = £ but [(€,p®] C [h%, ] C p© so that

[, p-1] = 0. (3.14)
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We also have [py, p_1] C €€ so that
[p1,p-1]p = 0. (3.15)

Any framing for ¢ is one for p o ¢ also so it suffices to prove that, for such a
framing,

[0y Ayl =0; (3.16)
day, + [ag A o] = 0.
However, oy, = af + o), takes values in g_; so that af, is p_i-valued and (3.16)
follows from (3.15). Finally,
doy + [ag Aay] = day + [ae Aay] + [of Aay]
= day + [ae A o]

in view of (3.14) and this last is just the p-part of da, + [a¢ A af,] which vanishes
by (3.11). O

In particular, primitive maps may give rise, by projection, to harmonic maps into
Riemannian symmetric spaces and it is from this possibility that our principal in-
terest in them derives.

Consider now the loop (3.9) of 1-forms

-1 7 "
ax = AT o, o+ Aoy,

where o = ®~1d® for a framing ® of a primitive map ¢. Then o, is g_1-valued so
that we may view «) as a Ag,-valued 1-form.

Since ¢ is harmonic and [a}, A &} ]w vanishes, the discussion in Section 3.2 applies
so that, for each A € S*,

day + %[OZ)\/\O{)\] = 0.

Thus primitive maps also give rise to zero-curvature equations.
Conversely, suppose that M is simply connected and a, is a Ag,-valued 1-form

of the form (3.9) such that
day + %[0&,\ A Oz)\] = 0.
Then, by Theorem 2.1, for each A € S, we can find a map @, : M — G such that
q);ldq))\ = )
and then ¢, = mo ®, will be harmonic. In fact, more is true: since
(ax)m = A" ag,
takes values in g_1, we conclude that each ¢, is primitive. In particular, primitive
maps of simply connected surfaces come in S'-families.
Finally let us show how the results of Section 2 provide primitive maps R2 — N.
For this, observe that Ag,-valued 1-forms of the form (3.9) are precisely the kind

of 1-form that arises as the solution to the zero-curvature equations in Theorem 2.5
so that we get
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Theorem 3.8 For each d =1 mod k and &, € Ay, there is a unique solution to

g_f:[ﬁ,xlgﬁr(&-l)]; 0 =¢&

and then there is a primitive map ¢ : R2 — N with framing ® : R? = G satisfying
<I>—1dd>(8/az) =&q+ T(fd_l).

We call the primitive maps so obtained primitive maps of finite type.

A similar analysis to that in Section 3.2 can be carried out for primitive maps
to give sufficient conditions for a primitive map to be of finite type. Just as before,
such a map must have &; = o/, (9/8z) taking values in a single Ad KC-orbit in g_;
and, for doubly periodic maps, this condition is almost sufficient. Indeed, as we shall
see in Section 5, the results of [12, 15] imply:

Theorem 3.9 Let ¢ : R? — N be a doubly periodic primitive map into a k-
symmetric space, k > 2. Suppose that some (and hence every) framing of ¢ has
ol (0/02) taking values in a single semisimple Ad KC-orbit in g_,. Then ¢ is of
finite type.

We conclude this section with an alternative formulation of the “semisimple orbit”
condition which will be useful below. First, the holomorphic differentials argument
of Section 3.2 can be extended to primitive maps so that one can conclude that a
doubly periodic primitive map of R? has o/, (9/0z) taking values in a single common
level set of the Ad K-invariant polynomials on g_;. On the other hand, Vinberg
[57] proves that each such level set contains a single semisimple orbit and that this
is the unique closed orbit in the level set. We therefore deduce:

Theorem 3.10 Let ¢ : R? — N be a doubly periodic primitive map into a k-
symmetric space, k > 2. Suppose that, for some (and hence every) framing of ¢,
o (0/0z) is semisimple on a dense subset of M. Then ¢ is of finite type.

3.4 Example: Toda fields

As an illustration of our ideas, we describe some results of Bolton—Pedit—-Woodward
[8] which relate certain primitive maps into flag manifolds with (periodic) Toda
fields (for further details, see [9] in this volume). We begin by introducing the basic
ingredients of Toda field theory.

Let g be a compact, simple Lie algebra with Killing form « and, as usual, fix a
maximal toral subalgebra t and set a = it so that h = t© = t@ a is a Cartan subalge-
bra of g©. We also fix a choice of positive roots At C A(g@, h) with corresponding
simple roots a1, ...,a;. Since g is simple, we have another distinguished root: the
highest root p and we set

o= {Ofla---:al;_ﬂ}

Thus IT is the set of roots labelling the nodes of the extended Dynkin diagram of
g®. From the elementary properties of root systems (see, for example, [34]), we have
that if o, 8 € Il and X, € g%, X_5 € g° then
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(o0 ifa+4 |
[Xow X5 = { K(Xa, Xp)Ha ifa=p (3.17)

where H, € a is the Killing dual of a.

With this understood, we can describe Toda field theory. This is a nonlinear
Lagrangian field theory where the fields are maps u : R? — a and the Lagrangian
is given by

/ %fc(du, du) — Z ) duol.

s a€ell

The Euler-Lagrange equations for this functional are

d*du— Y e*™H, =0 (3.18)

a€ell

and solutions of this are Toda fields.
Remark The alert Reader will notice that our Toda field equations differ from
those in [8, 9]. The difference is a matter of normalisation with that in [8, 9] chosen

to ensure that zero is a solution. We have given a normalisation which emphasises
the relationship with the Toda lattice of Section 1.5.

We can find a zero-curvature formulation of (3.18) via the following ansatz: fix,
once and for all, root vectors X, € g%, a € Il with

K(XO{)X_Q) = _%
and set X =3 - X, Now for u : R? = g, define a loop of g-valued 1-forms

ay =A"tal a4+ Al

by
ap = Adexp(u/2)Xdz = Z e*WI2x  dz
a€ell
ay = %*du:%(iﬁdz—?—?d?)
ol = ol = Adexp(—u/2)X dz.

In particular, ay is t-valued so that [a¢ A ay] vanishes. For any field u, it is easy to
verify that

dal, + [a¢ Aol ] = 0 = dal) + [a¢ A alf]
while, in view of (3.17),

do + %[at/\ af + [ed, Aall] = %d x du + Z eo‘(“)n(Xa,X_a)Ha dz Adz
a€ell
= idxdut ) e*™H, x1)
a€ell
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Thus we conclude:

Proposition 3.11 u : R? = q is a Toda field if and only if
day + [ax Aay] =0,

forall x € S'.

Remark There are numerous other (gauge-equivalent) zero-curvature formulations
of the Toda field equations (see, for example, [39]). We have chosen this one because
it gives real-valued a,.

We now turn to a geometric interpretation of the Toda field equations. Let G be
the adjoint group of g (so that, in particular, G has trivial centre) and let 7', A be
the analytic subgroups with Lie algebras t, a. Consider the flag manifold G/T—we
equip this with the structure of a k-symmetric space as follows. Let £; € ¢, 1 < j <1
be defined by

ai(&) =V-18;

and set £ = Y_¢;. In particular, a(¢) € V=17, for all @ € A(g®, h), and we define
k € N by

u(E) = V=T(k - 1).

We take 7 to be conjugation by exp(—27¢/k): this is an order k automorphism of G.
Then T is the identity component of the fixed set of 7 so that G /T is a k-symmetric
space.

Remark This is an example of a rather general construction: any generalised flag
manifold G®/P, where P is a parabolic subgroup, can be given a canonical k-
symmetric structure [16, p. 52].

In the case at hand, observe that in the decomposition of g€ into eigenspaces of
T, we have

go = b; 9—1:EQQ

a€ell

so that we can immediately deduce the following result from Theorem 2.1 and
Proposition 3.11:

Proposition 3.12 Let u : R2 — a be a Toda field with loop of 1-forms ay. Then
each ay = <I>;1d<I>)\ for a framing ®, : R2 — G of a primitive map ¢ : R2 = G/T.

We call such a framing of a primitive map a Toda frame.

When does a primitive map R?2 — G/T have a Toda frame? Observe that, by
construction, a Toda frame has o/, (9/0z) taking values in the Ad A-orbit of X. In
fact, the converse is true: it is easy to see that A acts simply transitively on Ad(A4)X
while exp : a — A is a diffeomorphism so that, if a framing has «/, (9/9z) taking
values in Ad(A4)X then we may take logarithms to find u : R? — a satisfying
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ay, = Adexp(u/2)X dz.

Moreover, one can show that ay is determined completely by of, and the Maurer—
Cartan equations so that

ay = % * du.
Thus

Lemma 3.13 [8] A frame is Toda if and only if o4, (8/0z) takes values in Ad(A)X.

To go further, we must introduce some ideas of Kostant [36]: define the set of
cyclic elements C C g_1 by

C:{Z caXa: cq€C\{0}}.
a€ell

Concerning these, Kostant proves
1. any element of C is (regular) semisimple;

2. if Py, ..., P, are algebraically independent homogeneous generators of the in-
variant polynomials on g€ with deg P; < --- < deg P, then

Pilg_, =0 for1<i<i-1

and, for &€ € g_1, £ € C if and only if P;(¢) # 0.
3. For ¢ £ 0, T acts simply transitively on the set of Ad A-orbits in Pl_l{c}.

From this, we deduce that if a framing ® satisfies P,(a},(0/0z)) = P;(X) then
there is a unique gauge transformation taking ® to a Toda frame. More generally,
when Fj(a/,(0/0z)) is a non-zero constant, we can make a linear change of co-
ordinate ¢z = w so that P,(af,(8/0w)) = P,(X) and so obtain a Toda frame.

To summarise:

Theorem 3.14 [8] A primitive map ¢ : R? — G /T has a Toda frame (after a linear
change of co-ordinate) if and only if, for some (and hence, every) framing we have
that Py(a},(0/0z)) is a non-zero constant. Moreover, in this case, the Toda frame
1§ unique.

From the uniqueness assertion, we also get

Corollary 3.15 [8] Let ¢ : R?2 — G/T be a primitive map with Toda frame ® and
corresponding Toda field u. Then ¢ is doubly periodic if and only if ® is doubly
periodic and then u is doubly periodic.
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We remark that the usual holomorphic differentials argument shows that a doubly
periodic primitive map has a Toda frame if and only if o/, (9/0z) is cyclic at some
(and hence, every) point of RZ.

We can now apply Theorem 3.9 to obtain such doubly periodic primitive maps
from commuting flows. Indeed, a primitive map with Toda frame necessarily satisfies
the “semisimple orbit” hypothesis since X is semisimple so that we have

Theorem 3.16 [8] A doubly periodic primitive map ¢ : R? — G /T with non-zero
Pi(al,(0/0%)) is of finite type.

In particular, we obtain doubly periodic Toda fields this way from Corollary 3.15.
However, more is true: while it is not the case that doubly-periodic Toda fields nec-
essarily produce doubly periodic primitive maps (there may be holonomy), Bolton—
Pedit—-Woodward prove that, for doubly periodic Toda fields, the Ag,-valued 1-form
ay always arises as in Theorem 2.5 so that all doubly periodic Toda fields are of
finite type.

Examples Let us take G = SO(5) with flag manifold F' = SO(5)/SO(2) x SO(2).
We have the homogeneous fibration p : F' — §4 and a homogeneous diffeomorphism
between F' and the Grassmannian bundle G5(T'S*) of oriented 2-planes in T'S*.
Under this indentification, a map ¢ : M — F is primitive if and only if it is the
Gauss map of a minimal (i.e., conformal and harmonic) map po ¢ : M — S* (a
result originally due to Eells-Salamon [22]). Moreover, ¢ has a Toda frame precisely
when the corresponding minimal surface is not superminimal. In this case, the above
results reproduce the analysis of Ferus—Pedit—Pinkall-Sterling [25].

Again, let us take F' = SU(n)/T"~" as our flag manifold. A map ¢ : M — F may
be viewed as a collection of mutually orthogonal maps ¢1,...,6, : M — CP"~!
and then ¢ is primitive with Toda frame if and only if the ¢; comprise the Frenet
frame of a superconformal harmonic map M — CP"~1! in the sense of [8, 9]. It was
for the study of such maps that the methods of [8] were developed.

We shall have more to say about results of this kind in the next section.

We conclude this section by briefly contemplating the geometric significance of
open Toda fields as this has received a lot of recent attention in the Physics literature
[19, 26, 27, 48, 51]. Open Toda fields are extremals of the modified Lagrangian

/ %fi(du, du) — Zeo"(“) dvol
K2 -

i=1

where there is no longer an exponential interaction involving —pu. Again there is
a zero-curvature representation but this time the primitive maps so obtained are
holomorphic maps into G/T'. In fact, they are superhorizontal holomorphic maps in
the sense of [16]. As a consequence, open Toda fields are much simpler objects for
which Weierstrass representation formulae are available. See [39] in this volume for
a brief discussion of such fields.
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3.5 Example: primitive maps and twistor lifts

We have seen how all non-conformal harmonic 2-tori in a rank-1 symmetric space are
of finite type. However, this excludes the geometrically interesting case of minimal
2-tori. On the other hand, special cases of the results of the previous section have
been used to account for certain minimal 2-tori in S* [25], S® and CP™ [8] by
showing that these tori have lifts which are primitive maps of finite type.

In this section, we present a generalisation of these results which accounts for
all harmonic 2-tori in a sphere S”. We begin by recalling some results from the
well-developed twistor theory of harmonic maps of a Riemann surface into a sphere.

So let ¢ : M — S™ be a harmonic map of a Riemann surface. Let T' = ¢~ 1T'S"
with connection V given by the pull-back of the Levi-Civita connection of S™. Let
z be a local holomorphic co-ordinate on M, set V' = Vy,9,, V" = Vjy,55 and
inductively define V'¢ by

Vg = 06/0z; Vitly = V'Vig.
For x € M, define W} C TS by
Wi = spang{Vié:1<i<j}.

Clearly, each W} is defined independently of the choice of holomorphic co-ordinate
z.

If ¢ is non-constant and (weakly) conformal then each W} is isotropic for the
complexified metric on TC and is 1-dimensional off a discrete set of points in M.
This motivates, in part, the following definition:

Definition The isotropy dimension r of a conformal harmonic map ¢ : M — S™ is
given by

r = max{j : max, dim¢ W} = j and W is isotropic for all z}.
We make the convention that a non-conformal map has isotropy dimension zero.

The following facts are well known (cf. [61]): if ¢ has isotropy dimension r > 0
then

1. For 1 < j <r+1, there is a bundle W7 of TC whose fibre at # coincides with
Wi except at a discrete set of points;

2. Each W7 is stable under V’;
3. For 1 < j <r,rank W7 = j and rank W™+ < r 4 1.

We therefore distinguish two possibilities: either W7 = W71 or not!.

! These two possibilities regulate the relationship between the isotropy dimension of ¢ and the
isotropy order of ¢ [2] described by Wood [60] in this volume: if ¢ has isotropy dimension 7 then
¢ is superminimal if and only if W™ = W7t! and has isotropy order 27 + 1 otherwise.
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In the first case, we see that W" is isotropic and stable under V'’ so that the
(complexified) inner products

(Vig,Vig)=0

for all ¢, 7 € N. Harmonic maps of this kind are variously called pseudo-holomorphic
[17], real isotropic [23] or superminimal [10] and were completely classified by Calabi
[17] (see also [3]) who proved that all such were projections of horizontal holomorphic
curves in the twistor space of S™. Indeed, since W is stable under both V¥V’ and V",
it is parallel so that

WreWwr)nT

is a parallel sub-bundle of T with (real) rank 2r. It follows that ¢ factors through
an equatorial 2r-sphere in S™ so that, without loss of generality, we may take 2r =
n. Now recall that the twistor space Z on S?" may be viewed as the bundle of
isotropic r-planes in the complexification of 7'5?". This is a complex manifold: in
fact, SO(2r+ 1) acts transitively on each of the two connected components of Z and
each component is so realised as the generalised flag manifold SO(2r 4+ 1)/U(r). Tt
is clear that W" defines a map ¢ : M — Z covering ¢ and the condition that W7
be parallel is equivalent to the demand that i be holomorphic and horizontal with
respect to the twistor fibration Z — S?". For more on twistor spaces of symmetric
spaces and their applications to harmonic maps, the Reader is referred to [16], the
surveys [13, 14, 47, 62] and the article by Kobak [35] in this volume.

Remark It is clear that the isotropy dimension r of a map ¢ : M — S™ must satisfy
2r < n. In case that 2r = n, it follows from the easily verified fact

(V'*e,Vig) =0,
for 1 < ¢ < r, that W™ = W"*! go that ¢ is superminimal.

Let us now consider the non-superminimal harmonic maps where W" # Wr+!
or, equivalently,

(vr+1¢’ vr+1¢) 5—/: O

It is our contention that ¢ is covered by a primitive map into a suitable k-symmetric
space and, moreover, that when M is a 2-torus this primitive map is of finite type.

First we describe the relevant k-symmetric space: for 2r < n, let F"(S™) be the
bundle over S” with fibre

Fr(S") ={w; C -+ Cw, C (TxS™)® : each wj is an isotropic j-plane}.

T

Now SO(n + 1) acts transitively on F"(S™) with stabilisers conjugate to

r times

SO(2) x -+ x SO(2) xSO(n — 2r)
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so that F'"(S™) is a homogeneous space.
Fix a base-point f = (wy C -+ C w,) € FI(S") and orthogonalise to obtain
isotropic lines Ly, ..., L, and real subspaces L,;11 and Ly = spang{2} so that

.
R = [y @ Z(Li SL) D Lytr.

i=1

Take k = 2r + 2, let w be the usual primitive k-th root of unity and define @ €
O(n + 1) by

Q=w"" onL;.
Then conjugation by @ is an order k automorphism of SO(n + 1) and the identity
component of its fixed set is the stabiliser of f. Thus F"(S™) is a k-symmetric space.

Let ¢ : M — F7"(S") be a map with projection ¢ : M — S™. We may view ¢ as
a flag of isotropic sub-bundles
1/}(1) C "'Cl/)(r) cT1€

(here again T'= ¢~17T'S™) and one can prove
Proposition 3.17 [12] ¢ : M — F"(S") is primitive if and only if

(i) V'6 is a (local) section of 1);

(i) each ) is stable under V";

(iii) if o is a local section of /*) then V'c is a local section of (+1),

We know from Theorem 3.7 that if ¢ is primitive then ¢ is harmonic but, in the
present case, we have a converse. Let ¢ : M — S™ be a non-superminimal harmonic
map of isotropy order r. It is clear from Proposition 3.17 that the bundle of flags
W' C ... C W defines a primitive map ¢ : M — F7(S™). When is ¢ of finite type?
We have

Lemma 3.18 [12] A (local) framing of ¢ has ol ,(0/0z) semisimple at © € M if
and only if

(Ve Vitig) #£0
atx € M.

Since WT # WT*! we deduce that this condition holds on a dense open subset of
M and so conclude from Theorem 3.10:

Theorem 3.19 [12] A non-superminimal harmonic map of a 2-torus into a sphere
i1s covered by a primitive map of finite type.

Thus harmonic 2-tori in spheres are completely accounted for: either they are su-
perminimal and so arise as projections of holomorphic curves or they are obtained
by integrating commuting flows.
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Example We have seen that a non-superminimal map into S” must have isotropy
dimension r with 2r < n. Suppose n = 2m and consider maps of isotropy dimension
m— 1. Now F™=1(5?™) is the full flag manifold of SO(2m + 1) and its k-symmetric
structure is precisely that described in Section 3.4. Moreover, when M is a 2-torus,
the primitive maps we have constructed are precisely those with Toda frames.

Again, if n = 2m — 1, the maximal isotropy dimension of a non-superminimal
map is m — 1 and, viewing S?™~1 as an equator of S?™, we again conclude that
such tori are covered by primitive maps with Toda frames.

To summarise: non-superminimal harmonic 2-tori of maximal isotropy order are
all obtained from doubly-periodic Toda fields of finite type. This result was first
proved by Bolton-Pedit—-Woodward [8] (see also [19]) who called such maps super-
conformal.

Remark A similar analysis can be carried out for harmonic maps into a complex
projective space. Again one has a notion of an isotropic or superminimal map (these
are the legs of the Frenet frame of a holomorphic curve) and all non-superminimal
harmonic maps are covered by primitive maps into flag manifolds with their canon-
ical k-symmetric structure. Moreover, when M is a 2-torus, these primitive maps
are of finite type. The Reader is referred to [12] for more details on this and the
other results of this section.

4 Loop groups and extended framings

The Adler-Kostant—Symes scheme produces commuting Hamiltonian flows on Lie
algebras and we have seen how to apply this scheme to the twisted loop algebras
Ag® and so obtain loops of flat connections and hence harmonic and primitive maps.
However, in Section 1.4, a method of Symes was described for integrating these flows
via projection of geodesics. We now show how this method applies in our setting.
In so doing, we will introduce an analogue of Uhlenbeck’s theory [56] of “extended
solutions” (see, also, [28] in this volume) and, incidently, obtain a conceptual proof
of Theorem 2.4.

Terminology To avoid treating the case of k-symmetric spaces with £ = 2 sepa-
rately, henceforth we shall talk of primitive harmonic maps, conscious of the fact
that the primitive condition is vacuous when £ = 2 and that the harmonic condition
is implied by the primitive condition when k > 2 (Theorem 3.6).

4.1 TIwasawa decomposition of AGC

We begin by introducing the infinite-dimensional Lie groups that correspond to the
Lie algebras Agg, Ag, and A_|_g§j of Section 2.3. So let GG be a compact semisimple
Lie group with order k automorphism 7 whose fixed set is K. Further, let
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K®=KB

be the Iwasawa decomposition of K€ corresponding to that of €.
Let AGC be the manifold of loops

AGY = {~v: 8" = G¥: y(wA) = 7y(}) for all X € S*}.

Thus AGC is an infinite-dimensional Lie group? under point-wise multiplication.
Further, define subgroups by

AG, = {y €AGC :~: 5 - G},
ALGE = {y € AGY : 4 extends holomorphically to v : D — G©, v(0) € B}.

Clearly, AG® has Lie algebra Ag¢ and so on.
We now have the following Iwasawa decomposition:

Theorem 4.1 [20] Multiplication AG, x AL GE — AGY is a diffeomorphism onto.

This result was deduced by Dorfmeister—Pedit—Wu [20] from the special case 7 =
id which was proved by Pressley—Segal [44]. The main idea of Pressley—Segal was
that the homogeneous space AGE/A LG can be realised as an infinite-dimensional
Grassmannian on which one can show that AG; acts transitively (cf. [28] in this
volume).

4.2 Extended framings and a Symes formula

Let ay = A™1al, +ag + Aa/, be a Ag,-valued 1-form on a simply-connected surface
M which satisfies the Maurer—Cartan equations. We have seen that, for each A € S*,
there is a smooth map ®, : M — G framing a primitive harmonic map ¢y : M —
G/K and satisfying

(I>;1d(1))\ = Q).

Moreover, @, is unique up to left translation by a constant. We may choose these
constants so that ®,(z) depends smoothly on A for some (and hence every) z € M
and then we may view the ®, as a single smooth map ® : M — AG, such that the
following diagram commutes:

AG,

D,
M

G

2We shall not worry about the topology of AG(,Q: in fact, it suffices to work with the (Fréchet)
C'*°-topology [44].
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where ev) : AG; — G Is given by evaluating the loop at A € St
We call such maps ® ezxtended framings. Thus ® is an extended framing if and
only if

(i)_ldi))A =a) = /\_loz(11 + ag + Al

where of,, ag and ol do not depend on A. Any extended framing gives rise to a
loop of primitive harmonic maps. Moreover, any primitive harmonic map of a simply
connected M gives rise to a loop of such maps which are covered in this way by an
extended framing. (In the case k = 2, these results are due to Rawnsley [46].)

We can find examples of extended framings by recourse to Theorem 4.1 and the
method of Symes. For this, let A(l)gg C Agg consist of those elements 7 € Agg for
which An extends holomorphically to D. Thus n € A(l)g(rC if and only if

n= Z Ao

ny>—1

Observe that if ¢ € AyGC and n € AMgE then AdgAnp = AAdgn also extends
holomorphically to D so that A(1)g® is invariant under the adjoint action of Ay G,
Now choose 1, € AgC and define the (complex) geodesic g : R? — AGY by

g(z) = exp(zno).
Using Theorem 4.1, we find maps a : R? = AG,, b : R? = Ay G such that
g =ab
and we now have
Theorem 4.2 a is an extended framing.
Proof. We argue as in Section 1.4 to see that
nodz =dgg~' =daa™ + Ada(dbb™?)
so that
a~'da = mic(Ad a='n, dz).
Set n = Ada~'7n, and observe that since
Adg(z) o = Adexp(210) 1o = 1o,
we also have
n=Adbn,

so that 7 takes values in A(g®, This means that 5 = Y on>_1 A"—p so that, by
(2.3) we have -

a”lda = mx(ndz) = A7 dz + (nodz)e + Mjrdz (4.1)
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and a is an extended framing. a

The extended framings corresponding to finite type primitive harmonic maps all
arise in this way: let d = 1 mod k and fix an initial condition &, € A4. Then
no = A1, € AWgC and we apply Theorem 4.2 to get an extended framing a.
Now set ¢ = Ada=1¢, = M=%, Again we have ¢ = Adb¢, so that, since A9,
extends holomorphically to the disc, A%¢ does also and it follows that & : R? — Ag.
Now

d¢ = [¢,a" dd]
while, from (4.1) and (2.5), we have
a"'da = me (AT dz) = (AT + r(€amr)) dr + (Mo + r(€am)) d7
We therefore conclude that
1. £ is the solution to the Hamiltonian equations (2.7);

2. the 1-form (2.8) constructed from ¢ is precisely a='da (and so solves the
Maurer—Cartan equations so that the proof of Theorem 2.4 is complete);

3. a is precisely the extended framing for the finite type primitive harmonic map
corresponding to &.

This gives an alternative characterisation of the finite type condition in terms of
the extended framing which will be useful below. To be precise, we have proved the
following theorem:

Theorem 4.3 A primitive harmonic map ¢ : R? — G/ K into a k-symmetric space
1s of finite type if and only if, for some d = 1 mod k, there exists £, € Ayg such that,
ifa :R2 = AG,, b:R2— A_|_G<£j are defined by

exp(zA971¢,) = a(2)b(2),

for z € R2, then a is an extended framing for ¢ so that
¢ =moevyoa,

where m: G — G/K is the coset projection.

Remark These simple results are the starting point of a loop-group theoretic ana-
lysis of the harmonic map equations which, to some extent, parallels that of the
KdV equation by Segal-Wilson [52]. We shall return to this elsewhere. For a similar
approach to Toda fields, the Reader is referred to the contribution of McIntosh in
this volume [39] as well as [21, 40, 64].
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5 Another approach

To date, the most comprehensive results concerning the construction of harmonic
maps from commuting Hamiltonian flows are to be found in [15]. The approach
adopted in that paper is similar to the one we have been describing but differs from
it in a number of important respects. Among these are:

1. The Hamiltonian flows arise from the r-matrix formalism described in Sec-
tion 2.5 and not from the Adler-Kostant—Symes scheme.

2. The main objects of study are harmonic maps into a Lie group G rather than
into an arbitrary (k-)symmetric space. Since Lie groups are parallelisable, this
means that one can treat such maps directly without recourse to a framing.
Maps into (k)-symmetric spaces are then viewed as particular maps into G
via a Cartan embedding (see Section 5.3 below).

In the remaining sections of this article, we describe the theory of [15] and its
extension to the k-symmetric case in [12]. We will show how it relates to the theory
we have been developing above and, in particular, we will see how Theorems 3.4
and 3.9 can be read off a corresponding result in [15].

5.1 Hamiltonian flows in the based loop algebra

We begin by rehearsing Uhlenbeck’s zero-curvature reformulation of the harmonic
map equations for maps into a Lie group G [56] and the method of Burstall-Ferus—
Pedit—Pinkall [15] for producing solutions to those zero-curvature equations. The
Reader will find a full account of these results in Wood’s contribution to this volume
[60] and so we shall be brief here, referring the Reader to [60] or [15] for more details.

Solet ¢ : M — GG be a map of a Riemann surface into a compact Lie group. As
usual, set o = ¢~'dé. We may view (G as the homogeneous space G/{e} so that ¢
is its own framing and it then follows from Section 3.2 that ¢ is harmonic if and
only if a is co-closed:

d*a = 0. (5.1)

Indeed, in this case, & = ay in (3.3) while [a A xa] always vanishes.

Combining (5.1) with the Maurer—-Cartan equations for «, one concludes with
Uhlenbeck that the loop of 1-forms given by

=1 1—2A
Ay = !

> 2 T3

is flat, i.e. satisfies the Maurer—Cartan equations for each A € S*. Conversely, given
a loop of flat connections (5.2) on a simply connected surface M, we integrate to
find a harmonic map ¢ : M — G with ¢~1d¢ = A_;.

Observe that the loop Ay in (5.2) satisfies A; = 0 and so may be viewed as a
1-form with values in the based loop algebra g given by

a” (5.2)
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Qg={¢:5" —>g:£(1) =0}

View Qg as a subalgebra of the free loop algebra Ag (which is Ag, for 7 = id)
and set Q; = Ay N Qg. We shall produce flat Qg-valued 1-forms (5.2) on R? by
integrating commuting flows on Qg4. For this, fix d € N and define vector fields X,
X5 on Q4 by

L(X1 — iXa)(€) = [€,2i(A~" — 1)éd].

As explained in Wood’s contribution [60], there is a Poisson structure on Qg which
arises from an r-matrix as in Section 2.5. Moreover, with respect to this Poisson
structure, the vector fields X; are Hamiltonian vector fields of Ad-invariant functions
and so commute. Being of Lax type, they are also complete. Thus, if we fix an initial
condition &, € €4, we may simultaneously integrate the X; to get a unique map
¢ 1 R? 5 Qy satisfying

Co 20T - NEl E0)=6

Then, defining an Qg-valued 1-form by
Ay = 2i(A7 = 1)€qdz — 2i(\ — 1)é_gdZ

produces a solution to the Maurer—-Cartan equations and hence a harmonic map
¢ :R?— G with ¢710¢/02 = —4i,.

Again we shall call the maps so obtained harmonic maps of finite type.

Notation Consistency with our previous development compels us to use slightly
different notation from that in Wood’s contribution [60] and, indeed, [15]. In those
papers, the spectral parameter A is the reciprocal of ours while the coefficients &4
differ by a sign.

Remark One should note that the finite-dimensional subspaces €2, are not Pois-
son submanifolds for the Poisson structure on Qg: they are only invariant for the
Hamiltonian flows of Ad-invariant functions. Thus, while the ordinary differential
equations that we are interested in evolve on a finite-dimensional space, these spaces
are not Poisson manifolds in their own right. This is in contrast with the spaces
Ag C Ag, discussed above.

When is a harmonic map ¢ : R? = G of finite type? Given a harmonic map ¢
with associated Qg-valued 1-form Ay, we may reformulate the finite type condition
as the demand that, for some d € N, there is a map & : R? — Q, satisfying

d¢ = [§ AN]; (5.3)
o = —4i€;dz. (5.4)
As before, a necessary condition for the existence of such a ¢ is that ¢=19¢/9z takes

values in a single Ad GC-orbit in g®. The principal result of [15] is that a partial
converse is true for doubly periodic harmonic maps:
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Theorem 5.1 [15] A doubly periodic harmonic map ¢ : R? — G is of finite type if
¢~10¢/0z takes values in a single semisimple Ad GC-orbit.

We shall see later that Theorems 3.4 and 3.9 are corollaries of this theorem.
Meanwhile, let us see how it is proved. The first step is to find a formal solution to
(5.3) and (5.4), that is, a formal Laurent series

Y=Y NY,

i>-1
with each Yj : RZ > g‘C such that o/ = —4:Y; dz and
dY =[Y, 4,] (5.5)

coefficient-wise. Using the semisimplicity hypothesis (and specifically that fact that
n € g© is semisimple if and only if adn is invertible on its image) one can find
an explicit recursion formula for the Y; and so construct Y. It is an immediate
consequence of the recursion formula that if Ay is doubly periodic then so is each
Y;.

The second step is where we make essential use of the double periodicity hypoth-
esis. It follows from (5.5) that each Y; is a Jacobi field for ¢ and thus is a solution
of a linear elliptic equation. When o is doubly periodic, we view each Y} as being
defined on a torus and the compactness of the torus together with standard elliptic
theory now implies that the Y; span a finite-dimensional space. Using this, it is easy
to construct a solution & : R? — Qg, for some d, from some of the Y.

5.2 Extended solutions and the Symes method

A variant of the Symes method of Section 4.2 is available for integrating the flows
on Q4. This is based on the following loop group decomposition: set

AGC = {y:8' -5 GY)
and define subgroups

QG ={yeAG®:5:S" = G and y(1) = ¢};

Ay G = {v € AG® : v extends holomorphically to v : D — G®}.
We have

Theorem 5.2 [44] Multiplication QG x AL G® — AGT is a diffeomorphism onto.

Remark This is very similar to the Iwasawa decomposition in Section 4.1 the main
difference being that the uniqueness of the decomposition is ensured by basing the
real loops at 1 rather than basing the holomorphic loops at 0.



Harmonic maps via Adler-Kostant—-Symes theory 263

Consider now a loop of 1-forms on a simply connected surface M:

1—x"1 1—X
Ay = 5 o + 5 o

which solve the Maurer—Cartan equations. For each A € S, we integrate to get
maps ¥, : M — G such that

VAW, = Ay,

In particular, since A; = 0, ¥4 is constant and we choose the constants of integration
so that ¥; = e and the ¥y form a smooth map ¥ : M — QG. Such ¥ are the
extended solutions of Uhlenbeck [56] (cf. [28, 60] in this volume). It is clear from
Section 5.1 that if ¥ is an extended solution, the map ¢ defined by the commuting
diagram

QG

evV_1

M G

is harmonic and all harmonic maps M — G of a simply connected M are covered
by an extended solution in this way.

The method of Symes used in Section 4.2 can be adapted to this setting. Firstly,
if 7, € Ag" is such that An, € Ayg® (i.e., Ay, extends holomorphically to D) then
we define a : R? = QG, b: R?2 A_|_G(C by

exp(z7,) = a(z)b(2),
for z € B2, and we have

Proposition 5.3 a s an extended solution.

Secondly, if &, € Qq, put 5, = 2iA%"1¢, and define a as above. Then the map
¢ :R? =5 Qg given by

¢=Ada'¢,
has the following properties:
1. ¢ takes values in Qy;
2. a~'da = 2i(A7 = 1)¢gdz — 2i(A — 1)é_4d7;
3. d¢ = [¢,a" da].

Thus & is the solution of our Hamiltonian flows on €, with initial condition £, and
a is the extended solution for the corresponding harmonic map of finite type.

The proofs of these assertions are similar to those in Section 4.2 and consequently
left to the Reader.
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5.3 Maps into k-symmetric spaces and Cartan embeddings

To make contact with the results of Section 3 and, in particular, to obtain primitive
harmonic maps into k-symmetric spaces from the constructions of Section 5.1, we
introduce a certain embedding of a k-symmetric space G/K into its group of isome-
tries G. This will enable us to view primitive harmonic maps into G/K as maps
into G to which the methods of Section 5.1 can be applied.

So let G/K be a k-symmetric space with involution 7 and Maurer-Cartan form

B:T(G/K) = g. Define amap ¢ : G/K — G by
L(g . 0) = T(g)g_l.

It is clear that ¢ is well-defined. In fact, it is an immersion, as can be seen from the

following

Lemma 5.4 [12] Let 0 be the Maurer—Cartan form of G. Then, for z € G/K,
5*617 = Txﬁx - ﬁx:
where 75, = AdgoToAdg~!.

Moreover, if K is the fixed set of 7, then ¢ is an embedding. We call ¢ the Cartan
embedding of G/K into G.

When k = 2, the Cartan embedding is well-known to be totally geodesic [18] so
that if ¢ : M — G/K is harmonic then 1 0 ¢ : M — G is also. Thus the methods of
Section 5.1 apply to ¢ o ¢. This is the approach to harmonic maps into symmetric
spaces adopted in [15]. When k& > 2, ¢ is no longer totally geodesic but all is not
lost: a primitive map ¢ : M — G/K still gives rise to a loop Ay of the form (5.2)
from which ¢ may be recovered.

For this, let ¢ : M — G/K be a primitive harmonic map into a k-symmetric
space and set § = ¢*B. The equations (3.7) for a framing of ¢ can be written in
terms of § as

46’ — [ A 6" = dé” — [6' A§"] = 0.

However, these are precisely the coefficients of (A\=* — 1) and (A — 1) in the loop of
1-forms

Ay=(A"P=1)d + (A =1)d". (5.6)

Thus a primitive map ¢ gives rise to a loop of flat 1-forms A, of the form (5.2). To
recover ¥ = ¢ o ¢ from A,, observe that from Lemma 5.4 we get

U0 = (w™t = 1)8" + (w — 1)8"”
whence

by = Ao
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Example Let & = 2. Then w = —1 and o = ¢~ 'dy) = —26 so that the loop A, is
just
11—t n 1—2A
2“3

which is, of course, the loop associated to the harmonic map ¢ = 1o¢ by Uhlenbeck.

all

We have seen in Section 5.1 how to produce loops (5.2) of flat 1-forms from
commuting flows on Q4. When does this procedure give rise to primitive harmonic
maps? This is a question with a pleasantly simple answer: it is just a matter of
choosing the right initial condition for the flows as the following theorem shows [12]

(see [15] for the case k = 2).

Theorem 5.5 Fiz d = 1 mod k and choose ¢, € Qa N Ag,. Let £ : R? = Qg satisfy

% oo - el 0=¢,

and let o : R?2 — G be the map satisfying

w—lg—f = 2wt = 1)&  ¥(0)=0.

Then i) = 10 ¢ for a primitive harmonic map ¢ : R? = G/K.

It would be natural to call such maps primitive harmonic maps of finite type.
However, this terminology has already been reserved for primitive harmonic maps
which possess a framing which arises from commuting flows on Ay C Ag,. A priori,
this is a different condition so, for now, we call the maps provided by Theorem 5.5
primitive harmonic maps of G-finite type. Later we shall see that G-finite type maps
are indeed of finite type in the sense of Section 3.

Meanwhile, in view of the relation

UL /0z2 = (Wt —1)8"(8/02),
a semisimple orbit condition on §’(8/9z) implies one for ¥~19¢/dz and a simple

adaptation of the proof of Theorem 5.1 then gives:

Theorem 5.6 [12] Let ¢ : R? — G/K be a doubly periodic primitive harmonic map
such that §'(8/0z) takes values in a single semisimple Ad GC-orbit. Then ¢ is of
G-finite type.

If @ is a framing for such a map, we have
Adday, =4

so again, an orbit condition on 4’ is implied by one on «/, and we therefore deduce
the following analogue of Theorems 3.4 and 3.9:

Theorem 5.7 Let ¢ : R? = G/K be a doubly periodic primitive harmonic map
into a k-symmetric space. Suppose that some (and hence every) framing of ¢ has
ol (0/02) taking values in a single semisimple Ad KC-orbit in g_,. Then ¢ is of
G-finite type.
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5.4 Finite vs. G-finite type

In this section, we shall show that a primitive harmonic map ¢ : R? — G/K of
G-finite type is in fact of finite type. Together with Theorem 5.7, this will provide
a proof of Theorems 3.4 and 3.9.

Before embarking on this however, let us pause to consider why this rather indirect
method is needed to prove Theorems 3.4 and 3.9. The problem is that the approach
of Section 3 deals with framings of ¢ and, moreover, framings of a rather special
kind: for ¢ to be of finite type, the map & : R?2 — A4 produces a framing with several
restrictions:

1. o, (8/0z) = &4 so that, as we have seen, af,(9/0z) takes values in a single
Ad KC-orbit.

2. ag(0/0z) = r(€a—1) so that ae(0/0z) takes values in n & b.

3. In view of the equations for £ we have

0 .
e e (r— )]

which amounts to a differential relation between aof, and oz’e.

These conditions are quite stringent: for example, for the primitive maps into flag
manifolds discussed in Section 3.4 they are equivalent to the demand that the fram-
ing be a Toda frame.

Now suppose that ¢ does have such a framing with o doubly periodic. The argu-
ment of Theorem 5.1 can easily be adapted to produce the necessary ¢ : R? — Ay.
Indeed, this is the approach used in [8, 25] to treat primitive maps of flag manifolds
since, in this case, by Corollary 3.15, a doubly periodic map with Toda frame has
doubly periodic Toda frame. However, in the general case, we know of no direct
method to equip a doubly periodic primitive harmonic map with a doubly periodic
frame of the right kind. Hence the need to proceed indirectly.

This said, our proof is a simple adaptation of the Symes method we have been
developing. So let ¢ : R? — G/K be a primitive harmonic map of G-finite type
with ¢ = 10 ¢ : R? = G. We know from Sections 5.2 and 5.3 that the G-finite type
condition means that, for some d = 1 mod k, there is {, € Q;N Ag; so that the map
g :R%2 = AGC : 2 5 exp(2iA?71¢,) has a unique factorisation

g = ab, (5.7)
a:R? = QG, b:}R2—>A_|_G(C with
ay, = .

On the other hand, we may view g as a map R? — AG(E and use the Iwasawa
decomposition of Theorem 4.1 to write

g:FLE
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with @ : R? — AG,, b : R? — AL GE. We know from Theorem 4.3 that @ is an
extended framing of a primitive harmonic map of finite type given by

Toevyoa
and it is our contention that this map is ¢. For this, it suffices to show that
toroevioa =.

From the definition of the Cartan embedding, we get

tomoevyoa=r(d)a; ! = aya;’
where we have also used the symmetry a,, = 7o a). However, by the uniqueness of
the decomposition (5.7), we have

awal_l =a, = Y.
We have therefore proved:

Theorem 5.8 A primitive harmonic map R? — G/K of G-finite type is of finite
type.

5.5 Coda: finite type vs. finite uniton number

There is another interesting class of harmonic maps from a Riemann surface to a
Lie group G': these are the harmonic maps with finite uniton number discovered by
Uhlenbeck [56]. The theory of these maps is fundamental to the twistorial approach
to harmonic 2-spheres in symmetric spaces (see [16, 56, 63] and [28, 60] in this
volume).

We conclude this article with a simple example which demonstrates that the class
of finite type harmonic maps is essentially disjoint from that of maps with finite
uniton number.

First let us recall Uhlenbeck’s theory: let ¢ : M — G be a harmonic map of a
Riemann surface and suppose that ¢ admits an extended solution ® : M — QG
(which is certainly true if M is simply connected). The extended solution is unique
up to left multiplication by a constant element of QG and we say that ¢ has finite
uniton number if this constant can be chosen so that ® takes values in the subspace
of (Laurent) polynomial loops in QG of some fixed degree:

Dx(z) = Y A™Tn(2), (5.8)

|m|<d

for z € M. Of course, to make sense of (5.8) we must view G as a matrix group.



268 F.E. Burstall and F. Pedit

Such polynomial loops admit a decomposition into “linear” factors which gives
rise to a decomposition of the harmonic map into flag factors as described by Wood
[60] in this volume.

The main result of Uhlenbeck is that any extended solution on a compact M can
be normalised to take values in such a space of polynomial loops. As a consequence,
any harmonic map S? — G has finite uniton number.

The situation for finite type harmonic maps is completely different: one can prove

Theorem 5.9 A finite type harmonic map ¢ : R?2 — G with ¢~10¢/0z semisimple
does not have finite uniton number.

Corollary 5.10 A doubly periodic harmonic map ¢ : R? — G with ¢~10¢/0z
taking values in a semistmple orbit does not have finite uniton number.

Note that a harmonic map ¢ : S? — G has ¢7106/9z nilpotent by the usual
holomorphic differentials argument.
The proof of Theorem 5.9 would take us too far afield so we shall content ourselves
with presenting a simple example which turns out to contain the heart of the matter.
Let A € g© and suppose that [A, A] = 0 (from which it follows that A is semisim-
ple). Set €4 = (A™! = 1)A 4 (A — 1)A € Q; and consider the geodesic g : R? — AG®
given by
g(z) = exp(z€a).
It is easy to see that the extended solution obtained by factorising g is given by
a(z) = exp((/\_1 —1zA+ (A — 1)%)
so that the corresponding harmonic map ¢ : R? = G of finite type is given by
#(2) = exp(—224A — 2z A).

Thus ¢ is a product of geodesics with commuting generators. The corresponding
map ¢ : R? = Qy is constant so that we have a stationary point for the Hamiltonian
flows.

Suppose now that ¢ has finite uniton number. Then there is a constant v € QG
for which ya = ® has polynomial dependence on A. But fixing z; # z3 € R2 this
implies that

@(Zl)_]-@(ZQ) = a(zl)_la(zz)
is a Laurent polynomial in A. But
a(zl)_la(z2) = exp(()\_1 —1)(z2 —z1)A+ (A= 1)(22 — 21) A)

which has an essential singularity at 0.
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Loop group actions on harmonic maps
and their applications

M. A. Guest and Y. Ohnita

1 Introduction

The purpose of this article is to give an exposition of finite dimensional and infinite
dimensional group actions on harmonic maps of Riemann surfaces into Lie groups (or
symmetric spaces), and their applications to the study of deformations of harmonic
maps. The classification theory of harmonic maps of Riemann spheres into the n-
dimensional standard sphere S™ was given by Calabi ([13], Chern [15], Barbosa
[5]), see [45]. Tt was shown that any harmonic 2-sphere in S” can be lifted to a
horizontal holomorphic curve in the twistor space over S™. A certain (noncompact
simple) complex Lie group acts on the twistor space in a natural way, and this
action transforms a horizontal holomorphic curve to another one. Thus it induces
a group action on harmonic 2-spheres in S™. This group action has been used to
obtain interesting results on the space of harmonic 2-spheres in S™ (cf. [5],[26],[8]).

;, From the point of view of gauge theory, harmonic maps of Riemann surfaces into
symmetric spaces can be regarded as classical solutions of a nonlinear o-model over
2-dimensional Euclidean space. By virtue of the work of Pohlmeyer [34], Zakharov,
Mikhailov, Shabat [48, 49] and Uhlenbeck [42], it is well known that harmonic maps
of simply connected Riemann surfaces into compact Lie groups G can be lifted to
holomorphic maps into the based loop group QG satisfying a certain “horizontality”
condition, namely so called “extended solutions”. This correspondence is the basic
result in this area of harmonic map theory. Indeed, the lift to horizontal holomorphic
curves in twistor space, which plays a fundamental role in the theory of harmonic
2-spheres in S”, can be understood as a special case of an extended solution.

On the other hand, infinitesimal actions of infinite dimensional Lie algebras on
solution spaces of nonlinear field equations (like those for nonlinear o-models and
anti-self-dual Yang-Mills fields) appear in mathematical physics (in the theory of
integrable systems) where they are known as “hidden symmetries”. The affine Kac-
Moody algebra of infinitesimal deformations for the SU (n)-model was first observed
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by Dolan ([16]) and developed by Wu ([46]). Zakharov, Mikhailov and Shabat
([48, 49]) exhibited the method of the Riemann-Hilbert transform for 2-dimensional
models of field theory, in particular for o-models. Ueno and Nakamura ([40, 41])
clarified the link between Dolan’s infinitesimal action and the so-called infinitesimal
Riemann-Hilbert transform. Following the work of Takasaki [39] on anti-self-dual
Yang-Mills fields, who used a method similar to that of M. Sato ([37]), Jacques and
Saint-Aubin ([25]) interpreted the linear system associated with o-models (i.e. the
equations for extended solutions) in terms of the evolution of a point in an infinite
dimensional (formal) Grassmann manifold, and gave a pseudo-action of a (formal)
Lie group of certain matrices of infinite degree corresponding to Dolan’s infinitesimal
action.

Uhlenbeck ([42]) introduced the action of an infinite dimensional group of certain
matrix-valued rational functions on harmonic maps into the unitary group U (n),
which was closely related with the method of the Riemann-Hilbert transform of
[48, 49]. Moreover, Uhlenbeck’s action induces the same infinitesimal action as (the
harmonic map version of) Dolan’s infinitesimal action. The first author’s joint paper
[7] with Bergvelt gave a simplification of the pseudo-action of [48, 49] and discussed
Uhlenbeck’s action as a special case of a “dressing pseudo-action” on harmonic
maps. In [23], the “natural” action of the complex loop group (a Kac-Moody group)
on harmonic maps was considered from the viewpoint of the Grassmannian model
in loop group theory (cf. [35]). It was shown that Uhlenbeck’s action coincides with
this natural action. Since the latter is considerably easier to work with, this gave a
further simplification of the theory.

The natural action of the complex loop group LG (on harmonic maps with values
in G) can be used to study the space of harmonic maps. The idea is to use a one-
parameter subgroup to deform a given extended solution into a simpler one. In the
case at hand, the orbits of suitable one-parameter subgroups are flow lines of Morse-
Bott functions and may be described explicitly. As applications of this idea, we shall
mention results on the connected components of spaces of harmonic 2-spheres in
specific symmetric spaces like U(n), S", the projective spaces RP™, CP" HP",
and also on the fundamental groups of the spaces of harmonic 2-spheres in S and
RP™.

2 Extended solutions and harmonic maps

Let us begin with the definition of extended solutions corresponding to harmonic
maps into Lie groups. Let G be a compact connected Lie group and let g be its
Lie algebra. We equip G with a bi-invariant Riemannian metric. Then G becomes
a compact Riemannian symmetric space. Denote by p the Maurer-Cartan form of
G, which satisfies the identity

1
du+ glpApl=0.
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(the Maurer-Cartan equation). Now let ¢ : ¥ — G be a smooth map of a Riemann
surface ¥ into G. Set o = p*u = p~'dp. This is a 1-form with values in g, which
satisfies

da—}—%[a/\a]:O. (1.1)

We may decompose the 1-form « into @ = o’ + o/, where o’ and o’ denote the
(1,0)-part and (0, 1)-part of a with respect to the complex structure of ¥.. We have
(cf. [45]

Proposition 1 The map ¢ is harmonic if and only if
da’ — o’ = 0. (1.2)

More generally, if a smooth map ¢ : ¥ — G° satisfies the above equation (1.2),
where G¢ is the complexification of the compact Lie group GG, then we shall say that
@ is harmonic.

Now let 8 = B + " be a g°-valued 1-form on X, where 8’ and 3" are the
(1,0)-part and (0, 1)-part of 3, respectively. For each A € C* = C \ {0}, define

Br= 5 (1= XD + 5 (- N8

Consider the linear first order partial differential equation

D pge = By, for all A € C*, (1.3)
or equivalently
1 -1 /
0®, = 5(1 —ATH9, 4,
(1.4)

0B, = %(1 —A)D, 3"

Then the important observation is that the complete integrability conditions of (1.3)
or (1.4), namely

1 .
By + 5[@\ AP =0 forall AeC*, (1.5)

are equivalent to (1.1) and (1.2). A solution ®y of (1.3) or (1.4) is called an extended
solution (of the harmonic map equation) ([42]).
Thus we obtain:

Theorem 1 ([34, 42, 49, 48]) Assume that ¥ is simply connected. Let o : ¥ —
G be a harmonic map. For zo € ¥ and v : C* — G°, there i1s a unique exrtended
solution ® : C* x ¥ — G° such that ®y(z) = v(A).
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If we choose the above y with v(1) = e and ¥(S') C G, then the extended solution
® satisfies ®; = e and @, (X) C G for each A € S1. Such an extended solution ® is
said to be real.

Let QG = {y:S' — G | v is smooth ,¥(1) = ¢} be the group of smooth based
loops in G. (The completion of) QG has a standard infinite dimensional complex
manifold structure and K&hler structure (cf. [35]). We identify the complexified
tangent space 7.QG* with the based loop algebra Qg® = @,.,(A* — 1)g°. The
(left-invariant) complex structure is defined by requiring that

(T.QG)10 = PO~ - 1)g".

a>0

The (left invariant) Kahler form is defined as
K(X,Y) :/ (X' Y)dt,
51

where A = €2™V=1¢ Define 7 : QG — G by 7(y) = v(—1).

We can regard a real extended solution as a smooth map into QG. ;jFrom (1.3)
and (1.4), we see that an extended solution ® : ¥ — QG is a holomorphic map.
More generally, a smooth map ® : ¥ — QG satisfying the condition

* juoe (TEHY) = d71dd (TS0 ¢ (AL = 1)g°

will also be called an extended solution. By the above argument, we see that if
® : ¥ — QG is an extended solution, then ¢ = 1o ® : ¥ — (G is a harmonic map.

Let £ denote the moduli space of extended solutions ¥ — QG modulo the
left action of elements of QG, and let H denote the moduli space of harmonic
maps . — G modulo the left action of elements of G. Assume that X is simply
connected. Then we have a bijective correspondence between &£ and H given by
[®] «— [p =70 D]

Assume that G = U(n). If a harmonic map ¢ : ¥ — G admits an extended
solution @ : ¥ — QG which has finite Laurent expansion

P = zm: AT,
a=0

then we say that ¢ or ® has finite uniton number, (or that [p] € H or [®] € £ has
finite uniton number). The minimal such number m is called the minimal uniton
number of ¢ (or of [¢]). This concept was introduced in [42], where it was shown
that harmonic maps of finite uniton number can be factorised into so called unitons.
This factorisation theorem shows how such harmonic maps may be constructed
from holomorphic maps into complex Grassmann manifolds. Explicit constructions
in various special cases were developed independently by Chern, Wolfson, Burstall,
Wood and others (see [18] and [45]). The class of harmonic maps of finite uniton
number includes all harmonic maps of the Riemann sphere ¥ = S?, and more
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generally all harmonic maps of Riemann surfaces known variously as superminimal
surfaces ([10]), pseudo-holomorphic curves ([13]) or isotropic harmonic maps ([18]).
Conversely, it is known ([33]) that any harmonic map ¢ : ¥ — U(n) of finite uniton
number is weakly conformal.

Next we recall the notions of Gauss bundles and isotropy (cf. [17, p450] and [45]).

Let ¢ : ¥ — G7(C™) be a harmonic map, where Gr(C™) denotes the Grassmann
manifold of all complex subspaces of C™. Let ¢ denote the subbundle of the trivial
bundle C" = ¥ x C" defined by the map ¢. Then we can define the &’-Gauss bundle
G'(p) as the subbundle generated by the image of the d’-second fundamental form
A; = Fi;a L — £J', and it is known that this corresponds to a harmonic
map ¥ — Gr(C"). Define the i-th @’-Gauss bundle G () of ¢ by GW(p) =
G'(GU=1(p)), inductively. We say that the harmonic map ¢ is strongly isotropic or
of infinite isotropy order, or simply isotropic if all G#)(p) (i > 1) are orthogonal to
¢ with respect to the Hermitian inner product of C”, and otherwise we say that ¢
is of finite isotropy order. Any holomorphic map of a Riemann surface into Gr(C")
is isotropic.
Ezample. The simplest example of a harmonic map i1s a holomorphic map of a
Riemann surface into a Kéhler manifold. The harmonic maps ¢ : ¥ — U(n) of
uniton number 1 are those maps of the form ¢ = ao f, for some a € U(n) and some
holomorphic map f : ¥ — Gr(C") (cf. [42]). (Here, Gr(C") is embedded in U(n)
by the map V — 7y — i) The group GL(n, C) acts on harmonic maps of uniton
number 1, by means of the formula Afy = a(Af).

Ezample. Consider the complex bilinear form (z,w) = Z?ﬁo z;w;, where z =
(21, ., 20), w = (wy,...,wa,) € C?". Let Z, be the space of n-dimensional
isotropic subspaces W in C?"*1  that is, n-dimensional subspaces for which (w,w) =
0 for each w € W. If G = SO(2n + 1), the space Z can be embedded as a complex
submanifold of QG via the map j : W — 7w + A'Iré‘,@W + A2m5. We have the nat-
ural twistor fibration 7 : Z, — RP?". It is known ([13]) that any harmonic map
¢ S? — S?" or RP?" is isotropic as a harmonic map S? — (RP?" C) CP??,
and that there is a bijective correspondence between full horizontal holomorphic
maps f : ¥ — Z, and full isotropic harmonic maps ¢ : ¥ — RP??, given by
¢ = mo f. Such a horizontal holomorphic map into the twistor space provides a good
example of an extended solution: for any horizontal holomorphic map f : ¥ — 7,,,
the map jo f : X — QG is an extended solution for ¢, of uniton number 2. We
observe that the complex Lie group G° = SO(2n+ 1, C) acts naturally on the space
Zn, and we denote this action by by A'W = A(W). It may be verified that the
action preserves the complex structure and horizontal subspaces. Thus we obtain
an action of G° = SO(2n + 1, C) on horizontal holomorphic maps into 7,, and
hence on isotropic harmonic maps into S?”.

Ezample. Let Fy. . 4+1(C"*!) be the space of flags (E,, E,4+1) in C"+! with dimg E, =
r,dimgErpr =r+1land B, C Erg . If G = U(n+1), the space F,,41(C"T1) can
be embedded as a complex submanifold of QG via the map j : (E,, Fyrq41) — g, +
)‘FETLOETH + )\27r§r+1. We have the natural twistor fibrations 7 : F, ,41(C"*!) —
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CP™ (0 < r < n). Itis known (see [17, 18]) that any harmonic map ¢ : S? — CP"
is isotropic, and that there is a bijective correspondence between pairs (r, f) of
integers 0 < r < n and full horizontal holomorphic maps f : ¥ — F, .41 (C*tl) on
the one hand, and full isotropic harmonic maps ¢ : ¥ — CP" on the other hand,
given by ¢ = 7o f. For any horizontal holomorphic map f : ¥ — F, ,41(C*t1),
the map jo f : ¥ — QG is an extended solution, which has uniton number 2 if
0 <r<mn,orlifr=0orn. The complex Lie group G° = GL(n + 1,C) acts
naturally on the space F},4+1(C"*!), and we denote this action by A'W = A(W).
Again in this case it may be verified that the action preserves the complex structure
and horizontal subspaces. Thus we obtain an action of G° = GL(n + 1,C) on
horizontal holomorphic maps into F,,4+1(C"*!), and hence on isotropic harmonic
maps into CP”.

3 Dressing, Birkhoff and Uhlenbeck actions

Actions of infinite dimensional groups on harmonic maps may be formulated in
terms of the dressing method ([49, 48, 7]). Let G be a group and let Gy, G5 be two
subgroups of G with G = G1Gs, G1 NGy = {e}. Then each g € G has a unique
decomposition g = g1 g2, with g1 € G1, g2 € G2. A group action of G on itself may be
defined by g - h = gh(h_lgh)z_1 = h(h=gh);, for each g,h € G. It is easy to check
that g+ (¢’ - h) = (g9g¢') - h for g,¢',h € G.

Let Dg={A€ C | |A <1}, Do ={X € CU{c0} | |A| > 1} and let T be a fixed

maximal torus of G. We introduce various fundamental loop groups as follows:

LG* = {y:S8' — G|~ is smooth},
LYG¢ = {y € LG |~ extends continuously to
a holomorphic map Dy — G°},
L=G° = {y € LG° |~ extends continuously to
a holomorphic map Dy, — G°},
LTG5 = {yel G°la(l)=e),
T = {y:S8'— T |~ is a homomorphism}.

We recall the Birkhoff decomposition theorem (see [35]).
Theorem 2 Fach v € LG can be decomposed as
7 =7-074,
fory_ € L=G°, 8 €T and v4+ € LY G¢. Moreover, the multiplication
L7G® x LTYG® — L™ G°L*G°

is a diffeomorphism, and L~ G°LYG¢ is an open dense subset of the identity com-
ponent of LG°C.
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In the above definition of dressing action, let us take G = LG®, G; = L] G° and
Gs = LTG*. As G1Gs # G in this case, we have a pseudo-action, that is, an action
which is defined only for certain group elements. (In fact we have a local group of
local transformations, that is, a group germ.)

Definition. The Birkhoff pseudo-action of LGC on itself is defined as follows. For
each v,d € LG¢ with §7146 € LTG°LTG*,

Y6 =48(6710) Tt = 8(6714d)- € LG-.

The following is the fundamental relation between this pseudo-action and ex-
tended solutions (and thus harmonic maps) ([7]).

Proposition 2 Suppose that v € LG® and ® : S! x ¥ — G° is an extended
solution. If ®(z)~1y®(z) € LT G°LTG® for each z € X, then Y@ : S x ¥ — G°
is also an extended solution.

We are primarily interested in harmonic maps into G (rather than into G°),
so we must impose a reality condition to obtain a group action on real extended
solutions. This may be done by generalizing the Birkhoff pseudo-action as follows.
Let 0 < ¢ < 1. We take two circles Cy = {|A] = ¢}, Coc = {|A| = 1/e} on the
Riemann sphere C U {oco} = S%. Let Iy = {|A| < ¢} and I, = {|A| > 1/e}. Let
C=CoUCy, I =IgUI, and E = S\ (C UI). We introduce the following loop
groups:

L*G® = {v:C — G°|~ is smooth },
LE,EGC

{y € L*G° | ¥ extends continuously to

a holomorphic map £ — G°},
LPGE = [y eIPeGe | (1) = ¢},
LTeGe = {y € L*G° | v extends continuously to

a holomorphic map I — G°}.
With these definitions, we have ([7]):

Proposition 3 The multiplication
Lf,EGc « LIege — [Beqerlee

is a diffeomorphism, and L¥$G°LH¢G® is an open dense subset of the identity
component of LEG°.

In the above definition of dressing action, let us take G = L°G¢, G1 = L‘lE’EGc
and Go = L5 G°. We call the resulting pseudo-action of G = LfG° on itself the
Uhlenbeck pseudo-action ([42],[7], [23]), and denote it by §.
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If v € LGC satisfies the condition y(A\)~? = v(A~1)*, then we call v real. De-
note by L‘RGC the subgroup of L®G¢ consisting of all real elements. Set L?{’a G° =
LEsGen LR G and Li{(}'C =Li=Gen LR G".

It is easy to check that if y,d € L G and ~#d is well defined, then 7#d € LR G*.
Therefore, for v € Li;{Gc and a real extended solution @ : ¥ — QG, we have a

real extended solution v ® : ¥ — QG provided that v#® is well defined. Actually,
Uhlenbeck ([42]) considered the following smaller groups:

A = {rational functions on C U {oo} with values in G°

which are holomorphic in neighbourhoods of 0 and oo },

AR = {g€AlgA™h)* =g(\)~" for all A}.
For each integer k£ > 0 or k = oo, let
Xy = {v:C* — G°| v holomorphic ,¥(1) = ¢,
and y(\) = > A4, 77 (A) = Y A*B,},
|| <k lo|<k
Xp = {7eX[7(AH)  =7(3)7" forall A},

By showing that any element of AR decomposes into a product of elements of
“simplest type” and that the action is well defined for any element of simplest type,
Uhlenbeck concluded that for all g € AR and all v € Xm7R, gty € Xoo,R is well
defined. See also [6].

For k < oo, the Uhlenbeck pseudo-action on X:R (and on extended solutions or

harmonic maps of minimal uniton number k) coflapses to the action of a certain

finite dimensional Lie group AR /A, g (see [23], cf. also [1],[2],[3]).
Remark. Recently, I. McIntosh ([28]) showed that

LR G Ly G = LRG".

This surprising result shows that the Uhlenbeck pseudo-action of Li;{GC on itself is
actually a group action.

4 The Grassmannian model of QG

Here we recall the so called Grassmannian model of QG (due to Quillen, see [35]). For
simplicity, we assume that G = U(n). Let H = L?(S',C") be the Hilbert space of
all L2-functions on S* with values in C*. We have the decomposition H = Hy & H_,
where Hy is the closed subspace of all functions with Fourier expansion of the form
F = ksoAfax, and H_ = (H4)*. The Grassmannian model of QG is
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Greo = {W | W is a closed subspace of H, A\W C W
pry : W — H, is a Fredholm operator,
pr— : W — H_ is a Hilbert-Schmidt operator,
pr+(WJ‘),pr_(W) consist of smooth functions},

where pry and pr_ denote the Hermitian projections to H; and H_, respectively.
The loop groups LG and LG act transitively on Gre,, and their isotropy groups
at Hy € Gre, are LTGC and G, respectively. Thus we obtain the identifications

Greo 2 LG°/LTG = LG/G = QG
and we have the following theorem which may be referred to as the Iwasawa decom-
position for loop groups.

Proposition 4 Fach v € LG° can be uniquely decomposed as

T =TT+
where v, € QG and v € LTGC.

Let W : ¥ — (G'ro be the map corresponding to a smooth map & : ¥ — QG,
ie. W(z) = ®(2)H; for all z € X. Then & is holomorphic if and only if W satisfies

0

}CW(W) C C™(W).

Moreover, a holomorphic map @ is an extended solution if and only if W satisfies
3]

—C®(W) C A™tC®(W).
Loy carieew)

The following result on holomorphic maps into QU (n) is given in [38].
Theorem 3 Assume that ¥ is a compact Riemann surface. Let ¥ : ¥ — QU (n)

be a holomorphic map. Then there exists v € QU (n) and a complex polynomial p(\)
such that

pHy CW(z) CHy forz€ X,

Span{W¥ () | = € T} = My,
where W = \ilH+, V= Y.

We introduce two C*-actions as follows. For v € C* and v € YR C QG, with
0 <k < oo, define
vy = (v
and
vy = (v,

where v - y(\) = y(v~')). Note that uly = u’y for each u € S* and each 4. These
C*-actions have the following properties ([42], [23]).
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Proposition 5 Ifu € C* and ® : C* x ¥ — G° is an extended solution, then so
are v!® : X — G° and v'® : & — G°. For the first C*-action, if u € S* and ® is
real, then u'® is also real. For the second C*-action, if ® is real, then v"® is also
real for each v € C*.

The first C*-action on extended solutions was first noticed by Terng (see [42,
Section 7]). The second C*-action on real extended solutions is discussed in [23].

5 The natural action

In the above definition of dressing action, let us take G = LG, G = QG and
Gy = LTGe.

Definition. The natural action of LG on itself is defined as follows. For each
~,0 € LG,

V6 = y8(871y0) 3 = 5(67 y6)u.

In particular, if y € LG® and § € QG, then

Y6 =95(v9)7" = (¥0)u
and hence
Y'§Hy =~Hy

in the Grassmannian model.
For any ¥ € LG* and any extended solution ® : ¥ — QG, we define a map 4" ® :

Y — QG by (4"®)(z) = (v®(2))u. Equivalently, in terms of the Grassmannian
model, (v/®)(z)Hy = v®(z)Hy , for each z € ¥. Then we have ([23]):

Proposition 6 Suppose that v € LG® and ® : ¥ — QG is an extended solution.
Then ¥1® : ¥ — QG is also an extended solution.

Some of the fundamental results of [42] were proved by Segal ([38]), using the
Grassmannian model. Here we shall review this approach.

Theorem 4 ([38]) Let ¢ : ¥ — U(n) be a harmonic map of finite uniton number.
Then there exists an extended solution ® : X — QU (n) of ¢ and a nonnegative
integer m such that the map W = ®H, : 3 — Gre satisfies (i) \"Hy C W(z) C
Hy forall z € X, and (ii) Span{W(z) | z € ¥} = H,.

An extended solution satisfying conditions (i) and (ii) is said to be normalized.
There is a canonical flag associated to W, namely

ANMHy CW = Wiy C Wino1y) C ... C Wiy = Hy,
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where W(;) : ¥ — G'r is the holomorphic map defined by Wi;y = /\_(m_i)WﬁH+.
It follows that W;) = ®;) H, for some extended solution ®;y : ¥ — QU(n). This
gives rise to a factorisation of harmonic maps into unitons:

o =a(m — i) (m — 7). (T, — ).

The factorisation is also closely related to the cell decomposition of the unitary group
([47]). We note the following relation between the factorisation and the natural
action of the complex loop group:

Proposition 7 For any v € LTG¢, if ® : ¥ — QG is a normalized extended
solution, then 4'® : ¥ — QG is also a normalized extended solution. Moreover,
the natural action of LT G preserves the canonical flags associated to normalized
extended solutions, that is, 'yh<I>(i) = ('yh@)(i).

Let onlU(n) denote the group of all based polynomial loops in U(n), i.e. v €
QU (n) with y(A) = 38 A% X, for some nonnegative integer k. Under the diffeo-

a=—k

morphism QU (n) — Grs, the image of onlU(n) is the subvariety Grg of Gre
consisting of linear subspaces W which satisfy

MWy cw ety
for some nonnegative integer k. Let LpolGL(n, C) denote the group of all loops
v € LGL(n, C) such that y(A),y(A)~! are polynomials in A, A\=!. Then we obtain

the identifications

Gro 2= Ly, G° /L;OIGC = Lol G/G = Q)G

The following subvariety of Gry was introduced in [29] (see also [38]):
Foi={WE€Gry | \’\Hy c W C Hy,dim Hy /W = k}.
If we make the identification C*? =~ [ /A\FH = Docicr-11<j<n C\le;, then
Fpi = {FE € Gry,_1(C*") | NE C E},

where N is the nilpotent operator on C*” induced by multiplication by A. The action
of LYGL(n,C) on F, x collapses to the action of the finite dimensional complex Lie
group
Gn,k = {A S GL(k’TL, C) | AN = f\]A}
Now we have two infinite dimensional group actions on harmonic maps, the Uh-
lenbeck action and the natural action. We shall see that they are closely related.
For any ¢ with 0 < ¢ < 1, we have an injective homomorphism of real Lie groups

LYG* — LGS, v— 4
defined by

()\) _ 7(%‘) for |)‘| <eg,
Pt for |A| > 1/e

for v € LT G¢. We then have:
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Theorem 5 ([23]) If y € LTG® and § € X, g C QG for 0 < k < oo, then
Ats € X, R s well defined and

~hg = 446

Corollary 1 Ify € LTG® and ® : ¥ — QG is an extended solution such that ®)
is holomorphic in A € C*, then we have

Vo =44,

In Section 3, we mentioned that the Uhlenbeck action on Xk,R collapses to the
action of the finite dimensional Lie group AR /A, R, and in this section that the
natural action of L*GL(n,C) on F, ; collapses to the action of the finite dimen-
sional Lie group G, . It turns out that we have 'AR/Ak,R = Gpk, as real Lie
groups. From Theorem 5, we see that the action of AR (or AR /A, R) on extended

solutions of finite uniton number coincides with the action of L*GL(n, C) (or G, k).
Hence:

Corollary 2 The Uhlenbeck action of Li;{Gc on extended solutions (and thus har-

monic maps) of finite uniton number coincides with the natural action of LT G°.

6 Harmonic maps into symmetric spaces

In this section we explain how the complex loop group acts on harmonic maps into
compact symmetric spaces.

Let G be a compact connected Lie group with trivial centre, and let the Lie algebra
of G be g. The Grassmannian model of QG is defined as follows ([35]). We consider
H = H8 = [%(5',g°), which has the structure of an infinite dimensional complex
Lie algebra. The loop groups LG¢ and LG act on H8 via the adjoint representation.
Define

Gr8 = {W € Gro, | W = AW, W*™ is a Lie algebra }.

Here W*™ denotes the subspace of smooth functions in W. Then LG® acts transi-
tively on Gr§o and v — vH defines a diffeomorphism QG — Gr§o.

Assume that M = G/K is a compact symmetric space given by a symmetric
pair (G, K). This means that there is an involutive automorphism ¢ of G such that
(G,)? C K C G,, where G, and (G, )° are the subgroup of all fixed points of ¢ and
its identity component, respectively. Then the map i : M = G/K — G defined by
gK — o(g)g~" is a totally geodesic immersion, the so called Cartan immersion.
Set N = {& € G| o(z)z = e}, which is the set of fixed points of the involutive
isometry  — o(z~!) of . Then each connected component of N7 is a totally
geodesic submanifold of G. The image of i is a symmetric space G/G, embedded in
GG, which is a connected component of N7 containing the identity element e € G.
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There is an infinite dimensional twistor space over M, which is a subspace of QG

([17, (9.41)],[36]). To construct this, define subgroups of LG and LG by
L(G¢, o) = {y € LG | a(y()\)) = y(=]) for all XA € S*}

and L(G,0) = LG N L(G¢, 7). Then the required twistor space is L(G, o)/ K. We
have a natural embedding j : L(G,0)/K — LG/G = QG defined by j(vK) =
yy(1)~1, and a surjective map 7 : L(G,0)/K — G/K defined by #(vK) = v(1)K.
Set

Q(G,0) = {y € QG | a(y(A)) = v(=A)y(=1)"" for all A € S},

which is the set of fixed points of the involutive holomorphic isometry (—1)f oo. Thus
each connected component of Q(G, o) is a totally geodesic complex submanifold of
QG. We have a surjective map 7 : Q(G,0) — N7, which is a restriction of the
twistor fibration 7 : QG — G. The image of j is contained in Q(G, o) and is
L(G,0)/Gs, which is the preimage of G/G, by 7 : Q(G,0) — N?. Note that
J: L(G,0)/K — L(G,0)/Gs becomes a finite covering map.

Under the diffecomorphism QG — Grogo, the space Q(G, o) corresponds to the
subvariety GrZ, of Grg consisting of W € Grg satisfying (W) = W, where
a(f)(A) = a(f(=A)) for f € HB. Hence we define the natural action of L(G¢, o)
on GrZ, as a restriction of the natural action of LG on QG. Define a subgroup of

L(G¢, o) by
LY(G% o) = LYG°N L(GE, 0).

Then we have L(G,0)/Gs = L(G¢,0)/LT(G¢, 0).

Assume that ¢ : ¥ — N7 is a harmonic map of a simply connected Riemann
surface Y into the symmetric space N?. Then there is an extended solution & :
Y — QG, such that ¢ = mo ® and the image of ® is contained in Q(G, ). Indeed,
it follows from o (p)p = e that do(a)+Ad(p)(a) = 0, that is, do(a’)+Ad(p)(e’) =0
and do(a”) + Ad(p)(a") = 0, where p*ug = a = o’ + a”. Let § € Q(G, o) with
d(—1) = ¢(z0). By Theorem 1, there is a unique extended solution ® : ¥ — QG
with ®(zp) = and m o ® = . Then we can check easily that (¢ 0 ®)~1d(c o ®) =
(=1)i®@)=1d((—1)"®). Since 0 0 ®(29) = 7 0d = (=1)8§ = (=1)1®(2), we have
oco0® = (—1)'®, and hence ®(X) C Q(G, 7).

In particular, if ¢ : ¥ — G/ K is a harmonic map of a simply connected Riemann
surface ¥ into the symmetric space G/K, then there is a smooth map & : ¥ —
L(G,0)/K such that j o ® : ¥ — QG is an extended solution and ¢ = # o ®.

Proposition 8 The natural action of L(G°,c) on GrZ, induces a group action on
extended solutions ® : ¥ — L(G,0)/K and thus on harmonic maps ¢ : ¥ —
G/K.
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Next we shall consider in more detail the case of a symmetric space of “inner
type”, where 1t is possible to construct a finite dimensional twistor subspace of
L(G,0)/K. Define M = {a € G | a> = e}, whose connected components are totally
geodesic submanifolds of even dimension. These are examples of totally geodesic
submanifolds called polars, which have been investigated extensively by Nagano
([14, 31, 32]). Thus each connected component of M is congruent to a compact
symmetric space embedded (via the Cartan embedding) in G for an involutive inner
automorphism o, after left translation by an element of GG. All compact symmetric
spaces of inner type can be obtained in this way. Consider

F ={w € QG | w is a homomorphism},

which is the set of all fixed points of the S'-action §. Thus each connected component
of F is a totally geodesic complex submanifold of QG (see [17]). Let w € F. There is
an element P in g with exp(tP) = w(A), where A = 2™ =1t and we may construct
the generalized flag manifold G/Cp, where

Cp={aeG|Ad(a)w(A) =w(N)}.
We have the identification
G/Cp = {Ad(a)w € QG | a € G},

and this is just the connected component of F containing w. Now let K = {a €
G | Ad(a)w(—1) = w(—1)}. Then we have a compact symmetric space G/ K, totally
geodesically embedded in G, which is a connected component of M. Let T be a
maximal torus of G containing w, and let t denote the maximal abelian subalgebra
of g corresponding to 7. Then P € t, and the linear endomorphism ad(P) on g°
has eigenvalues in 27\/—1Z. We denote by g, the (2m/—1f)-eigenspace of ad(P).
We have the eigenspace decomposition of g¢ with respect to ad(P):

g =Dsr
’
Moreover,

cp=go and k= @ ge,

{ even

where c¢p and k denote the Lie algebras of Cp and K, respectively. The natural
projection 7 : G/Cp — G/K is a restriction of 7 : Q(G,0) — N7, and may be
considered as a “twistor subfibration”. This point of view was established in [12].
Relative to the fibration 7 : G/Cp — G/K, the complexified vertical subspace
corresponds to @y even, # 0 8¢ and the complexified horizontal subspace corre-

sponds to @y ,qq &¢- The superhorizontal subspace ([12]) corresponds to g_1 @ g1.
Let K¢ be the complex Lie subgroup of G¢ generated by k°. It is known that if
f: ¥ — G/Cp is horizontal and holomorphic, then 7o f : ¥ — G//K is harmonic
(cf. [11, 12]).



Loop group actions on harmonic maps and their applications 287

Under the identifications Tec,(G/Cp)® = 694750 g, and T,QG° = T,QG° =
;20 i, the derivative at the origin eCp of the embedding . : G/Cp — QG identi-
fies go with (A= —1)g, (see [23], for example). Hence we see that if f : ¥ — G/Cp
is superhorizontal and holomorphic, then + o f is an extended solution. Let Gp be
the parabolic subgroup of G¢ generated by the parabolic subalgebra gp = @, 8¢-
It is well known that G/Cp = G°/Gp, which is a complex manifold. The embed-
ding ¢ : G/Cp = G°/Gp — QG = LG¢/L*G¢ is holomorphic, and G¢-equivariant
with respect to the injective homomorphism G¢ — LG° of the constant loops. The
action of G¢ on G /Cp preserves the complex structure and the superhorizontal sub-
spaces, and the action of K¢ preserves in addition the horizontal subspaces. Hence
we obtain:

Proposition 9 (i) If a € G° and f : ¥ — G/Cp is superhorizontal and holo-
morphic, then ao f : ¥ — G/Cp is also superhorizontal and holomorphic. (ii) If
a € K¢ and f : ¥ — G/Cp is horizontal and holomorphic, thenaof : ¥ — G/Cp
is also horizontal and holomorphic.

In general, the action of G¢ on G/Cp does not preserve the horizontal subspaces.
We can characterize those twistor fibrations such that the action of G on G/Cp
preserves the horizontal subspaces, as follows. Let IT = {aj, ..., a,} be the funda-
mental root system of g with respect to t and let @ = mya1 + ... 4+ m,a, be the
highest root. Define

Iy = {eell|a(P)=0},
M = {aell]|a(P)isodd},
MMy = {a€ell|0# a(P)iseven}.

Assume that G is simple. If the action of G on G/Cp preserves the horizontal
subspaces, then TI; = () or Tl = (). If TI; = §}, then G/K is a point, and if Iy = §,
then IIy = {e;}, m; = 1 or 2, or Iy = {e;,,;,}, mj;, = 1,m;, = 1. Such twistor
fibrations were classified in [11].

7 Topology of spaces of harmonic maps

Up to now we have discussed group actions on harmonic maps. In this section we
explain the method of Morse-Bott theoretic deformations of harmonic maps, which
leads to results on the topology of spaces of harmonic maps.

Consider a finite dimensional generalized flag manifold of G, that is an orbit
Ad(G)P = G/Cp of a point P of g under the adjoint representation. Let @ be
any element of g. Then one may define the height function h? : Ad(G)P — R by
hQ(X) = (X, Q). Tt is classical that this is a Morse-Bott function. Its nondegenerate
critical manifolds and their stable or unstable manfolds can be described explicitly
in Lie theoretic terms ([9]). Let VA9 be the gradient of h? with respect to the
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natural Kahler metric on Ad(G)P. Then the flow line of —Vh@ is given by ¢ —
(expv/—TtQ)" X .

The loop group QG is an infinite dimensional version of a generalized flag man-
ifold. By using an identification QG = Tx LG /T x G, one may exhibit QG as the
adjoint orbit of the group T'x LG through (v/—1,0) in /—1TR @ Lg. For any fixed

Q € g, we consider the momentum functional
K90) = [ 67y Q

where { , ) denotes an Ad-invariant inner product of g. It is a height function A%
on the adjoint orbit QG in /—1R @ Lg, with respect to the L-inner product. The
set of critical points is QCg, and the flow of —V K@ with respect to the standard
Kihler metric is given by the “natural action” of {expv/—1tQ} on QG.

For applications to harmonic maps of finite uniton number, we are interested in
the restriction of K@ to the finite dimensional subvariety Fp i, with G = U(n). Let
us consider the flow of —~V K. It is given by the natural action of {exp(v/—1tQ)} C
L*G¢, so it preserves F, ;. This flow can be used to establish deformations of
harmonic maps:

Theorem 6 ([23]) Let ¢ : ¥ — U(n) be a harmonic map of finite uniton number.
Assume that ¢ admits an extended solution ® = 5"'_  A\*T,, such that rank Tp(z) >
2 for all z € . Then ¢ : ¥ — U(n) can be continuously deformed through har-
monic maps of finite uniton number into a harmonic map ¢ : ¥ — U(n — 1) of
finite uniton number.

We shall explain the principle behind this theorem in the special case of har-
monic maps into symmetric spaces of inner type. Consider the twistor fibration
7 : G/Cp — G/K of the previous section. Let ¢ : ¥ — G/K be a har-
monic map into a symmetric space G/K which can be lifted to an extended so-
lution @ into the twistor space G/Cp C QG over G/K. Suppose that the image
of ® is contained in the stable manifold S(N) of a nondegenerate critical manifold
N = Ad(Cg)X = Cq/(Cq)x of hQ. (Here we have X = Ad(b)P for some b € G.)
Then {®* = (expy/—1tQ)'® | 0 <t < 0o} provides a continuous deformation of ®
to an extended solution ®*° : ¥ — N. Note that Cq/(Cgo)x NAd(b)K is totally
geodesically embedded in G/Ad(b)K = G/K, and the fibration Cq/(Co)x —
Cq/(Cqo)NAd(b)K is a twistor subfibration of G/Cg — G/K. Thus we obtain a
continuous deformation of the harmonic map ¢ to a harmonic map ™ = 7m0 |
which maps into the smaller symmetric space Co/(Cg)x NAd(b)K.

As applications of this we have the following results:

Theorem 7 ([23]) If n > 2, then any isotropic harmonic map ¢ : ¥ — CP"
can be deformed continuously through isotropic harmonic maps into an isotropic
harmonic map v : ¥ — CP2. In particular, if n > 2, then any harmonic map ¢ :
5?2 — CP™ can be deformed continuously through harmonic maps into a harmonic
map ¥ : S> — CP2,
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Theorem 8 ([26],[23]) If n > 3, then any isotropic harmonic map ¢ : ¥ — S"
can be deformed continuously through isotropic harmonic maps into a holomorphic
map ¢ : ¥ — S%. In particular, if n > 3, then any harmonic map ¢ : S? — S™
can be deformed continuously through harmonic maps into a holomorphic map ¢ :
57 — S2.

Let Harmg(S?, S™) be the space of harmonic 2-spheres in the unit sphere of energy
4rd, with d > 0. Then, since Holy(S?, S?) is path-connected, we obtain:

Corollary 3 ([26]) Harmg(S?, S™) is path-connected.

In the case n = 4 this result was proved by Loo ([27]) and independently by
Verdier ([44]).

It is known that Harm,(S?,5?) has two connected components, each of which
is a copy of Holy(S?,S?) and has fundamental group Z/2dZ ([19]). In [20] the
fundamental group of the space Harm4(S?, S™) was determined for n > 2, by using
an extension of the above methods.

Theorem 9 ([20])

0 ifn>4,d+2
7 Harmy(S?, S™) = Z/2Z ifn>4,d=2
Z/2dZ  ifn=3.

There is a similar result for Harmg(S?, R.P™) ([20]).

Finally we mention the space of harmonic 2-spheres in the quaternionic projective
space HP™. From [4], we know that there are four classes of harmonic 2-spheres in
HP*(C Gr2(C2(”+1))): (T) reducible, strongly isotropic, (IT) irreducible, strongly
isotropic, (IIT) reducible, finite isotropy order, (IV) irreducible, finite isotropy or-
der. If the rank of the d’-Gauss bundle of ¢ is equal to the rank of ¢, we call ¢
irreducible, and otherwise we call ¢ reducible. A quaternionic projective space HP”
has two natural twistor spaces, CP?"*! and 7, ([11],[21]). Any harmonic 2-sphere
in HP™ which is strongly isotropic (of class (I) or (IT)) can be lifted to a horizontal
holomorphic map into 7, ([21]), and any harmonic 2-sphere in HP™ which is of
class (IIT) can be lifted to a horizontal holomorphic map into C P?"*1 ([4]). Though
not every harmonic 2-sphere in HP™ of class (IV) can be lifted to a horizontal holo-
morphic map into CP?**! or 7,,, it can be transformed to a harmonic 2-sphere of
class (ITT) by a finite number of “forward and backward replacements” ([4]).

Applying the argument of [23] to the twistor spaces CP?"*! and 7,, over HP",
M. Mukai [30] has recently obtained the following result:

Theorem 10 Any harmonic 2-sphere in HP™ which is of class (I), (1) or (III)
can be deformed continuously through harmonic maps to a harmonic 2-sphere in
S* = HPL. Hence the space of all harmonic 2-spheres in HP? of fized energy which
are of class (I), (II) or (111} is path-connected.
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Twistors, nilpotent orbits and harmonic
maps

P.7Z. Kobak

1 Introduction

Twistor theory provides a useful tool which has applications in the theory of har-
monic maps. A good example is the Calabi-Penrose twistor fibration CP3 — S*. All
harmonic spheres in S* can be obtained from projections of holomorphic horizon-
tal curves in CP? (a holomorphic curve is horizontal if it is tangent to the complex
contact distribution # C TCP? which is perpendicular to the fibres of the twistor fi-
bration with respect to the Fubini-Study metric). In order to construct holomorphic
curves tangent to the distribution # one can use the Bryant correspondence which
maps CP? birationally to PT*CP? and maps # to the canonical complex contact
distribution on PT*CP? (see [6] and [27]). The flag manifold Fy5(C3) ~ PT*CP? is
the twistor space of CP?2 and Burstall shows in [11] that in fact all twistor spaces of
compact quaternion-Kahler symmetric spaces of the same dimension are birationally
equivalent as complex contact manifolds.

An alternative approach was used by Loo in [29]. He describes the moduli space of
harmonic 2-spheres in S* by constructing a 2:1 covering map from CP3\ {Zy U Z,}
to PT*(CP'x CP') which maps the horizontal distribution # on CP3 to the canonical
contact distribution on PT*(CP1x CP') (here Zy and Z,, denote twistor fibres over
two antipodal points 0,00 € S*). This map is then used to characterise harmonic
spheres in S* in terms of pairs of meromorphic functions on S? with the same
ramification divisor.

Let © denote the nonassociative algebra of Cayley numbers. As a vector space O is
isomorphic to H2 . The 4-sphere S* can be identified with the set of quaternionic lines
in H? i.e. S* = HIPL. If, instead of lines, we consider subalgebras of (0, isomorphic to
H we get the 8-dimensional symmetric space G2/SO(4). Tt turns out that there is a
class of harmonic spheres in G2/SO(4) which have a strikingly similar description
to the one given by Loo in the case of harmonic spheres in S* [24, 25]. This is not
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a coincidence and this work originated as an attempt to understand the algebraic
reasons which account for the similarities. In order to put S* and G5/SO(4) on
equal footing, note that

1. Both S* and G5/S0O(4) are Wolf (i.e. quaternion-Kahler compact symmetric)
spaces and their twistor spaces are projectivised minimal nilpotent orbits in
sp(2, C) and gf respectively.

2. The minimal nilpotent orbit in sp(2, C) (respectively g%) is a finite branched
covering of the nilpotent variety in sp(1,C) @ sp(1,C) (respectively s((3,C)).

There is precisely one Wolf space corresponding to each complex simple Lie algebra
g©. The associated twistor space is the projectivised minimal nilpotent orbit in g€.
The cases when a nilpotent orbit is a finite cover of another nilpotent orbit have
been classified by Brylinski and Kostant in [8]. One may therefore expect to find
other examples of Wolf spaces with families of harmonic spheres which follow the
pattern for S* and G2/SO(4).

The article begins with a brief survey of twistor methods for harmonic maps.
The next section contains an outline of a construction of harmonic spheres in $*
developed in [29]. We shall see later that this approach, when suitably rephrased,
can be applied to other Wolf spaces. In the next section we describe Wolf spaces and
their associated geometry which can be used to construct harmonic maps. Sections
5-T are concerned with the contact geometry of nilpotent orbits. The relevant theory
is well known to the algebraists, we present it in a more geometric way and we give
many examples in an attempt to make it more accessible. We introduce contact
structures on nilpotent orbits in Section 5. In the next section we describe certain
holomorphic fibrations of nilpotent orbits over flag manifolds. We show in Section 7
that these fibrations have contact fibres and, consequently, they can be used to
define contact maps from nilpotent orbits to projectivised cotangent bundles of flag
manifolds. Such maps, together with finite coverings of nilpotent orbits described in
Section 8 can be applied to construct holomorphic horizontal curves in quaternionic
twistor spaces and, consequently, a class of minimal surfaces in Wolf spaces. The last
section 1s devoted to examples of applications of the described theory to harmonic
maps. The section begins with a Lie-algebraic interpretation of the construction of
harmonic spheres in S*. We then describe the construction for real Grassmannians
Gra(R™) and for Go/SO(4).

2 Twistor fibrations

One of the methods of constructing harmonic maps into Riemannian manifolds is
by use of twistor fibrations. In this section we shall give a brief description of the
relevant results. We refer the reader to the surveys [41, 10, 30] and to [18] for more
details and for further references.
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Definition 1 [13] Let M be a Riemannian manifold. A fibration 7 : 7 — M is
called a twistor fibration (with twistor space Z) if 7 is an almost complex manifold
and for any holomorphic map ¢ : S — Z of an almost Hermitian manifold S with
co-closed Kahler form the composition 7w o ¢ : S — M is harmonic.

A standard example of a twistor space is the bundle J(M) where M is an oriented
2n-dimensional Riemannian manifold and J; (M) consists of Hermitian structures
in Ty; M compatible with the orientation (cf. [33, 19]). There are two natural al-
most complex structures J; and Jy on J(M), defined as follows. The Levi-Civita
connection on M gives a splitting of the tangent space of J(M) into vertical and
horizontal parts, T, J(M) = V, & H,. A complex structure z on T, M induces a
complex structure on H,, and V; is naturally complex since J, (M) = SO(2n)/U(n)
is a Hermitian symmetric space. Then, with a careful choice of orientation, one can
define J; = Jg @ Jv and Jo = Jg & (—=Jv). If dim M > 4 then J; is integrable if
and only if M is conformally flat (see [33]). If M is a 4-manifold then one can use
the Hodge *-operator to split A2T*M into +1 eigenspaces A37T*M. A Hermitian
structure is determined by its Kahler form and this gives an identification of the
twistor space J(M) with the sphere bundle S(A?}_T*M). The Weyl tensor can be
also split into two components W, and W_ and the J; structure on S(AiT*M) is
integrable if and only if M is anti-self-dual i.e. W4 = 0 (see [2] or [33, 34]).

The almost complex structure .J, is never integrable but its importance comes
from the fact that (J(M),J2) is a twistor fibration [33, 19]. The twistor space
(J(M), J2) can be used to construct and, in some cases, to parametrise harmonic
maps in M. For example we have the following

Theorem 1 [19] If M is an orientable J-manifold then there is a bijective corre-
spondence between nonconstant weakly conformal harmonic maps from a Riemann
surface ¥ to M and nonvertical Jo-holomorphic curves ¥ — S(A?}_T* ]\J).

Recall that a map ¢ : ¥ — M is weakly conformal if h(q/)*(,?—z, ¢>*§—z)2’0 =0,ie. ¢is
conformal away from the points where the differential d¢ vanishes (h denotes the
complexification of the Riemannian metric on M), see [43].

One can also consider all Hermitian structures on M (not necessarily compatible
with the orientation), this gives the twistor space J(M) with fibre O(2n)/U(n).
Note that if M is an oriented 4-manifold then j(M) splits into two components:
J(M) = S(A?I_T* J\J) and S(AQ_ T* JM). We will denote these components simply by
S(A%) and S(A2).

In general harmonic maps ¢ : ¥ — M which come from J5-holomorphic curves in
the twistor space J(M) are characterised by the following theorem (w; denotes the
first Stiefel-Whitney class).

Theorem 2 [13] A map ¢ : ¥ = M of a Riemann surface is a projection of a
Ja-holomorphic curve ¥ — J(M) if and only if it is weakly conformal, harmonic
and ¢.wr (M) = 0.
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It is of course easier to construct holomorphic curves in complex rather than
almost complex manifolds. Since the almost complex structures J; and Js coincide
on the horizontal distribution, a Ji-holomorphic horizontal map ¢ : S — j(M) is
holomorphic also with respect to Ja. Therefore if J; is integrable one can construct
harmonic surfaces in M from holomorphic horizontal curves in the twistor space.

There is a rich supply of complex twistor spaces (with integrable J;) which fibre
over inner symmetric spaces. They come from orbits of the isometry group action
on the zero locus of the Nijenhuis tensor of Ji and it turns out that they are flag
manifolds. Their importance comes from the following

Theorem 3 [13] Let ¢: S? — M be a harmonic map into a compact inner symmet-
ric space. Then there erists a flag manifold F which is a subbundle of J(M) (with
compatible J, and J5) and a Jo-holomorphic curve S? — F which projects to 1.

Let F — M be a twistor fibration of a flag manifold over an inner symmetric
space. In general the horizontal distribution on F may not be holomorphic (twistor
spaces with holomorphic horizontal distributions were classified in [7], see also [33]).
But it contains a natural holomorphic subdistribution, called the superhorizontal
distribution(see Chapter 4, C in [13]). Tt follows that superhorizontal holomorphic
curves project to harmonic maps. Such harmonic maps have to be weakly conformal
(in fact real-isotropic, see [18, §7.7 and §7.8]) and are called superminimal. One can
obtain all harmonic 2-spheres from holomorphic superhorizontal curves precisely
when M = CP™ or S?” (in this case the superhorizontal and the horizontal distri-
butions coincide). Harmonic spheres in CP™ and S?" have to be superminimal since
one can construct certain holomorphic differentials which vanish precisely when a
harmonic map is horizontal, and S? has no nonzero holomorphic differentials, see
[43].

Let us have a look at two simple examples of twistor fibrations of flag manifolds
over Riemannian symmetric spaces. We will consider the symmetric spaces S* =
Sp(2)/(Sp(1) x Sp(1)) and CP? = SU(3)/S(U(2) x U(1)). Note that S* = HP!
and CP? = Gry(C3) are the simplest examples of quaternion-Kahler symmetric
spaces described in Section 4 and S(AiT*S‘l) (respectively S(AiT*CIW)) are by
definition their quaternionic twistor spaces. The corresponding superminimal maps
will be called quaternionic superminimal (see Definition 3).

Example 1 Since the 4-sphere S* is conformally flat both twistor spaces S(Ai)
and S(A2) are complex. Consequently, there are two types of harmonic spheres in
5%, The quaternionic twistor space S(Ai) can be described as the Calabi-Penrose
twistor fibration 7 : CP3 — S*. In projective coordinates (S* = HIP!) it can be
written as the Hopf map

C]PS = [l‘o,iL‘l,:L‘Q,:L‘g,] — [IL‘O + jx1, 29 -|-]:L‘3] € 54

and the horizontal distribution is perpendicular to the fibres of the twistor projection
with respect to the Fubini-Study metric on CP2, The bundle S(A%) on the other
hand is isomorphic to the fibration Aon : S(A?I_) — 8% where A is the antipodal map
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of S*. As a result if 4 : S? — S* is harmonic then either 4 or A o+ is a projection
of a horizontal holomorphic curve in CP3 i.e. is a quaternionic superminimal sphere
(Definition 3) or, in the terminology of Bryant, a positive spin superminimal sphere,
see [6, Theorems C, D] .

The next step is to find a way of characterising horizontal holomorphic curves in
CP3. This was done by Bryant who found explicit formulae for horizontal holomor-
phic curves ¥ — CP3 in terms of pairs of meromorphic functions on X. Lawson [27]
gave a geometric interpretation of this construction by defining a contact birational
correspondence (known as the Bryant correspondence) between CP3 and the flag
manifold F}5(C3) consisting of lines in 2-planes in C3. An alternative construc-
tion (for ¥ = S?) which makes use of a contact birational correspondence between

CP3/Zy and PT*(CPx CP1) is described in the next section.

Example 2 Let us consider the projective 2-plane CP2. There are three SU(3)
flag manifolds: CP2, the dual projective plane CP2* = Gro(C3) and Fy5(C?). Since
CP? is anti-self-dual, S(A3 ) is integrable (we assume that the orientation of CP? is
opposite to that given by its Kahler structure). As a complex manifold S(Ai) can
be identified with the flag manifold F;5(C?) and the map

Fia(C)s(1cCcV)=Itnvecp?

is the twistor projection. The flag manifolds CP? and CP?" correspond to the sec-
tions w and —w of S(A2) where w is the Kahler form of CP2 They fibre trivially
over CPP2 but the first fibration is holomorphic whereas the other one is antiholo-
morphic. As a result there are three types of harmonic spheres in CP?: holomorphic
and antiholomorphic maps from S? into CP2 and quaternionic superminimal spheres
(mixed pairs in the terminology of [15]).

Harmonic spheres in complex projective spaces are well understood, we refer the
reader to [16, 9, 20, 43]. As a Riemannian symmetric space CP? is identical with
G'r2(C3) which is the first element of the infinite sequence Gr2(C*) of Wolf spaces
corresponding to the unitary groups (cf. Table 4.1). There is abundant literature
on harmonic maps in complex Grassmannians, see for example [15, 14, 42, 40] and
also [3] for the results on harmonic 2-spheres in quaternionic projective spaces.

3 Example: harmonic 2-spheres in 5*

The following construction was used by Loo in [29] to study the moduli space of
harmonic 2-spheres in S%. Let us consider the twistor fibration CP3 — S* and define
the map

VE CCIED3\ {Z0U 7} 3 [0, 21, 29, 23] = ([20, 21], [22, 23]) € CP!x CP!,

where Zg and Z., are the twistor fibres over two antipodal points 0 = [0, 1] and
oo = [1,0] in S*. The map ® is a submersion with contact fibres and it follows that
the map
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U CP3\ {ZoU Zoo} 3 2 = thu(H,) € PT*(CPx CPY)

is contact (Lemma 1). One can show that Pisa 2:1 covering and the image of U
consists of lines in T'(CP'x CP!) which are transversal to the fibres of the projections
p1,p2 : CP1x CP' — CP'. This gives Diagram 3.1 (all maps in the diagram, except
for the twistor fibration 7, are holomorphic).

CP3\ {Zo U Zo} %» PT*(CP!x CPY)

™ u‘) Jp
54\{0’00} C]P)lx C]P)l _— C]P)lx C]P)l
N
CP! CPp!

(3.1)

Now if v is a quaternionic superminimal sphere in S* which avoids the points 0 and
00, then the corresponding holomorphic horizontal curve 5 : $2 — CP3 stays away
from the twistor fibres 7y and Z,. Therefore the curve po 1/: o4 is transversal to the
fibres of the projections p1, p, i.e. the functions p; o po ¢ho ¥, 1 = 1,2 have the same
ramification divisor. Conversely, let w be a curve in CP!x CP' defined by a pair of
meromorphic functions on S? with the same ramification divisor. The lines tangent
to w belong to PT*(CP!x CP!) and we get a curve w' : S? — PT*(CP!x CP?)
(the Gauss lift of w). The curve w’ is tangent to the canonical contact structure
on PT*(CP!x CP!) and since w cannot be tangent to fibres of p; and py (because
p1ow and ps ow have the same ramification divisor), it lies in the image of the map
1. Since v is 2:1, we get a pair of holomorphic horizontal curves in CP3 and then
a pair of harmonic 2-spheres in S* (such spheres are called conjugate in [29], they
differ by the action of the involution [zg, 21] — [20, —21]). As a result one gets the
following characterisation of minimal spheres in S*.

Theorem 4 [29] There is a 2:1 correspondence between quaternionic superminimal

maps v : S? — S* avoiding two antipodal points 0,00 € S* and pairs of meromorphic
functions on S? with the same ramification divisor.

4 Quaternion-Kahler manifolds

There is a particularly important class of Riemannian manifolds with complex
twistor spaces and holomorphic horizontal distributions [32].
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Definition 2 An oriented Riemannian manifold M is quaternion-Kdhler if J(M)
contains a proper 2-sphere subbundle 7 preserved by parallel translations with
respect to the Levi-Civita connection on M and locally spanned by three orthogonal
almost complex structures I, J, K which satisfy the relations IJ = —JI = K.

It follows from the definition that each tangent space of a quaternion-Kahler man-
ifold can be thought of as an Hrmodule, so dim M = 4n. If My is a 4-manifold then
Z(My) = S(A?I_T*M4) is already a 2-sphere bundle so n > 2. We shall call the
bundle 7 the quaternionic twistor space of M (or simply twistor space, if there
is no confusion). Quaternion-Kahler manifolds are Einstein and their definition
can be naturally extended to the case when n = 1. A 4-dimensional manifold
is called quaternion-Kahler if it is Einstein and anti-self-dual. We recall that the
anti-self-duality condition ensures that .J; is integrable. One usually assumes that
quaternion-Kahler manifolds have nonzero scalar curvature, otherwise they would
be locally hyperKahler. We refer the reader to [4, Chapter 14] for more information
on quaternion-Kahler and hyperKahler geometry.

The horizontal distribution on a quaternionic twistor space has complex codimen-
sion 1 and is holomorphic. As a result it endows the twistor space with a complex
contact structure (see [32]) and provides a class of minimal surfaces in the corre-
sponding quaternion-Kahler manifold.

Definition 3 A harmonic map of a Riemann surface to a quaternion-Kahler man-
ifold will be called quaternionic superminimal if and only if it is a projection of a
horizontal holomorphic curve in the quaternionic twistor space.

Quaternionic superminimal maps are very special. They are of course supermini-
mal (and hence weakly conformal), they also have to be inclusive [33], see also [15,
§5B, C]. A map v : ¥ — M of a Riemann surface to a quaternion-Kéahler manifold
is called inclusive if for each € ¥ there exists an almost complex structure J, in
the twistor fibre 7, such that the differential d,y : 7,3 — (T,Y(x)M, Jy) is complex.
Inclusive maps can be viewed as quaternionic analogues of holomorphic curves. Note
that the map ¥ 3 2z — J; € 7 is a lift of the inclusive curve v to the quaternionic
twistor space 7.

In this paper we shall be interested in compact homogeneous quaternion-Kahler
manifolds. They were classified by Wolf and Alekseevskii ([39, 1]). They are sym-
metric and are known as Wolf spaces. There is one such manifold for each compact
simple Lie algebra g and it can be defined in the following way. Let t be a maximal
torus in g. Take the su(2) in g with the root system {p, —p} where p is the high-
est root. The conjugacy class M = G/Ng(su(2)) of such su(2) is the Wolf space
corresponding to the Lie algebra g (G denotes a compact simple Lie group with
Lie algebra g and Ng(su(2)) is the normaliser of su(2) in G). One can write M as
G/(HSp(l)) whereas 7 is equal to G/(HU(I)), for some subgroup H C G.

The three families of classical Wolf spaces together with associated twistor bundles
are listed below.
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Z M = G/N¢g(su(2))

CPp 2+t HP" = Sp(n+1)/(Sp(n) x Sp(1))
F17n_1(@) GT’Q(@) = SU(TL)/S(U(TL—Q) X U(?))
Zn Gry(R™) = SO(n)/(SO(n—4) x SO(4))

(4.1)

In the list above Fy ,_1(C") is the flag manifold of lines in hyperplanes in C* and
Zn C Gra(C™) consists of totally isotropic 2-planes. Gra(R") denotes the Grass-
mannian of oriented 4-planes in R™. There are five more Wolf spaces corresponding
to exceptional Lie algebras:

Es/SU(6)Sp(1), E7/Spin(12)Sp(1), Es/E7Sp(1)
Fy/Sp(3)Sp(1) and G2/SO(4).

There is another description of quaternionic twistor spaces which will be essential
in the sequel. Let M be a quaternion-Kahler manifold with nonzero scalar curvature
and let Z denote the corresponding twistor space. We denote by G the connected
component of the isometry group of M and by £ the line bundle over Z given by
the complex contact structure. The action of G on M induces a complex symplectic
action of G® on £* and one can use the associated moment map to construct a
map Z — PgC. Under suitable conditions this gives an identification of Z with a
projectivised nilpotent orbit in g€ (see [36, 37] for further details). For example one
has the following theorem.

Theorem 5 [37] If Z is a twistor space of a quaternion-Kdhler manifold of positive
scalar curvature such that Z is GC-homogeneous as a complezx contact manifold and
the symmetry group GC is reductive, then, up to finite covers, 7 is the projectivisa-
tion of a nilpotent orbit of the semisimple part of g©.

It is therefore natural to consider the nilpotent variety N' = {A € g©: (adas)* =
0 for some k}. Tt breaks down under the action of G® into a finite disjoint union
of conjugacy classes (nilpotent orbits). Tt turns out that all projectivised nilpotent
orbits are quaternionic twistor spaces [36, 38]. In particular, if z € g(g lies in the
root space of g€ corresponding to the highest root p then the projectivisation of the
nilpotent orbit A, = GC - 2 is the twistor space of the Wolf space G/Ng(sp(1)).
We shall call the orbit A,, the highest root orbit or the minimal orbit — it is the
nilpotent orbit of the smallest dimension in A"\ {0}. On the other hand generic
nilpotent elements in g form the regular nilpotent orbit N, and N = N,. The
regular nilpotent orbit is the orbit of the highest dimension in A" and its complex
dimension is equal to dim g€ — rank g©.
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5 Contact distributions

Let AV C g® be a (nonzero) nilpotent orbit. Its projectivisation carries a natural G-
invariant contact structure which is precisely the contact structure on PN viewed
as a quaternionic twistor space [36]. It can be defined explicitly in the following
way. Let e be an element of the orbit A. It follows from the Jacobson-Morosov
Theorem [26] that there exist z,e_ € g® which together with ey = e form an
5[(2, C)-triple, that is, they span a three-dimensional subalgebra of g®, isomorphic
to s((2, C), and satisfy the relations

[z,e4] =eq, [x,e_]=—e_, [e4,e_]=2. (5.1)

We can use the surjective map 7 : g¢ 3 X — [e, X] € ToN to identify T, with
a©/Z(e) where Z(e) = ker 7 is the centraliser of e in g©. One can use the Killing
form on g€ to define an invariant 1-form 6 on A,

0([e, X]) = (e, X). (5.2)

If Y € Z(e) then [e,Y] = 0 and (2,[e,Y]) = 0 s0 (e, Y) = (V,[z,¢]) = 0 and 0 is
well defined. The distribution D = p, ker § is a complex contact structure on PN
(where p : N/ — PN is the obvious projection). Tt follows from Formula 5.2 that
ker . = et so for A € PN the contact hyperplane D4 C T4PAN can be written as

Da = pu(At/Z(A)). (5-3)

The 2-form w = df endows N with a complex symplectic structure. This is the
Kostant-Kirillov-Soriau symplectic structure. We have

w(le, X],[e,Y]) = [e, XKe, V) —[e,Y]{e, X) —0(e, [X,Y])
= —{¢[X,Y]).

We have seen that nilpotent orbits and their projectivisations give very natural
examples of complex symplectic and complex contact manifolds. Manifolds T* M
and PT*M, where M is a complex manifold provide an even more basic class of
examples. We shall see later that in the case when M is a flag manifold these two
classes are closely related.

Let us recall that the contact structure on P7T*M is defined in the following way. If
7 denotes the projection T* M — M then the formula 64 : TAT*M 5 X — A(m, X)
defines a canonical 1-form # on T* M. Then df is a complex symplectic form on
T*M and p, ker@ is a contact distribution on PT*M (again p : T*M — PT*M is
the obvious projection). In other words points of PT}M parametrise hyperplanes
in T,M and if A C Ty M is a hyperplane then Dy = (dn')~1(A) is the contact
hyperplane in T4PT*M , where 7’ is the projection PT*M — M. It is therefore clear
that the fibres of 7’ are tangent to the contact distribution on PT*M . Conversely, if
M is a contact manifold and ¥ : M — N is a submersion with contact fibres, then
the projection ¥4 (Da) of a contact hyperplane in T'M is a hyperplane in TN . This
gives a map



304 P.7Z. Kobak

¢ :M> A=, (Dy) € PT*N. (5.4)
We have the following lemma which is implicit in [29].

Lemma 1 Let M be a contact manifold and let ¢y : M — N be a submersion with
contact fibres. Then the map ¢ : M — PT*N defined as in Formula 5.4 is contact,
i.e. it maps the contact distribution on M to the canonical contact distribution on
PT*N.

Proof. The lemma follows immediately from the commutative diagram

M X PN
v [
N —— N

If D denotes the complex contact distribution on M, A € M and B = 1/:(/1) then
7, (Y« (Da)) = ¥« (Da) = B. This means that ¢, (D,) is the contact hyperplane in
TgPT*N. a

We shall call 1,/: the contact map associated to the fibration .

Remark 1 The lemma, although elementary, can be very useful. For example the
projection

¢ : CP?\ B 3 [z0, &1, &2, €3] = [26, 2021 + T223, Toks] € CP?,

where B is the base locus given by the equations zo = 0 and z3z3 = 0, has con-
tact fibres, and the associated map ¢ : CP3 — PT*CP? ~ F;5(C3) is the Bryant
correspondence.

6 Canonical fibrations over flag manifolds

Flag manifolds are defined as conjugacy classes of parabolic subalgebras in complex
semisimple Lie algebras. To define a parabolic subalgebra p of a complex semisimple
Lie algebra g© one can choose a vector € spang A where A denotes the root system
of g€ with respect to a Cartan subalgebra j and put

p=i® P o (6.1)
a€A
(o,z) >0
where g€ denotes the root space of o € A.
If there are no roots perpendicular to z then p is called a Borel subalgebra. Borel
subalgebras can be also defined invariantly as maximal solvable subalgebras in g©
whereas a subalgebra p C g© is parabolic if and only if it contains a Borel subalgebra.
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Parabolic algebras are self-normalising: if P is the normaliser of p in GC then
p = Lie(P) (P is called a parabolic group). Therefore F = G®/P ~ G® .y is the flag
manifold determined by the parabolic algebra p. Flag manifolds which correspond
to Borel subalgebras will be called complete flag manifolds.

Remark 2 Let p € A be the highest root and let z € g%, z # 0. The stabiliser of
the line Cz € Pg” can be written as p = @, , a5, where A = {a € A: (p,a) > 0}.
This shows that p is a parabolic subalgebra of g© and the projectivised minimal
nilpotent orbit PN, is a flag manifold.

It will be useful to have an algebraic description of the cotangent space of a flag
manifold. For a parabolic algebra p one can write p = [@ n where [ is the reductive
factor of p and n = p* is its nilradical:

(=i @ g©  and n= @ aC. (6.2)

a €A a €A
(arz)=0 (av2)>0

The holomorphic tangent bundle of F = G®/P can be written as the associated
bundle TF = G® x p g®/p. The Killing form on g€ induces a nondegenerate bilinear
map g/p x pt — C which gives a pairing between TF and G© xp pt. We can
therefore write 7*F = G x p p* and points of T*F can be regarded as pairs (p, z)
where p € F and = € pt.

We shall use Lemma 1 to relate contact structures on projectivised nilpotent orbits
to canonical contact structures on projectivised cotangent spaces of flag manifolds.
First we need a suitable fibration with contact fibres. There is a natural way of as-
signing parabolic algebras to nilpotent elements of complex semisimple Lie algebras
(see for example [35, Remark I11.4.18]). In other words projectivised nilpotent orbits
fibre homogeneously in a canonical way over flag manifolds. We shall describe here
these fibrations and their basic properties following the exposition of Burstall [12].

Let ¢ € g€ be a nilpotent element which together with z,e_ € g€ forms a 51(2,0)
triple (Formula 5.1). The element z is semisimple in g© and one can decompose g€
into ad, eigenspaces,

C
‘=D
€L

Now [s;,8;] C 8;4; and therefore

Pe = @51' (63)

i>0

is a subalgebra of g®. Its polar

n:pj:@si

: 1
123
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is nilpotent so it follows from Grothendieck’s Lemma (see [13], Proposition 4.2)
that p. is a parabolic algebra. If (2',e’_, ¢) is another s[(2, C)-triple, then z — 2’ €
imad, Nkerad. ([26], 3.6) and one can show that p. does not depend on the choice
of z. Consequently, we have a homogeneous (i.e. GC—equivariant) map from the
nilpotent orbit A' = G® . ¢ to the flag manifold . Rescaling e does not affect p, so

we also have a fibration PA' — F. Summarizing, we have the following theorem.

Theorem 6 Let N be a nilpotent orbit in a complexr semisimple Lie algebra. Then
there is a flag manifold F such that N fibres homogeneously and holomorphically
mn a canonical way over F. This fibration induces a fibration of the projectivised
nilpotent orbit PN — F. Moreover, if p. is the image of e € N then e € pt.

For conciseness we shall call the fibration N/ — F defined above the canonical
fibration.

Remark 3 Let p C g€ be a parabolic algebra, € p a nilpotent element. This
gives a nilpotent orbit N’ = GC . z and a flag manifold F = G/ P. If the condition
dim N = 2dim F is satisfied then z is called a Richardson element and the algebra
p is called a polarisation of z. In this case the orbit P -z is open and dense in pt. It
is proved in [31] that the nilradical of every parabolic algebra contains Richardson
elements. On the other hand not every nilpotent element has polarisations. For
a nilpotent element z the set Pol(z) of its polarisations is finite (see [21, 23] for
classification results).

If z € pt is a Richardson element then the identity component of its centraliser
Z(x)" is contained in the parabolic group P. A polarisation is called stable if Z(x) C
P. This means that one can define a G®-homogeneous map N' = G® -z — G¢/P.In
particular, the canonical projection s : N'— F, in the case when dim A = 2dim F,
can be viewed as a map which assigns a distinguished stable polarisation to each
element of N.

Example 3 Nilpotent orbits in sl(n,C) are in 1:1 correspondence with partitions
A=A > >...> A >0), A1+ X2+ ...+ A =n). A partition A determines a
nilpotent element e which consists of Jordan blocks of size A X A, k=1...7:

- (1) 0 e
et = N (7 x i matrix), e=
- err
10
Let us define matrices
0 1(:-1)
0 2(i — 2) M
el = : : , e_ = ’
N A’I"
0 (-11 €_
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and

Then the matrices e/\/2, e_ /\/2,z/2 form an sl(2, C)-triple. By choosing a skew or
symmetric nondegenerate bilinear form on C* and a suitable basis (see [35, 23]) one
can use the same matrices to construct sl(2, C)-triples in other classical Lie algebras.

The parabolic algebra p, can be found from Formula 6.3. For example if e is
a regular nilpotent element then it consists of just one Jordan block e”. Diagonal
matrices in sl(n, C) form a Cartan algebra with root system A;—A;,i # j € {1,...n}
and root spaces g;; consist of matrices in which only the (7, j) entry can be nonzero.
Since (Ai—Aj)x = 2(i—j), the parabolic algebra consists of lower-triangular matrices
so the corresponding flag manifold F, consists of complete flags in C*. The canonical
projection can be written as the map

Ny3A — (imA"™ C imA""'C...CcimA C imA°%) €eZ,
I 0
0 cr

Flags corresponding to nonregular nilpotent elements A € sl(n, C) can be built from
blocks of the form ker AP Nim A?, p,q € N.

Let us have a look at the simplest case (which, as we shall see later, has nontrivial
applications). The nilpotent variety N' = {A # 0 € s[(3,C) : A3 = 0} in s[(3,C)

consists of three nilpotent orbits:

Nm = {A€sl(3,C): A2=0,A#0} (minimal nilpotent orbit)
N {A€sl(3,C) : A3 =0,A2 £ 0} (regular nilpotent orbit)

and the zero orbit Ny = {0}. The canonical fibrations in this case are simply the
maps

NmdA — (imACkerACC®) e Fio(C3)
N, 3A — (kerACimA C CP) € Fi5(C%)

so the projectivised orbit PN, can be identified with the flag manifold Fy(C?).
Under this identification the canonical map for the projectivised regular orbit is
simply the map PN, 3 [A] — [4%] € PN,,.

In general flag manifolds in a complex semisimple Lie algebra g€ are parametrised
by subsets S C R of the set of simple roots, whereas nilpotent orbits are represented
by assigning numbers 0, % or 1 to simple roots of g€. More precisely, let j C g€ be a
Cartan subalgebra with the root system A and positive roots Ay. We can use the
Killing form on g® to identify spang A with a real subspace j* C j. Let C C j* be
the fundamental Weyl chamber, C = {x € j' | (¢,2) > 0 V¢ € A,}. If a parabolic

algebra p is determined by & € C then p contains the Borel algebra
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b=jo P ol (64)

OéEA+

and it corresponds to the subset S =2+ NA; C R:

p=ia P ¢ @ & (6.5)

o€ (span S)NA a€A 4 \(span S)

[ n

Flag manifolds can therefore be represented by Dynkin diagrams of g€ with crosses
through the nodes corresponding to roots in R\ S.

Let A C g® be a nilpotent orbit. There exists an s((2, C)-triple (e, e_, z) such that
e € N and z € C. If a is a simple root one can assign the number a, = (e, 2) to the
corresponding node in the Dynkin diagram. It turns out that the numbers {aq }acr
uniquely determine A (they are called characteristic numbers of the nilpotent orbit
N, see [17, 26]). The possible values for a, are 0, % or 1, but not all combinations
can occur and the admissible ones can be found in [17]. Tt follows from Formula 6.3
that the flag manifold F over which A fibres corresponds to the Dynkin diagram
with crosses through nonzero nodes.

Example 4 There are 3 flag manifolds and 4 (nonzero) nilpotent orbits in the ex-
ceptional Lie algebra g¥. The canonical fibrations ' — F are listed in the following
table.

ay a2

N —=s dimN F dim F
highest root orbit % 0 6 PN, 5
short root orbit 0 % 8 Q°® 5
subregular orbit 1 0 10 PN, 5
regular orbit 1 1 12 Fr 6

In the table F, denotes the complete flag manifold (F, = G$/B where B is a
Borel subgroup), PA,, is the quaternionic twistor space of G2/SO(4) (N, denotes
the highest root orbit in g5) and Q° = P(7"°5%) can be identified with the 5-
dimensional nondegenerate quadric in CP®. Note that only the regular and the
subregular orbits have polarisations.

7 Relations between contact structures

We shall now use the canonical fibration PA° — F to construct a contact map
Y : PN — PT*F. Note that the last statement in Theorem 6 has a simple geometric
interpretation.
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Lemma 2 Let f : PN — F be a holomorphic homogeneous fibration such that if
1l € PN thenl C f(I)*. Then the fibres of f are contact.

Proof. Let p denote the projection NN — PN. Let | = C. 2z € PN, z € N and
take p = f(I). Since fop is G-equivariant, the stabiliser of z must be contained
in the stabiliser of f(p(z)). Therefore the centraliser Z(z) of z in g© is contained
in p. The tangent space 1% (f o p)~*(p) can be identified with p/Z(z). According to
Formula 5.3 the contact hyperplane H; C T;PN is a projection of lL/Z(z) CcCT.N.
We want to show that 7, (f o p)~!(p) is contained in H;, i.e. p/Z(z) C I+ /Z(z). But
I C p* implies p C I and this ends the proof. a

Let ¢ : PN — F be a canonical fibration. Lemmas 1, 2 and Theorem 6 imply
that the associated map v : PN — PT*F defined by Formula 5.4 is contact. We
will show that it is also injective.

Lemma 3 Ifl € PN then it follows from Theorem 6 that | C (). Therefore
{(¥(l),z) : z €l} is a line in TzZ(l)}- and we can define a holomorphic GC-equivariant
fibre map

PN 51— (¢(),l) € PT*F (7.1)
This is precisely the associated map 1/;
Proof. Let H denote the contact structure on PA. Then

B0 = () = v (0 1/ 2(0) = 1/ ()

where p denotes the projection N' — PN. The hyperplane I+ /v (l) C Ty@yF is an-
nihilated by (¢({),!) and Formula 7.1 follows. O

The lemma implies that the map s defined by the formula
s:PT*F 3 (p,n) > n € PN (7.2)

is the left inverse of 1/:, so 1/: = idy. Here N denotes the closure of A in g®. Note
that if dim A = 2dim F then, according to Remark 3, the image of 1/3 is equal to
the open dense orbit GC - (p,r) C PT*F where r € pt is a Richardson element. To
summarize, we have

Theorem 7 Let ¢ : PN — F be a canonical fibration of a nilpotent orbit over a
flag manifold. Then the associated map 1/; : PN — PT*F defined by Formula 5.4 is
injective and contact. Moreover, if dim A = 2dim F then the image oftz) s an open
dense GC-orbit in PT*F.

Remark 4 The map s : PT*F — PN defined in Formula 7.2 is a projectivisation
of a map T*F — AN which is known in the literature as the generalised Springer
resolution of the nilpotent variety N (see [5]). The generalised Springer resolution
can be defined for any flag manifold F = GC/P as the moment map for the action
of G® on F and it is given by the formula
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S:T*F=G xppt>(pr)—eecGt pt

The orbit G- pt is equal to N' where N' = GC - r is the orbit of a Richardson
element » € p~ whereas GC - (p,r) is an open dense orbit in PT*F on which the
Springer resolution is a finite covering.

If N — F is a canonical fibration with associated map 1/: : PN — PT*F and
dimN = 2dim F then 1/; is a bijection between the open dense GC-orbits N' C N
and G©. (p,r) C PT*F. It is an inverse of S restricted to G© - (p,r) so the Springer
resolution is 1:1 and hence birational. But in general, if S : F — A is a Springer
resolution, it is possible that the canonical fibration maps the nilpotent orbit A/ to
a flag manifold F’ # F (see the next example).

Example 5 If g© = sl(n, C) then every Springer resolution is birational and every
nilpotent element has polarisations. For example if N, C s[(3,C) is the minimal
nilpotent orbit then the canonical projection is trivial (Examples 3 and 6) but one
can check directly that PN, ~ Fi5(C?) ~ PT*CP? ~ PT*CP2". These identifi-
cations can be obtained for example as the associated maps for the homogeneous
fibrations F12(C%) — CP? and F15(C?) — CP?" since these fibrations have contact
fibres. Consequently, N, is an adjoint orbit of Richardson elements for the SI(3, C)
flag manifolds CP2 and CP2",

Example 6 The case when N, C g© is the minimal (i.e. the highest root) orbit
is very special. We have seen in Remark 2 that PN, is a flag manifold. It follows
from the remark and from Formula 6.3 that the canonical projection in this case is
the trivial map N, = F = PN,,, so the associated map F — PT*F is a section of
the projection PT*F — F (it is simply the contact structure on F) and of course
is not birational.

If N, C g© is the regular nilpotent orbit, then all characteristic numbers (aq)
in the Dynkin diagram of gC are equal to one, so N, fibres over the complete
flag manifold F, = G¢/B where B C G© is a Borel subgroup. Then dim\, =
dim g© — rank g€ = 2dim F, so the associated map PN, — F, is always birational.
The image of the map ¥ : N, — PT*F, has the following geometric description in
terms of homogeneous fibrations F, — F with fibre CP'L.

Proposition 1 Let ¢ : N, = F, be the canonical fibration of the regular nilpotent
orbit in g€ over the complete flag manifold F,. Then the image of the associated
fibration 1/: : N, — PT*F, consists of hyperplanes transversal to the fibres of all
homogeneous fibrations F, — F with 1-dimensional fibre.

Remark 5 The complete flag manifold F, corresponds to the Dynkin diagram with
crosses through all nodes. Therefore the Dynkin diagram of the flag manifold F has
one uncrossed node and the number of fibrations F, — F with fibre CP! is equal
to rank gC.



Twistors, nilpotent orbits and harmonic maps 311

Proof. Let f: F. — F be a homogeneous fibration with 1-dimensional fibre and let
p = f(b), where b is a Borel algebra. Then f(b) C p since nontrivial homogeneous
fibrations increase stabilisers. Let us choose a root system A with positive roots Ay
and simple roots R so that p and b are as in Formulae 6.4 and 6.5, for some subset
S C R. The vertical space Tp(f~1(p)) can be identified with b/p ~ gC, where o is
the uncrossed root in the Dynkin diagram of F (so S = {a}). The vertical space
is contained in the hyperplane z € bl ~ T F, precisely when z L g(ga i.e. when
the gg component of z vanishes. The lemma now follows since an element z € bt
is regular if and only if all its components in g<, a € R, are nonzero ([35], I11 3.5). O

8 Finite covers of nilpotent orbits

We have seen in the previous section that one can use the canonical projection to
relate the contact structure on projectivised nilpotent orbits and thus the original
geometry of corresponding quaternion-Kahler manifolds to the canonical contact
structure on projectivised cotangent bundles of flag manifolds. This approach fails,
however, when we need it most — Example 6 shows that the canonical fibration
is trivial for minimal nilpotent orbits. Fortunately, in some cases one can overcome
this difficulty by considering nilpotent orbits which are finitely covered by minimal
nilpotent orbits. Brylinski and Kostant determined pairs of complex semisimple
Lie algebras g® C ¢’C and nilpotent orbits N C g¢, N/ C ¢© such that A7 is
an equivariant finite cover of A. Many such examples were known earlier in the
literature (see for example [28, 36]). We will be interested in the cases where N’
is the highest root orbit in g’C. Pairs g®, g’C in the table below come from [8];
N'is a k:1 cover of a nilpotent orbit N'. We denote by F the flag manifold which
is the target of the canonical fibration N' — F and Wy is the Wolf space which
corresponds to g’.
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W, o g E dimN dimF
Gra(R7) 50(7) g2 1 8 5
Gry(R2"+2) 502n+2) so(2n+1) 2 in—2 2n-—1
Gro(C™) 5[(2n) sp(n) 2 dn—2 4n-—5
Es/SU(6)Sp(1) e fa 2 2 15
Go/SO(4) g2 sl(3) 3 6 3
Gry(R2+1) 50(2n+1) s0(2n) 2 dn—4 2n—2
Fa/Sp(3)Sp(1)  fa s0(9) 2 16 10
F4/Sp(3)Sp(1)  fa 50(8) 4 16 11
Gra(R?) s0(8) g2 6 10 5
HPp~-1 sp(n) @hsp(n;)  28-1 2n 2n—k

(8.1)

In the last row Zle n;i = n and k > 2. The orbit N is a product of the highest
root orbits in sp(n;, C).

Example 7 Let N’ denote the highest root orbit in so(n, C). The orthogonal pro-
jection so(n,C) — so(n — 1,C) gives a 2:1 covering N/ — N. Let Zy = {1,0}
where ¢ is a diagonal n x n matrix with o117 = —1 and 692 = ... = opp = 1.
Then so(n — 1,C) consists of Zg-invariant elements in so(n,C) and the covering
is simply the averaging over Z,, z — %(a: + Ad, z). Let ¢ : PA" — PN be the
projectivised covering. If A, denotes the minimal nilpotent orbit in sa(n — 1,C)

then PN = PN UPN,,. Since N, = A" Nso(n —1,C), ¢ is 1:1 on PN,, and 2:1
on PA”\ PN,,. Moreover, ¢ maps PA” \ PA,, to PA" which is the twistor space of
(Gra(R™) \ Gra(R"1)) /Zo.

Example 8 If N C g¥ is the highest root orbit and N, C sl(3,C) is the regular
nilpotent orbit then the orthogonal projection gg — 5[(3,C) gives a 3:1 covering
N' — N,. This map can be also viewed as the averaging over the centre Zj of
SU@B3) C G,z — %(a: + Ad, x + Ad,= z). The projectivised map ¢ : PA” — PN,
is a 3:1 branched covering. Let us denote by A, the minimal nilpotent orbit in
51(3,C). Since s1(3,C) N N' = N,, is the fixed point set of the Z3 action, ¢ is 1:1 on
PN, and 3:1 on N\ V. The Z3 action on the twistor space induces an action on
(2/S0(4) with fixed point set CP2 Note that PN, = Fy5(C?) is the quaternionic
twistor space of CP2 The covering ¢ maps PA” \ PA,, to N, which is the twistor
space of (G2/S0(4) \ CP?)/Z3 (see [25] for a more detailed analysis of the relation

between the quaternionic geometry of G3/SO(4) and the regular nilpotent orbit
Ny).
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9 Applications to harmonic maps

In this section we shall show examples of applications of the developed theory to
harmonic maps. We begin with the Lie-algebraic interpretation of the construction
in Section 3.

Quaternionic projective spaces.  According to the last row in the table in
Section 8, in the simplest case (n = 2, k = 1, ny = ng = 1), there is a 2:1 branched
covering map from the twistor space 7 = CP3 of S* = HP! to the projectivised
nilpotent variety in sp(1, C) ®sp (1, C). Nilpotent elements in sp(1, C) ®sp(1,C) are
pairs (A4, B) where A, B are nilpotent in sp(1, C). Pairs with A # 0 and B # 0 belong
to the regular orbit N,. There is only one projective nilpotent orbit in sp(1,C). Tt
is equal to CP! and the canonical projection N, — CP!x CP! is simply the map
VPN, 3 [A, B] = ([4],[B]) € CP'x CP.

We can use the induced map 1/; to identify PN, with an open dense orbit in
PT*(CP!x CP1). According to Proposition 1 the image of ¢ consists of the lines in
T(CP!x CP') which are transversal to fibres of the two projections of the product
CP! x CP! to its factors. It remains to find the branching set of the covering map
Z — PN,. Tt consists of the elements in Z which project to non-regular elements
[4,B] € PN, so either A =0 or B = 0. Therefore the projection of the branching
set is equal to ({0} x CP') U (CP! x {0}) C PN, and its components correspond
to two skew lines in CP3 which are twistor fibres over [0,1] and [1,0] € HP!. As
a result we can recover the diagram and the characterisation of harmonic spheres
in S* as described in Section 3. A similar approach can be applied to quaternionic
projective spaces HIP”, n > 2. One can take the finite cover N/ — A where N is the
nilpotent variety in sp(1,C) @ ... ®sp(1,C) (n+ 1 summands). This corresponds to
a generalisation of Section 3 where one projects CP2"*! to a product of n + 1 dis-
joint lines. But we can no longer use Gauss lifts and the condition on meromorphic
functions on S? will be more complicated.

Real Grassmannians of oriented 4-planes. Let us consider the Grassman-
nian Gr4(R"), n > 5. According to the table on page 312 (cf. Example 7) we have
a 2:1 branched covering o : Z, — PA where Z, — PN is the twistor space of the
Grassmannian. The orbit A/ has complex dimension 2n — 6 and it fibres over the
quadric Q"3 = {[z] € CP"~? | B(z,z) = 0} where B is a SO(n — 1, C)-invariant
nondegenerate symmetric bilinear form on C*~!. Since PN, is the quaternionic
twistor space of Gry(R"~1), we have the following commutative diagram.

Zn \ Zn-1 z(i PN P73
7r P p
GT’4(R”) \ G?‘4(]Rn_1) Qn—S e — Qn—S
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Let P be the stabiliser of a line I € Q"~3. Then P is a parabolic subgroup of
SO(n—1,C) and, according to Remark 3, it has a dense orbit in P7;*Q"~3 which is
equal to the image of 1/31. The holomorphic tangent space 7;CP"~2 can be identified
with Hom(l,C" /l) and then T;Q"~3 = Hom(l,l*/l) (we take the polar [+ with
respect to B). As a result we have the identifications

PTiQ"~3 =~ P(+/l) =~ {2-planesin{t which contain [}

PTrQ"3 P(1L/1)* {hyperplanes in [+ which contain {}. (9-2)

The map P({1/l) 3 v — vt € P(I1/l)* gives a bijection between PT;Q"~3 and
PT;Q"~3. Let us consider an orthogonal splitting I+ =1 & !’ and identify I+ /I with
I'. Tt is clear that P!’ decomposes under the action of O(n — 3,C) C P into two
orbits: the orbit consisting of lines which are isotropic (i.e. null with respect to B)
and the open dense orbit consisting of non-isotropic lines. The action of P preserves
these orbits and we have the following lemma:

Lemma 4 Let 1/: : PN = PT*Q"3 be as in Diagram 9.1. Then the image Ofl/:
consists of hyperplanes vt C TQ"~3 where v € PTQ"~3 is a non-isotropic line.

If we want to use Diagram 9.1 to characterise quaternionic superminimal spheres
in Gry(R™), we have to consider maps v : S? — Gry(R™) which do not intersect
Grg(R™~1). This is only a technical assumption as we have the following

Lemma 5 Let us consider an inclusion Gry(R"1) < Gry(R"), let 3 be a (real)
surface and let v : ¥ — Grq(R") be a smooth map. Then there exists a € SO(n)
such that the image of a -+ is disjoint from Gry(R"~1).

Proof. It will be easier to keep + fixed and find a Grassmannian Grs(R"~1) which
does not intersect the image of 4. The inclusions Gry(R"™1) — Gra(R") can
be parametrised by oriented hyperplanes in R” i.e. by points of the unit sphere
Sn=t = 50(n)/SO(n — 1). Let us call a vector v € S"~! admissible if the cor-
responding Grassmannian Gry(vl) does not intersect the image of v. The Grass-
mannians which contain a 4-plane W € Gry(R") are parametrised by points of
the (n — 5)-sphere {w € S"~! : w L W}. Consequently, nonadmissible vectors in
Sn=1 are parametrised by points of the sphere bundle S?~%(y*V'1) where V is the
tautological rank 4 vector bundle over G'r4(R"). More precisely, we have a map

XSy V) 3 (2,0) v e ST

where z € ¥ and v is a unit vector in 4(z)t. Then the image of x consists of non-
admissible vectors. The lemma follows since im x has codimension 2 in S"~1!. a

Let us consider a harmonic map v : ¥ — Grs(R") which does not intersect
Gm(]R”‘l) and lifts horizontally to a holomorphic curve 4 : ¥ — Z,,. Let us denote
by W the curve o o7 : ¥ — PT*Q"3 and let ¢ = po W. Since W is a contact
curve, T,0c C W, so W determines a codimension 1 subbundle of the normal bundle
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vy = TQ"3/To. If we use the identifications in Formula 9.2, we can think of T, o
and W as lines in [+ /I, where | = o(z). The condition T,o C W, can be then
written as W} C (T,0)%. In other words V' = W+ is a line subbundle of the rank
n — 4 vector bundle (T, o)+ C TQ"~3. It follows from Lemma 4 that the line bundle
V is non-isotropic (the lemma also implies that if the curve W is nontrivial then
its image cannot be contained in a fibre of the projection p, otherwise the curve
V would intersect the quadric consisting of null lines in 7;Q"~3). Conversely, if
o is a holomorphic curve in Q"3 then a choice of a non-isotropic line subbundle
V C (To)* gives a lifting W = V+ : & — PT*Q"~3 which takes values in im1). If
¥ = 52 then we can lift W to get two holomorphic horizontal curves in the twistor
space Z, and this gives a pair of superminimal spheres in Grs(R") (they differ by
the action of ¢ from Example 7). As a result, we have the following theorem.

Theorem 8 There is a 2:1 correspondence between quaternionic superminimal maps
v : 8% — Gra(R"™) which do not intersect Gra(R™™1) and pairs (o,V) where
o : S%? =5 Q"3 is a holomorphic curve and V is a non-isotropic line subbundle
of the rank n — 4 vector bundle (To)*.

Remark 6 We get the simplest case when n = 5. The map
CP x CP' 3 ([a, b], [@', b']) = (ad’, ab’,ba’, bb') € Q*

shows that the 2-dimensional quadric 124 — 23 = 0 is just the product of two
projective lines. There are two families of isotropic lines on the quadric (o and
lines) which under the above identification take the form {z} x CP! and CP! x {z}
respectively (z € CP!). With the notation as in Theorem 8 the bundle (T'o)L has
rank 1 so it is equal to V. The bundle V' is nonisotropic if and only if T'o is transversal
to @ and f lines. This means that the two maps given by projecting ¢ to each of
the factors in CP' x CP! have the same ramification divisor and we are back to the
example in Section 3 since Gry(R5) = S*.

The symmetric space G2/SO(4). The space G2/SO0(4) can be identified with
the set of subalgebras isomorphic to H in the nonassociative Cayley algebra Q.
The algebra O (elements of which are called octonions or Cayley numbers) is equal
to H x H with the multiplication defined along the lines of the multiplication in
C=RxRand H = C x C (see [22], Appendix IV.A). The imaginary part of a
product of two imaginary Cayley numbers gives a vector cross-product on R? = im Q)
and one can identify G3/SO(4) with the set of 3-planes in R7, closed under the
cross-product (such 3-planes are called associative). G2/SO(4) is therefore a totally
geodesic submanifold of the Wolf space Gry(R7) ~ Gr3(IR7).

The 3:1 branched covering Pg® D N — N, C sl(3,C) (Example 8) makes it
possible to describe quaternionic superminimal spheres in G3/SO(4) by considering
3 x 3 trace-free matrices — a much more elementary object than the exceptional
Lie algebra g» ([24, 25]). By combining this 3:1 covering with the contact map
Y 1 PN, — PT*F;5(C3%) induced by the canonical fibration PN, — Fi5(C3) (cf.
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Example 3) we get the following commutative diagram (all maps in the diagram
except for the twistor fibration 7 are holomorphic).

7\ Fio(C3) ;:51 PN, PT™ Fy5(C3)
7r Y lp
G2/SO(4) \ CP? Fpp(C®) —— Fio(C3)
A
CPp? cp?

Remark 7 The submanifold CP? < (G3/SO(4) in the above diagram was de-
termined by a choice of SU(3) C Ga. Totally geodesic CP?s in G5/SO(4) are
parametrised by points of S® = G5/SU(3) in the following way. If v € R is a unit
vector then v' is naturally a complex 3-dimensional vector space with the com-
plex structure given by vector multiplication by v. The intersections of associative
3-planes containing v with v+ are complex lines in v+ with respect to this complex
structure so they form a CP2.

The map ¢ in the diagram above is not defined on Fy5(C3), so we will consider
harmonic spheres in (G5/SO(4) which do not intersect CP2. Similarly as before, we
have the following

Lemma 6 Consider a totally geodesic submanifold CP? — G5/SO(4). If ¥ is a
(real) surface and the map v : ¥ — G2/SO(4) is smooth then one can choose
a € Gy so that the image of a -y is disjoint from the CP2.

Proof. The proof is the same as in Lemma 5. This time we consider nonadmissible
vectors in S®. It follows from Remark 7 that they are parametrised by the 2-sphere
bundle S?(y*V) where V is the tautological rank 3 vector bundle over G/SO(4).

Therefore the set of nonadmissible vectors has codimension 2 in S6. 0O

We will now use the Diagram 9.3 to characterise quaternionic superminimal
spheres in G5/SO(4) in terms of holomorphic data. So let v : S? — (G5/S0(4)
be a harmonic map which has a horizontal holomorphic lift 5 : S? — Z. If the
image of 4 does not intersect CP?2 then im4 does not intersect Fi5(C?) — Z. We
can define holomorphic curves W : §? — PT*F5(C3) and o : S? — F15(C3), where
W = J) ogpodand o = po W. Then W lies in the image of 1/: and it follows from
Proposition 1 that it cannot be contained in a fibre of the projection p. Since W is
a contact curve, it contains the tangent bundle T'o. Let L; denote vertical bundles
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of the fibrations p;. Their pull-backs by o provide two holomorphic line bundles
o*L; over S?. Tt follows from Proposition 1 that W is transversal to ¢*L;. On the
level of the normal bundle v, = o*T'F5(C?)/To we have n @ 0*L; = n @ o* Ly
where n = W/To. As a result 0* L1 ~ ¢*Ls. Holomorphic curves o : S? — Fi5(C?)
are determined by pairs of holomorphic maps «a, 8 : S? — CP? which satisfy the
equation Y ;3 = 0 (we have a = pyoo, f = paoo, and we use the quadratic form
S 27 on C® to identify CP? with CP2"). Note that, since o C W is transversal to
o* L;, the differentials of the curves «, # vanish to the same order i.e. «, 3 have the
same ramification divisor. With the notation as above, this leads to the following
theorem

Theorem 9 There is a 3:1 correspondence between quaternionic superminimal maps
v : 8% — G2/SO(4) (which do not intersect a CP?) and triples (a, 3, s) where

1. a, 3 are holomorphic curves S — CP? with the same ramification divisor and
> aif =0,

2. if o = (a, ) denotes the corresponding holomorphic curve in Fi5(C3) then
O'*L1 ~ U'*Lg,

3. s 1s a line subbundle of the normal bundle v,, transversal to c* Ly and 0* L4.

The proof of the theorem will be complete if we show that the holomorphic data
(a, B, s) gives rise to a triple of harmonic spheres in G2/SO(4). Since a, 3 have the
same ramification divisor, the curve ¢ = (a, ) : S? — Fi2(C3) is transversal to
the fibres of the projections p; and po. Then the line bundle s determines a rank
2 subbundle W — TF12(CC3) which contains T'o and is transversal to the fibres of
p1 and pa. As a result we get a contact curve W : S? - PT*F12(C3) which lies
in the image of the map 1/: Since S? is simply connected, (1/:)_1 o W lifts to three
horizontal holomorphic curves in Z \ Fi2(C®). This gives three minimal spheres in
G2/S0O(4) which differ by the action of the centre of SU(3) on G2/S0(4), described
in Example 8.

Remark 8 Note that if f : M — F5(C3) is a holomorphic map where M is a
2-dimensional complex manifold then at the points where T M is transversal to the
fibres of the projections p;, pa one can use the Gauss lift Tf : M — PT*F;5(C3)
to construct a harmonic map g : M — G3/SO(4). Being a projection of a Jp-
holomorphic manifold in the twistor space, the map g must be (1, 1)-geodesic (i.e.
(Vde)bl = 0, see [18, §4.43 and §7.9]). Note that holomorphic curves in M give rise
to quaternionic superminimal surfaces in G5/SO(4).
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(1,1)-geodesic map, 317

action

St 44

co-adjoint, 46

group, 278-289

integral, 30

natural, 206, 211, 214, 216, 282-

284

Terng, 282

Uhlenbeck, 284
Adler-Kostant-Symes scheme, 223-229

and r-matrices, 239

in infinite dimensions, 231-232

on loop algebras, 232-234
almost complex

curve, 61, 79

torus, 79
assoclate minimal surfaces, 42
associated family, 139
associative 3-planes, 315, 316
asymptotic

coordinates, 17, 133

line, 111, 118, 129

parametrisation, 116, 117

automorphism

involutive, 189

Backlund transform, 17, 19, 24, 25,
36, 37, 41, 83, 139
Backlund-Darboux transform, 118
Baker function, 207, 208, 216-218
balanced diagram, 96-98
Bianchi
diagram, 18
surfaces, 84, 116-118, 121
Birkhoff
decomposition, 278
factorisation, 217, 218
Bogomolny bound, 194, 198, 200
Bonnet surface, 84
Bonnet’s Theorem, 134
Borel algebra, 304, 307
branch point, 32

Bryant correspondence, 299, 304

canonical fibration, 306
associated map of, 304, 309, 310
Cartan
embedding, 41, 50, 264, 284
immersion, 183
Casimir, 189
Cayley algebra, 315
Chebyshev net, 115
chiral, 183
field, 149, 156, 159, 163, 165, 166,
169
model, 151, 155, 159, 199
SU(2), 195, 196
Clifford torus, 76
cobordant, 124
Codazzi-Mainardi equation, 36, 113
Codazzi-Mainardi-Ricci equations, 50
compatibility condition, 36, 83, 86, 88,
108,109,113, 116, 117, 120,
134, 209, 211
complex analytic map, 31
composition law, 33
conformal, 43
horizontally, 33
invariance, 31, 33
weakly, 31-33, 277, 297, 298
conservation laws, 9, 10, 31, 35
conserved density, 9
constant
Gauss curvature, 83,84, 111-115,
129, 134, 137, 138
mean curvature, 32, 36, 37, 42,
50,60, 84,94-101, 129, 138,
139, 218
Coxeter-Killing automorphism, 215
CP' model, 194, 196-199
critical point, 29, 31
current, 176
left, 149, 151, 160, 163, 165
curvature line, 93, 138
coordinates, 133
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deformation
of a surface, 83, 84, 94, 105, 106,
109, 114,117,119, 120, 122,
123
parameter, 94, 103, 105, 109, 114
Dirichlet integral, 30
Dodd-Bullough equation, 24, 85
dressing, 84, 147, 148, 153-156, 159,
170, 278-280
orbit, 206
transform, 42
un-, 152
dual
surface, 93
symmetry, 178

Einstein manifold, 301
ellipse of curvature, 77
elliptic function, 35
energy
density, 29
functional, 188, 194
integral, 29, 240
Enneper surface, 139
equiharmonic map, 70, 211, 213-215,
246
Euler-Lagrange equation, 130
extended
framings, 257-259
solutions, 43, 263, 274, 275

f-structure, 213
factorisation, 42, 276, 283
of Lax operator, 17
problem, 148, 152-156, 161
finite
gap, 84, 118
type, 50, 59, 68, 72, 76, 79, 243
flag
canonical, 282
manifold, 307
manifolds, 298, 304
as k-symmetric spaces, 250
complete, 305, 310

maps into, 62
periodic, 212, 216
space, 207208, 277

flatness condition, 131
flip number, 89, 91, 123
flux, 9

force, 97

gauge, 39
group, 132
theory, 273
transformation, 25, 39
Gauss
bundle, 277
equation, 36, 96, 115, 116
map, 32, 35, 37, 43, 60, 92, 95,
118, 133, 218
Gauss-Codazzi equations, 83, 86, 94,
114, 116, 119
Gauss-Weingarten equations, 36, 83,
86, 93
geodesic, 30
Grassmannian, 32, 41, 207-208

Hamiltonian
system, 35, 135-138
bi-, 129, 137
theory, 47
vector field, 46, 47, 185
harmonic
1/VK, 120
conjugate, 42
function, 30
inverse mean curvature, 84
morphism, 33, 35
sequence, 38, 61, 62, 206, 213,
214
harmonic maps, 29, 130, 150, 160, 165,
168, 169
and minimal surfaces, 32
between Kahler manifolds, 31
conformal, 42, 50
deformations of, 273, 287-289
equivariant, 34-35, 221



examples, 30-33
existence problem, 34
framings of, 241
from a pseudo-Riemannian man-
ifold, 30, 117
from a surface, 31, 38, 41, 62
from a torus, 34, 35, 50, 67-68,
72,76, 79, 206, 217-218
from the 2-sphere, 31, 206
gauge-theoretic formulation of,
242
Lorentz-, 117
nonexistence, 34
pseudo-, 30, 176
reducible, 289
spaces of, 274, 276, 287-289
submersive, 32
to a complex projective space,
211-215
to a flag manifold, 206, 211-215
to a homogeneous space, 40
to a Lie group, 39-51, 260-263,
274-284
of finite type, 261-263
of finite uniton number, 267
to a quaternionic projective space,
289
to areductive homogeneous space,
240-243
to a sphere, 34, 35, 50, 72, 253
to a symmetric space, 50, 130,
243-245, 284-287
of G-finite type, 265267
of finite type, 243-245
to a unitary group, 41-42
to the 4-sphere, 298-300, 313,
315
to the 6-sphere, 78
twistorial constructions, 32
weakly conformal, 32
heat equation, 34
hidden symmetry, 273
higher fundamental form, 77
highest root nilpotent orbit, 302, 310

Hill’s operator, 35
holomorphic

map, 31, 44, 50, 277

quadratic differential, 31, 37, 38

section, 37
homogeneous space, 177

reductive, 177

naturally, 177

homotopic

regularly, 123
homotopy class, 34
Hopf

differential, 92

problem, 138
horizontal

distribution, 298, 300, 301

holomorphic curve, 298, 300, 301,

314, 315, 317
holomorphic map, 44, 66

inclusive map, 301
infinitesimal action, 273
integrability

complete, 130, 136, 187, 205

conditions, 39, 42, 45, 63, 67, 72,

131, 133, 275

Liouville, 183
integrable, 83

system, 273
isospectral flow, 13, 16
isothermal

parametrisation, 93
isotopy, 123
isotropic, 277, 288-289

complex, 38, 63

real, 50, 298

strongly, 277, 289
isotropy

dimension, 253

order, 38, 39, 64, 277

total, 39

Iwasawa decomposition, 210-212, 214,

215, 218, 281

of a semisimple Lie algebra, 228
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of twisted loop algebras, 232
of twisted loop groups, 256257

Jacobi identity
violation of, 190

Jacobian, 136
variety, 49, 218

k-symmetric space, 50, 69, 239-240
Kaé-Moody

algebra, 205, 273

group, 274
Kahler

angle, 68

manifold, 31
KdV equation, 8, 23, 49, 206, 215
kink, 18
Koszul-Malgrange holomorphic struc-

ture, 31, 37

Lagrangian, 195
Laplace’s equation, 30, 33
Laplacian, 30, 130
Lax
equation, 187
equations, 48, 49, 137, 234
form, 187
hierarchy, 15
representation, 13, 83, 95, 96, 115,
116, 118
Lie
algebra, 39
metrisable, 177
group, 39
sphere geometry, 134
lines of curvature, 60
loop
algebras, 154, 276
based, 260
twisted, 133, 232-234
group, 161, 207, 212, 215, 274,
276
Grassmannian model, 280-282
of 1-forms, 43

of connections, 137
of maps, 42-44, 133
space, 44

Maurer-Cartan
equations, 39, 229-231, 275
form, 39, 40, 213
of a Lie group, 229
of a reductive homogeneous
space, 240
metric
Minkowski, 130, 133
pseudo-Riemannian, 130, 133
Sasaki, 184
minimal
branched immersion, 32
fibres, 33
immersion, 35
submanifold, 32
surface, 61, 84, 92-93, 129
Miura map, 11
MKdV
equation, 10, 23
hierarchy, 17
moment map, 40
momentum, 97
functional, 288
monodromy, 89, 96-98, 121-126, 217,
218
matrices, 190
Morse-Bott function, 287

Neumann equation, 35
nilpotent
orbits, 302
characteristic numbers of, 308
finite covers of, 311
in g%, 308
in sl(n, C), 306
minimal, 302, 305, 310
regular, 302, 310
variety, 302, 309
NLS equation, 22
Noether’s Theorem, 40
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nonlinear superposition formula, 18

octonions, 315
one-parameter family
of harmonic maps, 42
of surfaces, 94, 101, 105, 109,
111, 114, 117, 119, 120

pants, pair of, 123
parabolic algebra, 304, 307
parallel
mean curvature, 32
surfaces, 98-111
parity
of the spin structure, 92, 126
of twists, 90, 91, 93
Pauli matrices, 87
pendulum equation, 35
Peterson surface, 117
pluriharmonic maps, 49, 236
Pohlmeyer, 182
Poisson
bracket, 47, 185, 186
manifold, 47, 135
structure, 46, 135
structures, 224
from r-matrices, 237

polar, 75

polarisation, 306

polynomial
flows, 21

Killing field, 138

primitive maps, 61, 62, 66, 68-72, 76,
213-215, 245-248

and twistor lifts, 253-256

are harmonic, 246

have harmonic projections, 246

of G-finite type, 265-267

of finite type, 248

zero-curvature equations for, 247
principal realisation, 212
pseudo-action, 279

Birkhoff, 279

Uhlenbeck, 279

pseudo-holomorphic, 38, 50, 63, 68, 277

quaternion-Kahler manifold, 301
quaternionic
superminimal spheres
in Gra(R?%), 314-315
in G2/S0O(4), 316-317
superminimal surfaces, 298, 301
quaternions, 87, 130

r-matrices, 47, 237

and the Adler-Kostant-Symes scheme,

239
classical, 187
on twisted loop algebras, 237
reality condition, 159-161, 166, 168,
210, 216
reduction theorems, 34-35
regularity
of harmonic maps, 30
remarkable identity, 35
Richardson element, 306, 309
root space, 69

Schrodinger
equation, 12
operator, 35
second fundamental form, 30
self-dual 4-manifold, 297, 301
o-model, 30, 176, 273
0(3), 194
sine-Gordon equation, 17, 19, 35, 36,
83, 115, 133, 139
complex, 133
singularity
higher order, 64, 67
sinh-Gordon equation, 24, 25, 36, 60,
96, 133, 218
Skyrmions, 198
5[(2, C)-triple, 303, 307
smoke ring, 134
solitary wave, 9
solitons, 9, 61, 83, 97, 129, 147, 161,
163, 168
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multi-, 84
number of, 194
spectral

curve, 49, 136
parameter, 42-51, 83, 132, 135-
139, 150, 214
transform, 13
spectrum, 136
spin structure, 84, 89-93, 121-126
of an immersion, 91, 96
spinor, 121-126
Springer resolution, 309, 310
stress energy, 32
superconformal, 50, 61, 62, 64, 67, 68,
72,74, 76
superhorizontal, 286
distribution, 298
superminimal, 38, 50, 63, 277, 298
Sym formula, 134
Symes method
for based loop groups, 262-263
for twisted loop groups, 257-259
symmetric spaces, 175, 239-240
pseudo-Riemannian, 179
symplectic
form, canonical, 184

manifold, 135

r-function, 14, 50, 213, 217
tension field, 30, 130
Theorem of permutability, 18
f-function, 50, 206, 207, 215, 217
Toda
equations

for GGo, 78-80

for SO(2m + 1), 72-78

for SU(n + 1), 60, 62-68

for a compact simple Lie group,

59, 68-72
fields, 248-252
and holomorphic maps, 252

geometric interpretation of, 250

Lagrangian for, 249

zero-curvature equations for,
249
frame, 71, 79, 250
lattice, 24, 227-229
system, 50, 134, 205
topological charge, 198, 201
torque, 97
torus, 49
maps from, 122, 124
with a hole, 124, 125
totally geodesic, 30, 33, 41, 50
transform, 38
0-, 37, 206, 213
flag, 41, 42, 44
Gauss, 37, 206
Riemann-Hilbert, 274
scattering, 13
translation-holonomy strip, 90
trivialisation, 39
twistor, 33, 43
fibration, 277, 297
lifts, 253
space, 273, 285, 297
of a symmetric space, 298
quaternionic, 298, 301-303
subfibration, 286
twistorial constructions
of harmonic maps, 32

ultralocal, non, 186

uniton, 147, 170, 171, 276, 283
number, 276

universal enveloping algebra, 188

variational principle, 97
Veronese sequence, 214

Weierstrass representation, 84, 92
Weingarten surface
linear, 134
Wente tori, 138
Weyl group, 218
Willmore surface, 134
Wolf space, 301
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Yang-Baxter equation, 136, 188, 237
Yang-Mills, self-dual, 200

Zakharov-Shabat representation, 83

zero curvature, 20, 147, 151, 158
equation, 43, 131, 135-138
representation, 178
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